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PREFACE

Recognizing that the people preparing to take the GRE have widely varying
backgrounds and experiences in mathematics, this book provides an orientation
to the mathematics content of the tests, an introduction to the formats used for
the mathematics test questions, and practice with multiple-choice mathematics
questions. There is an explanation of the quantitative comparison questions and
data interpretation questions that are on the GRE. Many of the questions on the
test are general problem-solving questions in a multiple-choice format with five
answer choices.

The mathematics review is quite comprehensive with explanations, example
problems, and practice problems covering arithmetic, algebra, and geometry. The
mathematics on the GRE is no more advanced than the mathematics taught in
high school. The topics are explained in detail and several examples of each
concept are provided. After a few concepts have been explained, there is a set of
practice problems with solutions. In each of the four mathematics review units,
there is at least one multiple-choice test covering the concepts of the unit. The
answers and solutions to the questions for each unit test are provided in a
separate section following the test. Questions in the GRE formats follow each
test. The review materials are structured so that you may select which topics you
want to review. The unit tests may also be used to determine what topics you
need to review.

There are three practice sections modeled after the GRE mathematics
sections. Each section is followed by the answers and solutions for the questions
on the section. The recommended time limit for the sections is the same as that
on the GRE, 35 minutes. The practice sections are the same length as the actual
test, 20 questions. The concepts on the practice sections are similar to those of
the actual test and the proportion of questions on each area is also similar to that
of the actual test. Information on the most recent changes to the GRE can be
found on the www.ets.org website.

Use this book to review your mathematics knowledge, check your
understanding of mathematics concepts, and practice demonstrating your math
skills in a limited time frame. This will help you become prepared for your
actual GRE.

Robert E. Moyer, PhD
Associate Professor of Mathematics (Retired)


http://www.ets.org
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PART I
INTRODUCTION

Graduate and professional schools consider a variety of factors when deciding
which applicants to admit to their programs. These factors include educational
background, work experience, recommendations from faculty, personal essays,
and interviews. One factor often considered in admissions decisions is the
applicant’s performance on a standardized examination. One of the most
common graduate school admissions tests is the Graduate Record Examination,
generally called the GRE® .

The GRE is developed and administered by Educational Testing Service
(ETS). There are nine exams that can be referred to as GRE tests; the GRE
General Test and eight subject-specific exams. In this book, the name “GRE”
will always refer to the GRE General Test; information on the subject tests is
outside the scope of this book.

The GRE General Test consists of three parts: Verbal Reasoning, Quantitative
Reasoning, and Analytical Writing. The test does not measure knowledge that
comes from the in-depth study of any particular field; instead, it requires skills
that are acquired over a period of many years. Many of those skills are
developed through the curriculum of the average high school.

ETS revises the GRE General Test from time to time. This book covers the
latest version of the test, introduced in Fall 2011. This version includes these
features:

> A user-friendly testing interface that allows testers to skip questions, go back
to previous questions within a question section, change answer choices, and
use an on-screen calculator.

> Questions that closely reflect graduate-level reasoning skills: data
interpretation, real-life scenarios, and questions that may have more than one
possible answer.

> A scoring system that makes it easy for institutions to compare GRE scores
among applicants.

The contents of this book were developed to prepare you for this revised
version. The book contains chapters that discuss the various types of questions
you will be asked, a review of the mathematics concepts you need, and practice
GRE quantitative sections.
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For general information about registering for and taking the GRE, visit the
ETS website, www.ets.org , or the GRE website, www.gre.org .


http://www.ets.org
http://www.gre.org
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CHAPTER 1

THE GRE QUANTITATIVE REASONING
SECTIONS

The GRE is given as a computer-based test in the United States. (In some other
countries, a paper-based version is used.) On the computer-based GRE General
Test, there are two 35-minute Quantitative Reasoning sections. The test uses a
modified computer-adaptive process in which the computer selects the difficulty
of your second section based on how you well you scored on the first section. In
other words, if you do well on the first section, you will get a harder second
section (and a higher score). If you do poorly on the first section, you will get an
easier second section (and a lower score). Since you must answer 20 questions in
35 minutes, you need to answer a question approximately every minute and a
half. Within a section, you may skip a question and return to it later in order to
maximize your efficiency. You need to finish each section in the allotted time.
There is an on-screen calculator that you may use to aid in your calculations.

The questions in the Quantitative Reasoning sections assess your ability to
solve problems using mathematical and logical reasoning and basic
mathematical concepts and skills. The mathematics content on the GRE General
Test does not go beyond what is generally taught in high schools. It includes
arithmetic, algebra, geometry, and data analysis. The mathematics content, based
on GRE sample tests provided by ETS, comes from the following areas:

> Number properties: approximately 22%

> Arithmetic (often graph-related): approximately 18%
> Algebra: approximately 18%

> Plane and solid geometry: approximately 14%

> Probability and statistics: approximately 8%

> Algebra word problems: approximately 6%

> Arithmetic ratios: approximately 6%

> Coordinate geometry: approximately 4%

> Tables: approximately 4%

There is no guarantee that the questions on each Quantitative Reasoning section
on a given GRE test will be divided among the content areas according to these
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exact percentages, but the total Quantitative Reasoning part of the GRE will be
spread among the content areas in approximately this way, based on the sample
test materials provided by ETS.

In the revised GRE introduced in 2011, two new question formats have been
added. These new question types allow some questions to be asked and
answered in more natural and complex ways than the older formats permitted.
The types of questions in the Quantitative Reasoning sections of the GRE
General Test may now include the following:

> (Quantitative Comparison
> Multiple-Choice

> Numeric Entry

> Multiple-Response

Quantitative Comparison questions present two mathematical quantities.
You must determine whether the first quantity is larger, the second is larger, the
two quantities are equal, or if it is impossible to determine the relationship based
on the given information.

Multiple-Choice questions are questions for which you are to select a single
answer from a list of choices. These are the traditional multiple-choice questions
with five possible answers that most test-takers will be familiar with from other
standardized examinations.

In Numeric Entry questions , you are asked to type in the answer to the
problem from the keyboard, rather than choosing from answers provided to you.
For example, if the answer to the question is 8.2, you click on the answer box
and then type in the number 8.2.

Multiple-Response questions are similar to multiple-choice questions, but
you may select more than one of the five choices, if appropriate.

To be successful on the GRE Quantitative Reasoning sections, you need to be
familiar with the types of questions you will be asked as well as the relevant
mathematical concepts. Later chapters will go into more detail about the
different question types and how to approach answering each of them.
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CHAPTER 2

THE MATHEMATICS YOU NEED TO REVIEW

The GRE is taken by people with a wide variety of educational backgrounds and
undergraduate majors. For that reason, the GRE Quantitative Reasoning sections
test mathematical skills and concepts that are assumed to be common for all test-
takers. The test questions require you to know arithmetic, algebra, geometry, and
basic probability and statistics. You will be expected to apply basic mathematical
skills, understand elementary mathematical concepts, reason quantitatively,
apply problem-solving skills, recognize what information is relevant to a
problem, determine what relationship, if any, exists between two quantities, and
interpret tables and graphs.

The GRE does not attempt to assess how much mathematics you know. It
seeks to determine whether you can use the mathematics frequently needed by
graduate students, and whether you can use quantitative reasoning to solve
problems. Specialized or advanced mathematical knowledge is not needed to be
successful on the Quantitative Reasoning sections of the GRE. You will NOT be
expected to know advanced statistics, trigonometry, or calculus, and you will not
be required to write a proof.

In general, the mathematical knowledge and skills needed to be successful on
the GRE do not extend beyond what is usually covered in the average high
school mathematics curriculum. The broad areas of mathematical knowledge
needed for success are number properties, arithmetic computation, algebra, and
geometry.

Number properties include such concepts as even and odd numbers, prime
numbers, divisibility, rounding, and signed (positive and negative) numbers.

In arithmetic computation , order of operations, fractions (including
computation with fractions), decimals, and averages will be tested. You may also
be asked to solve word problems using arithmetic concepts.

The algebra needed on the GRE includes linear equations, operations with
algebraic expressions, powers and roots, standard deviation, inequalities,
quadratic equations, systems of equations, and radicals. Again, algebra concepts
may be part of a word problem you are asked to solve.

In geometry , concepts tested include the properties of points, lines, planes,
and polygons. You may be asked to calculate area, perimeter, and volume, or
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explore coordinate geometry.

You will be expected to recognize standard symbols for mathematical
relationships, such as = (equal), # (not equal), < (less than), > (greater than), ||
(parallel), and L (perpendicular). All numbers used will be real numbers.
Fractions, decimals, and percentages may be used.

When units of measure are used, they may be in English (or customary) or
metric units. If you need to convert between units of measure, the conversion
relationship will be given, except for common ones such as converting minutes
to hours, inches to feet, or centimeters to meters.

GRE word problems usually focus on doing something or deciding
something. The mathematics is only a tool to help you get the necessary result.
When answering a question on the GRE, you first need to read the question
carefully to see what is being asked. Then, recall the mathematical concepts
needed to relate the information you are given in a way that will enable you to
solve the problem.

If you have completed the average high school mathematics program, you
have been taught the mathematics you need for the GRE. The review of
arithmetic, algebra, and geometry provided in this book will help you refresh
your memory of the mathematical skills and knowledge you previously learned.

If you are not satisfied with your existing mathematics knowledge in a given
area, then review the material provided on that topic in more detail, making sure
that you fully understand each section before going on to the next one.
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CHAPTER 3

CALCULATORS ON THE GRE QUANTITATIVE
REASONING SECTIONS

3.1 OVERVIEW

Calculators are provided for use on the GRE Quantitative Reasoning sections. A
handheld calculator is provided for the paper version of the GRE and an online
calculator is provided for use during the computer version of the GRE. You are
NOT allowed to use any calculator other than the one provided.

Just because a calculator is provided does not mean that one is needed or even
helpful for most questions on the Quantitative Reasoning sections. The
calculator will aid you in completing computations more quickly and easily;
however, most of the questions are based on using reasoning and comparisons,
which are not calculator activities. Using reasoning skills, estimation, mental
computation, or simple arithmetic will enable you to answer most questions. The
calculator can help you answer some questions more quickly or accurately than
doing the computations manually. Questions with square roots, long division, or
computations with multiple digits are reasonable questions for using a calculator.
Also, use a calculator if there is a procedure that has been a frequent source of
errors for you in the past.

You need to understand how the calculator will do the computations and
display the results. Both the handheld calculator and the online calculator have
eight-digit displays, which means only answers of eight digits or fewer can be
shown. If the result to a computation is more than eight digits, the calculator will
display an error message. For 5555555 times 3, the calculator will display the
eight-digit result 16666665, but 55555555 times 3 is a nine-digit answer, so an
error message will be displayed.

When the digits that cause the result to have more than eight digits are to the
right of the decimal point, the calculator may just drop the extra digits, or it may
round the result to eight digits. To see what the calculator you are using will do,
you can test the calculator with 2 divided by 3. If the result displayed is
0.6666666, your calculator drops the extra digits. When the result displayed is
0.6666667, your calculator rounds the result to eight digits.
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3.2 CALCULATOR FOR THE COMPUTER
VERSION OF THE GRE

The computer version of the GRE has an online calculator for use during the
Quantitative Reasoning sections. The online calculator has keys for memory
storage, parentheses, and square root. A more important aspect of this calculator
is that it follows the order of operations from algebra. The calculator will do the
operations in parentheses first, then multiplications and divisions in order from
left to right, and then additions and subtractions in order from left to right. This
calculator will compute 5 + 3 x 4 as 17 because it will compute 3 % 4 to get 12
first and then compute 12 + 5 to get 17. The use of parentheses can get the
calculator to do 5 + 3 first. Thus, (5 + 3) x 4 will compute 5+3 to get 8 and then
compute 8 x 4 to get 32. The way you enter the problem into the calculator can
influence the result of the computation. There is a special key, Transfer Display,
on the online calculator for use on Numeric Entry questions to record your result
in the box for your answer on the computer screen. This will eliminate copying
errors when you are recording your answer.

3.3 CALCULATOR FOR THE PAPER
VERSION OF THE GRE

For the paper version of the GRE, a handheld calculator is provided for use on
the Quantitative Reasoning sections. The handheld calculator provided has a
square root key and memory keys but NO parentheses keys. The calculator uses
the rules of arithmetic to perform the operations in the order they are entered into
the calculator. Thus, 5 + 3 x 4 will yield a result of 32 because 5 will be added to
3 to get 8, which will then be multiplied by 4 to get 32. If you enter 3 x 4 + 5,
the calculator will multiply 3 times 4 to get 12 and then add 5 to get 17. Thus,
the order you enter the data on this calculator influences the result.

3.4 SOME GENERAL GUIDELINES FOR
CALCULATOR USAGE

In general, you should do the computations without using a calculator. This
keeps you in charge of the work and eliminates one error source, the way the
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data are entered into the calculator. There are times when using a calculator will
yield the result more quickly and easily, however.

* Most questions do not require the use of the calculator because there are no
computations required.

 Simple computations are done faster mentally than with a calculator. So do
computations like 40 — 295, | /49 , 256/100, 90?, (6)(800), and 56 + 104

mentally.

* Estimating the result of the computation may let you select the best answer
without needing to compute the exact answer.

» When using the calculator, compute the result as a decimal only if the answer
choices have decimals or if the answer choices are different enough that the
best answer can be matched easily from an approximate result.

* Use the calculator when the computations are complicated such as long
division, computations using numbers that have many digits, or square roots.

* Use the calculator for computations in which you are likely to make errors
based on your past experience.

 Enter numbers into the calculator carefully so that the numbers entered are
correct and the computations will be completed in the order that you want them
done.

* Clear the memory on the calculator before you start entering numbers for a new
problem, and clear the memory on the calculator after you complete a problem.
This will introduce two checks to be sure no left-over data from a previous
problem will create errors when doing the current problem.

3.5 ONLINE CALCULATOR EXAMPLES

18-
( 1+2 )—I-(4><6.24)

Enter: [(13 + 71) + 12] + (4 x 6.24) = to get the result 31.96.

or

Enter: 13 + 71 = + 12 = to get 7, and then press the M+ key to store the
result in memory. Now enter 4 X 6.24 = to get the result 24.96, and then
press the M+ key to add this number to the one currently in the memory.

1. Compute:
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Finally, press the MR key to get the answer 31.96. Once you are finished
with this result, press the MC key to clear the calculator memory so that the
calculator is ready for use on another problem.

Answer: 31.96

2. Compute: , /72 4 52 to the nearest thousandth.

Enter: (7 x 7+ 5 x 5) V to get 8.6023253. Now round the result to the
nearest thousandth, three decimal places, to get the final result 8.602.

Answer: 8.602

7+ 15
3. Compute: — ( = ) + 3
4
Enter: [(7 + 15) + 4] +3 = + to get —8.5

Answer: —8.5

4. Compute: (-11)* - 113
Enter: 11 £ x 11 £ x 11 £ x =11 x 11 x 11 = to get —2662.
Answer: —2662

3.6 HANDHELD CALCULATOR EXAMPLES

13+ 71
1. Compute:( 1—; ) + (4 X 624)

Enter: 13 + 71 +12 = to get 7. Now press the M+ key to store this number.
Next, enter 4 X 6.24 +, and then press the MR key to add the stored result
and get the final result 31.96. Be sure to press the MC key to clear the

calculator’s memory to prepare the calculator for use on another problem.

Answer: 31.96

2. Compute: 4 /72 4 52 to the nearest thousandth.

Enter: 7 X 7 =, then press M+, then enter 5 X 5 +, and then press the MR key
=/ to get 8.6023252.

Now round the result to the nearest thousandth, three decimal places, to get
8.602. Press the MC key to clear the memory.

Answer: 8.602
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(7 +15)

3. Compute: — + 3
-4
Enter: [(7 + 15) + 4] + 3 = + to get —8.5.
Answer: —8.5
4. Compute: (-11)* - 113
Enter: 11 £ x 11 £ x 11 + =, then press the M+ key, then enter 11 x 11 x 11
= + +, and then press the MR key to get —2662. Press the MC key to clear
the memory.
or
Enter: 11 x 11 x 11 =, then press the M+ key, then enter 11 + x 11 + X 11 +
= —, and then press the MR key to get —2662. Press the MC key to clear the
memory.
Answer: —2662.
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PART II

TYPES OF GRE MATH
QUESTIONS

Prior to 2007, the only types of question in the Quantitative Reasoning sections
of the GRE were Quantitative Comparison and Multiple-Choice. Beginning in
2007, ETS developed the Numeric Entry format and began testing it. The revised
General Test now includes those three question formats plus a Multiple-
Response question format. On the computer-based version, each Quantitative
Reasoning section is structured as follows:

Question Type Number of Questions
Multiple-Choice Approx. 10
Quantitative Comparison | Approx. 8

Numeric Entry Approx. 1
Multiple-Response Approx. 1

Total: 20

A multiple-choice question is simply a question with five answer choices
from which you are asked to choose the one best answer. Approximately half of
the questions are of this type. Quantitative Comparisons make up slightly less
than half of the questions. Quantitative Comparisons always have the same four
answer choices: you are asked to compare two quantities (A and B) and choose
whether A is greater than B, B is greater than A, A and B are equal, or the
relationship between A and B cannot be determined. Only a few questions are of
the new types, Numeric Entry and Multiple-Response. In Numeric Entry
questions, you are not given answer choices. Instead, you must calculate your
own answer and type it into a space provided. Multiple-response questions are
like multiple-choice questions, except that more than one of the answer choices
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may be correct.

While it is important to review the mathematical concepts that will be tested
on the GRE, successful test-takers will also familiarize themselves with the ways
in which the questions will be asked on the actual exam. The chapters in this
section will take a closer look at the question formats used in the Quantitative
Reasoning sections of the GRE, give you some strategies for approaching each
type of question, and provide you with examples and practice exercises for each

type.
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CHAPTER 4

GRE QUANTITATIVE COMPARISON
QUESTIONS

4.1 QUANTITATIVE COMPARISON ITEM
FORMAT

Quantitative Comparison questions are designed to measure your ability to
determine the relative sizes of two quantities or to realize that more information
is needed to make the comparison. To succeed in answering these questions, you
need to make quick decisions about the relative sizes of the two given quantities.

The first quantity appears on the left as “Quantity A.” The second quantity
appears on the right as “Quantity B.”There are only four answer choices for this
type of question, and they are always the same:

A. Quantity A is greater.

B. Quantity B is greater.

C. The two quantities are equal.

D. The relationship cannot be determined from the information given.

You are not expected to find precise values for A and B, and in fact, you may not
be able to do so. You are merely asked to compare the relative values. If you see
that under some conditions A is greater, but under other conditions B is greater,
then the relationship cannot be determined, and the correct answer is choice D.

A symbol or other information that appears more than once in a question has
the same meaning everywhere in the question. You will sometimes be given
general information to be used in determining the relationship; this information
will be above and centered between Quantity A and Quantity B.

In some countries, under some circumstances, the GRE may be given in a
paper-based format, rather than as a computer-based test. When the test is given
in a print format, the answer sheets always has five answer choices: A, B, C, D,
and E. For Quantitative Comparison questions, there are only four answer
choices: A, B, C, and D. If you are taking the paper-based GRE, never mark E
for a Quantitative Comparison question.
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4.2 EXAMPLES

Directions: Examples 1-5 each provide two quantities, Quantity A and Quantity
B. Compare the two quantities, and then choose one of the following answer
choices:

[__E Quantity A is greater.
[E Quantity B is greater.
(€ ] The two quantities are equal.

I':I-J-'h"rl The relationship cannot be determined from the information given.

Example 1:
Quantity A Quantity B Answer
1
L - D)

Solution:

1 1 ,
Forn=2, - — —.Because 7 -~ —, Ais the greater quantity.

n o2 n

11 , _
Foryy — —,— — 4 .Because}] < —, B is the greater quantity.

il n

Thus, the relationship cannot be determined, and the correct answer is choice D.

Example 2:

n is a real number greater than 1.

Quantity A Quantity B Answer

L Vi @ ® © @
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Solution:

By the definition of\/ﬁ,ﬁ 4 \/ﬁ = 11.1fn>1, then
Jn> 1. /nx . yn>1x . /n.son > /n,andchic Ais

the correct answer.

Example 3:

Circle O

Quantity A Quantity B Answer

X y o8 (D)

Solution:

In circle O, the central angle, ~ AOB, is equal in degrees to arc AB. In circle O
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, the inscribed angle, ~ ACB, is equal in degrees to — (arc AB). Thus, m » AOB

> » ACB, soy ° > x °, and the correct answer is choice B.

Example 4:

Quantity A Quantity B Answer

The greatest ~ The greatestprime (&) (B) (C) (D)
prime factor of 20~ factor of 15

Solution:

The prime factorization of 20 = 2 x 2 x 5, so the greatest prime factor is 5. The
prime factorization of 15 = 3x5, so the greatest prime factor is 5. The greatest
prime factor of each number is 5; thus, the correct answer is choice C.

Example 5:

Quantity A Quantity B~ Answer
Theareaofarectangle ~ 200m* (&) (8) () (D)

witha perimeter of 60 m

Solution:
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Because the perimeter of the rectangle is 60 m, the sum of the length and width
is 30 m, since P = 2] + 2w . For any given fixed perimeter, the rectangle shape
with the greatest area is a square. So if length and width are equal and have a
sum of 30 m, each is 15 m, and the area is 225 m? . In this case, Quantity A is
greater than Quantity B.

However, there is no guarantee that the rectangle is a square, and you must
investigate other pairs of numbers that add up to 30 as possible measures for the
length and width. If the length is 10 m and the width is 20 m, the area of the
rectangle is 200 m? , and the two Quantities are equal. If the length is 29 m and
the width is 1 m, the area of the rectangle is 29 m? , and Quantity B is greater.

Therefore, the relationship cannot be determined from the given information,
and the correct answer is choice D.

4.3 SOLUTION STRATEGIES

1. If quantities A and B do not contain any variables, then the relationship
between the quantities can always be determined: one quantity will be
greater than the other, or they will be equal. Never choose D if there are
no unknown quantities.

Example 4 shows this situation.

2. If quantities A and B each have a fixed relationship to a third quantity,
you can use those relationships to compare A and B.

Example 3 shows that both A and B have fixed relationships to the measure
of arc AB, with Quantity A equal to half of it and Quantity B equal to it.
Since arc AB has a positive measure, Quantity B is greater.

3. Pay attention to restrictions put on the variable.
In Example 2, n>1,s011 > \/ﬁ , and Quantity A is greater. However,
| . 1 1 |
if the restriction were n > 0, then for y7 — —, ﬁ — —,and Bis
4 2

greater than A. Because there are now cases in which A is greater and cases
in which B is greater, the relationship cannot be determined.

4. In some cases, all possible values for the quantities are in a fixed
interval. You should be sure to try numbers at the beginning, the
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middle, and the end of the interval.

In Example 5, because the perimeter is 60, the length plus the width of the
rectangle is 30, so you should test cases in which [ is equal to 1, 15, and 9. If
[=1,thenw=230-1=29, and the areais 1 x 29 =29 m?. If | = 15, then w
= 15, and the area is 15 x 15 = 225 m? . Because you can already see that
there are cases in which the area of the rectangle could be greater than 200
m? and cases in which it could be less than 200 m? , you do not need to test
any further possible values of I . You already know that the given
information is not enough to allow you to determine the relationship
between Quantities A and B.

5. Consider all possible numbers allowed.

When they are allowed, be sure to consider zero and negative numbers in
your testing values. Also consider numbers between zero and one if those
are allowed. In Example 1, as long as you use whole numbers greater than 1,

A is always greater than B. However, if 7 — —,then — — 4,and B is
n
1 .
greater. If n =—2,then — — — —,and B is greater. If n=1,then — — 1]
n 2 n

, and A = B. Thus, choosing values of n only > 1 does not give a full picture
of the relationship between A and B and will lead you to answer the
question incorrectly.

6. If the problem includes a figure (either provided for you or described in
the question), try to visualize parts of the figure that are variable while
the given information is still true.

If the size and shape of the figure can change while the given information
remains true, the relationship between Quantities A and B can probably not
be determined.

In Example 5, the rectangle can have many different shapes while still
having a perimeter of 60 m. For a rectangle with length 16 m and width 14
m, the area is 224 m? . With length 20 m and width 10 m, the area is 200 m?
, and with length 25 m and width 5 m, the area is 125 m?.

Thus, by changing the shape of the rectangle, you can produce rectangles
of areas greater than, equal to, and less than 200 m? while the perimeter
remains fixed at 60 m.
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4.4 EXERCISES

Directions: Exercises 1 — 5 each provide two quantities, Quantity A and Quantity
B. Compare the two quantities, and then choose one of the following answer
choices:

( A ] Quantity A is greater.
( B | Quantity B is greater.
LE—E The two quantities are equal.

I(\I*:‘-'h‘j The relationship cannot be determined from the information given.
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Quantity A Quantity B Answet

1. 1.352 x 1(° 135,620 x 107 B) (C) (D)
2. Sum of the solutions  Sum of the solutions ) D)

of of
(23r-10=0  y-dr+3=0
3 X y ORORCR0
X 10
|
y
4 v y Y® OO
[>1>9>0
5. Sum of the exterior 72° @
angles ina regular

hexagon




Telegram: @GRE346

1.

2.

4.

4.5 SOLUTIONS

A Because the values for A and B are numbers, you know immediately that
answer choice D is not correct. You can compute A and B to see the
relationship.

A=1.352x10%=1, 352
B = 135,620 x 107 = 135.62

Thus, A > B. The correct answer is choice A.
B Solve the equations to find the sum of the solutions, or use the fact that if
ax ? + bx + ¢ = 0, then the sum of the solutions is —_ .

a
A:x?-3x-10=0; (x-5)(x+2)=0;x=5,x=-2;5+(-2) =3, or

b _—(=3) _,

a |
B:x?2-4x+3=0;(x-3)(x-1)=0;x=3,x=1;3+1=4, 0or
b —(—4
L S ST

a 1
Because 4 > 3, Quantity B is greater than Quantity A. The correct answer is
choice B.

D The Pythagorean theorem states that x 2+ y 2 =10?. x 2 and y * can be

any two numbers whose sum is 100. Setting x — 4 /1() and

U= w/ 9() yields a short but wide triangle; if Y = , /5() and

Y = /5() , the triangle is isosceles; and if Y — . /7() and

Y = A /3(), the triangle is tall but not very wide. Because many right

triangles are possible, there is no way to determine the relative sizes of x and
y . Thus, the correct answer is choice D.
A Because there is an interval, try any x and y in the interval. 1 > x>y > 0.

| 1, 33 9
With y — _andyz_,x —

4 4 4 4 16

, and
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1 1 1

y2 — — . — — —— .Because each factor of x ? is greater than each
4 4 16
factor of y 2, x 2>y 2. Because x and y are always positive, x ? will be
greater than y  each time.
Also, since x > y > 0, multiplying by x you get x 2 > xy > 0. Because x >

y > 0, multiplying by y gives you xy >y 2> 0. Thus,x*>xy>y?and x? >y
2 Because A > B, the correct answer is choice A.

5. B The sum of the exterior angles for any polygon is 360" . So A < B, and
choice B is the correct answer.
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CHAPTER 5

GRE MULTIPLE-CHOICE QUESTIONS

5.1 MULTIPLE-CHOICE ITEM FORMAT

Multiple-choice questions are the typical standardized test questions most test-
takers are familiar with. About 50% of the questions on the Quantitative
Reasoning sections of the GRE are of this type; on the computer-based test, out
of 20 questions in each section, approximately 10 will be multiple-choice
questions. These questions have five answer choices, only one of which is
correct. They focus on general problem-solving skills. You are to use the given
information and your reasoning skills to select the best answer.

Unless you are told differently, you can assume all numbers are real numbers.
Operations on real numbers are also assumed.

Figures provided for these problems show general relationships such as
straight lines, collinear points, and adjacent angles. In general, you cannot
determine the measures of angles or the lengths of segments from the figure
alone. When a figure is NOT drawn to scale, it will be clearly identified as such.
From a figure that is drawn to scale, you may estimate the lengths of segments
and measurements of angles.

5.2 EXAMPLES

Example 1:

b 7 a

If — , then what does — equal?

a+b 12
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_ Q1 NI | O1=
O o] o

(E) —
12
Solution:

b 7

Because — ——is a proportion, you can use two properties to

a+b 12
a-+b 12

transform it. First, use the reciprocal property to get

b 7
a+b-—"> 12— 7

use the subtraction property to get — — .So

a-+b—0> a 5

; then

b 74

— _ — _, and answer choice C is correct.

b b 7

Example 2:

In circle P, the two chords intersect at point X, with the lengths as indicated
in the figure. Which could NOT be the sum of the lengths a and b, if a and b
are integers?

(A 30

(B 26

(€)1
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'J

—_
(@)]

|
|

()

e

—_
S

Solution:

When two chords intersect within a circle, the product of the segments on one
chord is equal to the product of the segments on the other chord. Because the
segments of the first chord are 6 and 8, the product of the lengths is 48. Thus, the
product of the lengths a and b must be 48. Possible lengths are 48 and 1, 24 and
2,16 and 3, 12 and 4, and 8 and 6, so possible values for a + b are 49, 26, 19, 16,
and 14. The correct answer is choice A because 30 is not the sum of two integer
factors of 48.

Example 3:

In one can of mixed nuts, 30% of the mixture is peanuts. In another can of
mixed nuts that is one-half the size of the first one, 40% is peanuts. If both
cans are emptied into the same bowl, what percent of the mixed nuts in the
bowl is peanuts?
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(A) 16%%
| 20%
(C) 25%
(D) 33%%
(E) 40%

Solution:

Let the first can contain 16 ounces of nuts, which means that the second can
contains 8 ounces of nuts. Thirty percent of 16 ounces is 4.8 ounces of peanuts,
and forty percent of 8 ounces is 3.2 ounces of peanuts. The bowl contains (4.8 +
3.2) ounces of peanuts in the (16 + 8) ounces bowl, and

4.8+ 3.2 8 1 1 1
— — = — = 33-9%.S033—9, of the nuts are
16 + 8 24 3 3 3

peanuts, and choice D is the correct answer.

Example 4:

1

What is the sum of the prime numbers between — and Q — ?

2 >
® =
Ok
) 17
(D) 18
Ok

Solution:

The prime numbers between — and 9 —are 2, 3, 5, and 7. The sum of these

2 5

prime numbers is 17, so the answer is choice C.
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Example 5:

A paint store mixes — pint of red paint and — pint of blue paint to make a

-l

new paint color called Perfectly Purple. How many pints of red paint would
be needed to make 34 pints of Perfectly Purple paint?

T
(A) 142

=
LEJ 18.0

%

(C) 36.13
f\li'- 47.5
(E) 48.12

.

Solution:

First, determine how much paint the recipe for Perfectly Purple will make.

3 2 9 8 17
pmt —|— pmt — pmt + pmt = 12 pints

, or ] — pints. The ratio of red paint in the recipe is the same as it will be in the

12

34 pints of paint. Let N be the number of pints of red paint needed.
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= W

N

— =
1= 34

§@®=1Euw

2

102 17

-

12

102 17
- = N

-

12

16=N

To make 34 pints of Perfectly Purple paint, 18 pints of red paint are needed. The
correct answer is choice B.

5.3 SOLUTION STRATEGIES

1.

Apply a general rule or formula to answer the question.

In Example 2, you can apply a property from geometry that says that when
two chords intersect inside a circle, the segments formed have lengths such
that the product of the segment lengths is the same number for each chord.
Apply basic properties of numbers.

In Example 4, you need to use the definition of a prime number so that you
do not include 1, but do include 2.

Eliminate as many answers as possible so that you are selecting from a
smaller set of answer choices.

In Example 3, you can eliminate some of the answers by noting that because
each can of mixed nuts is at least 30% peanuts, the mixture of the two cans

will be least 30% peanuts. Thus, before doing any computation, you can see
that answers A, B, and C are wrong. Therefore, you only need to select from
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two answer choices.
4. Substitute answer choices into the given expression to see which one
produces the correct result.

—— — ——, and you want the value of
a+b 12

a

— . You can divide the numerator and denominator of —_ by b to get

a-+b
1

a 1 . Now substitute the answer choices into the expression to see

19
which answer produces a value of . Choice A produces

12 26

, SO it is correct. Because this type of

In Example 1, you are given

, SO it is

wrong. Choice C produces

12

question only has one correct answer, the correct answer must be choice C.
You do not have to test the rest of the answer choices.

This strategy works on only a few questions, so only use it when you can
see a way to quickly test the answer choices.

5. Break the situation into individual steps.

In Exercise 1 below, there is an everyday situation of a discount sale. Step 1
in problems of this type is often to represent or find the amount of discount.
Step 2 is to subtract the discount amount from the regular price to find the
sale price. Similar situations would be a sale with commission or a meal
with sales tax and tip.

5.4 EXERCISES

1. Bella’s Baubles wants to sell a necklace for $179.95 next week at a 60%
off sale. How much should the price of the necklace be this week?

(A) $71.98
(B) $251.93
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)

$287.92
$299.92
$449.88

l--l—\-
I

M WS

=)
L~

J

r,_
=

2. What is the median for this set of data: 9, 2, 5, 7, 10, 9, 2, 8, 11, 10?
8

8.5

9

9.5

10

=

©0

r,_
=

3. Which number is divisible by 3, 4, 5, and 6?
30

48

75

120

160

DEE)

g
| s

J

r,_
=

4. The length of a rectangle is 4 cm longer than the width, and the
perimeter is 96 cm. The area of the rectangle is how many square
centimeters?

(Fﬁ 22
(B 26
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5. Which quadratic equation has roots of 4 and — ?

2

(A7 4x2-9x+2=0
lE 2x2-9x+4=0
U:—? 2x3-9x2+4x=0
I(\I_:'-'h‘j 2x2+9x+4=0
. 1
(E) ** —2x4+ - =0

2
5.5 SOLUTIONS

1. E Break the problem into steps to solve it. To find the original price when
you know the sale price, you must subtract the discount amount from the
original price to get the sale price. Let P be the original price. Then P —0.6 P
= 179.95. Then solve for P to find the original price.

0.4P =179.95
P=179.95+0.4
P =449.875

Because the answer is a sum of money, round it to $449.88. The correct
answer is choice E.

2. B Apply the definition of the median as the middle value of an ordered
sequence of values. To find the median, you need to arrange the data in
order from lowest to highest: 2, 2, 5,7, 8,9, 9, 10, 10, 11. Because there is
an even number of values, average the two middle values to get the median.

Md=(8+9)~2
Md = 8.5

3. D Apply the divisibility rules for 3, 4, and 5. Since any number divisible by
3 and 4 is divisible by 6, there is no need to check separately for divisibility
by 6. When a number is divisible by 5, its units digit must be either 0 or 5. If
a number is divisible by 3, then the sum of the digits must be divisible by 3.
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To be divisible by 4, the last two digits must form a number divisible by 4.

Because you want an answer that ends in 0 or 5, choice B can be
eliminated. The sum of the digits must be divisible by 3, so choice E can be
eliminated. Finally, the last two digits of the number must be divisible by 4,
so choices A and C can be eliminated. The correct answer is choice D.

4. E Apply the formulas for perimeter and area of a rectangle. The perimeter
of a rectangle is given by the formula P = 21 + 2w, and the area is given by
the formula A = Iw . Let w equal the width of the given rectangle. The length
can then be represented as w + 4.

2w+ 2(w + 4) = 96
2w+ 2w + 8 = 96

4w + 8 = 96
4w = 88
w =22
w+4=26

A=Ilw=22x26=572

5. B Apply the factoring procedure and then find the solution for each factor.
Note that choice C is not a quadratic equation and can be eliminated

immediately. If the roots of a quadratic equation are 4 and — , then x = 4 and

2

X — — willyieldx -4 =0and 2x — 1 = 0. The quadratic equation is

2

therefore (x — 4)(2x — 1) = 0, which is 2x 2 = 9x + 4 = 0. The correct answer
is choice B.
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CHAPTER 6

OTHER GRE MATH QUESTION FORMATS

6.1 NUMERIC ENTRY ITEM FORMAT

Numeric entry questions require you to compute the answer to a question and
then enter that answer into a box or boxes provided. These questions are
problem-solving and reasoning situations similar to GRE multiple-choice
questions, except that no answer choices are provided. The correct answer to a
numeric entry question is a decimal or integer with up to eight digits; it may be
positive, zero, or negative. The negative sign or decimal point must be included
if necessary.

For single-box answers, type the answer directly into the box, but take care in
your typing. A typo will count as a wrong answer.

When the answer is a fraction, you will be given two boxes, one above a
fraction bar for the numerator, and the other below the bar for the denominator.
You cannot have a decimal point in the numerator or denominator of a fraction.
Fractions do NOT have to be in lowest terms for numeric entry questions.

6.2 EXAMPLES

Example 1:

A coat was sold at a 30% discount sale for $140. What was the original price
of the coat?

Solution:
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The original price of the coat is 100% of P, and the discount amount is 30% of P,
so the sale price is 70% of the original price.

0.70P = 140
P =140+10.70
P =200

On the real test, you will answer the question by clicking on the box and entering
200. It would also be correct to enter 200.00, but it is not necessary to do so.

Example 2:

George earns $15 an hour for each regular-time hour he works; he earns
time and one-half for each overtime hour. Overtime hours start after he has
worked 32 hours in a week. What is George’s pay this week if he works 45
hours?

Solution:

George works 45 — 32 = 13 overtime hours. Because overtime hours are paid at a
rate of time and one-half, the pay rate is 1.5 x $15 = $22.50 per hour.

George’s pay is his regular pay plus his overtime pay. 32x$15+13x$22.50 =
$480 + $292.50 = $772.50. Enter 772.50 into the box. The decimal point must be
entered from the keyboard, too. If you enter 772.5, that is also correct.

6.3 SOLUTION STRATEGIES

1. Read the problem carefully to make sure your solution answers the
question that is asked.

2. Make sure you enter a complete answer, including any negative signs or
decimal points.

3. There are no answer choices to check your solution against, so check to
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see that it satisfies all of the conditions in the problem.

6.4 EXERCISES

1. Calls made using a particular calling card cost $0.50 for the first 2
minutes and $0.15 for each minute after the first 2 minutes. What
would be the cost of a 10-minute call?

$

2. Aroom is 12 ft wide, 18 ft long, and 9 ft high. How many square yards
of carpet would it take to cover the floor of the room?

yards®

3. What is the sum of the positive factors of 75?

6.5 SOLUTIONS

1. 1.70 Break the problem into parts: the cost of the first 2 minutes and the
cost of the remaining 8 minutes. The cost of the first 2 minutes is $0.50. The
remaining 8 minutes cost $0.15 each.

$0.50 + 8($0.15) = $0.50 + $1.20 = $1.70.
The call costs $1.70, so enter 1.70 or 1.7.
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2. 24 The floor is 12 ft wide and 18 ft long. (Note that you were also given
the height of the room. On the GRE, you may be given more information
than you need to solve a problem.) Change the dimensions to yards; 3 ft
equals 1 yard, and the length and width are divisible by 3. The room is 4
yards wide and 6 yards long, so the area of the room is 4 % 6 square yards,
or 24 square yards. Enter 24.

3. 124 75=1x75,75=3x%25,75=5 x 15. Thus, the positive factors of 75
are 1, 3,5, 15,25, and 75.1 + 3+ 5+ 15 + 25 + 75 = 124. The sum of the
positive factors of 75 is 124, so enter 124.

6.6 MULTIPLE-RESPONSE ITEM FORMAT

Multiple-response questions are similar to multiple-choice questions, except that
you are allowed to select more than one correct answer. You will probably only
encounter one of these questions on a section. These questions have five answer
choices, but more than one may be correct. Like multiple-choice questions, they
focus on general problem-solving skills. You are to use the given information
and your reasoning skills to select the best answer. Unless you are told
differently, you can assume all numbers are real numbers. Operations on real
numbers are also assumed.

Figures provided for these problems show general relationships such as
straight lines, collinear points, and adjacent angles. In general, you cannot
determine the measures of angles or the lengths of segments from the figure
alone. When a figure is NOT drawn to scale, it will be clearly identified as such.
From a figure that is drawn to scale, you may estimate the lengths of segments
and measurements of angles.

6.7 EXAMPLES

Example 1:

Which of the following is equivalent to 12%4%? Select all that apply.

L
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| 0.125

5 125
100

L) 125

25
200

Solution:

12~

Because percent means “per hundred,” 121 /20/0 — 2 You can multiply

100
25

both the numerator and the denominator by 2 to simplify the fraction to ,
200

choice E. That fraction can be simplified to — , choice A. You can also convert

121

2 to a decimal to get 0.125, choice B. You should click on each correct

100

answer to the question, so here you should select three choices: A, B, and E.

Example 2:

Which of the following are prime factors of 24? Select all that apply.

Al l
G| 2
C|3
D] 4
E| 6
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Solution:

24=4x6=2x2x2x 3. The prime factors of 24 are 2 and 3. Select choices B
and C only.

6.8 SOLUTION STRATEGIES

1. Read the problem carefully to make sure you understand the
parameters of the question.

2. Do not simply choose the first correct answer that you see and move on.

Carefully consider EACH answer choice to see whether it could be correct.
Remember, these questions may have up to five correct answers!

3. Consider alternative ways in which the same answer could be expressed.

In Example 1, both fraction and decimal representations of the same value
are expressed.

6.9 EXERCISES

1. Which of the following are properties of zero? Select all that apply.

A | Negative

I3 | Positive

(L | Even
)| Odd
E | Integer

2. In which of the following figures do the diagonals always bisect each
other? Select all that apply.

A | Quadrilateral
I3 | Rhombus

_ | Rectangle

L) | Parallelogram
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E | Trapezoid

3. The numbers x and y are integers. If the ratio of x to y is 5 to 3, which of
the following are possible values for x + y ? Select all that apply.

Al 2
B| s

C| 15

] 40

E| 72

6.10 SOLUTIONS

1. C and E Zero is neither positive nor negative. It is an even number, since it
can be divided by 2. Zero is also an integer, so you should select both choice
C and choice E.

2. B, C, and D The diagonals of a parallelogram always bisect each other.
Since a rectangle and a rhombus are also parallelograms, you should select
choices B, C, and D. Trapezoids and quadrilaterals do not necessarily have
bisecting diagonals.

3. B,D,and EIf x: y=5: 3, then 8 could be a value of x + y . Increase x and y
by a factor of 5, and 40 could be a value of x + y . Increase x and y by a
factor of 9, and 72 could also be a value of x + y . You should select choices
B, D, and E.
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CHAPTER 7

GRE DATA INTERPRETATION QUESTIONS

7.1 DATA INTERPRETATION ITEM FORMAT

Data interpretation questions involve information presented in a table or a graph.
The questions may involve simply reading the graph, drawing conclusions from
the data shown, making inferences based on the given data, and making
comparisons using the data shown. One thing to note about the table or graph
provided for a question is that it will always contain a great deal of information
not needed for answering your question.

For the GRE, about one-fifth of the 20 questions in a quantitative section will
be data interpretation questions.

The data presented in charts and tables are classified by both row and column.
The units will always be stated, and the table will frequently involve data that
have been rounded. Occasionally, the data will be expressed as percentages. The
questions related to a table may ask you to merely read one particular item from
the table, to combine values from the table, or to compare values found in the
table.

In questions involving graphs, the graph will have a name that indicates what
information is being presented. The type of graph used may also aid you in the
interpretation of the data.

Line graphs and bar graphs have a scale that may or may not start at zero. The
horizontal and vertical axes will each be labeled to show both what is being
graphed and the scale along that dimension. Line graphs show the change in a
quantity over time. A bar graph can also show the change in a quantity over
time, but it can show a comparison of quantities, as well. In a bar graph, the
width of the bars is generally uniform, and only the height or length varies.

A circle graph or pie chart is used to show a whole divided up into sectors
that represent a percentage of the whole. The size of the sector is proportional to
the percentage of the whole that it represents. The sum of all of the sectors is
always 100%.

When working with graphs and tables, the goal is to use the visual
representation to help you find the answer, rather than doing extensive
computation. In a line graph that has values for 1980 and 1990, if you are asked
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to find the value for 1985, the easiest way is to locate the midpoint of the
segment between 1980 and 1990 and read the answer from the axis representing
the requested value. If you are asked how many times the number of accidents
exceeded 40,000, then hold your pencil at the correct level to form a line at
40,000 and count the number of bars going past the line. In circle graphs, it is
easier to make comparisons using the percentages given than to use the actual
numbers. Whenever possible, use the visual image to answer the question; that is
why the data are presented in graphical form.

7.2 EXAMPLES

Example 1:

Jose's Time Chart of a Typical School Day

In class
15%

Studying
20%

At work

189
& Sleeping and eating

35%

With friends
12%



Telegram: @GRE346

What is the ratio of the time Jose spent in class to the time he spent at
work?

[__Iﬂl 3% more
| 33% together

N Qi | L1 O

Solution:

The circle graph shows that Jose spent 15% of his time in class and 18% of his
time at work. There is no need to change the percentages to hours to get the ratio
of time spent in class to time spent at work. The ratio is

15% 015 15 5

18%  0.18 18 6

The answer is E.

Example 2:
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$9
$8
$7
$6
$5
$4
$3
$2
§1
$0

End-of-Year Bonus
(in thousands of dollars)

I

\ | | I |

1950 1960 1970 1980 1990 2000

What is the best estimate of the end-of-year bonus for 1965?

(A) $3
(B $4
(C) $3,000
(D] $4,000
(E) $5,000

Solution:

On the line graph, if you place an imaginary dot in the middle of the segment
between 1960 and 1970, then follow that point across the graph to the scale, it
hits at about the $4 mark. Since the scale is in thousands of dollars, the bonus for
1965 is $4,000. The answer is D.

Example 3:
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Survey of Dish Detergent Preferences

N
(]
T

[a—
=
T

Percent preferred
(@)

4 -
2 -
0 1 I 1 I
P Q R S T
Brand

How much greater is the preference for Brand Q over Brand S?

@ 4%
(B) 3%
@ 2%
(D) 1%
LT-_J 12%

Solution:

The bar graph shows that Brand Q is preferred by 8% and Brand S is preferred
by 4%. Thus, 4% more people preferred Brand Q over Brand S. The answer is
A.

Example 4:
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Population Change from 1950 to 2000

/-\6_
= 7 1950
g 5| B 2000
[v)]

o

©
S 4

a
Q0
q°f
5 2
k=

S5 1+

o
g .

0

W X Y /i

Cities

What is the least amount of growth for cities that grew between 1950 and
2000?

(A 10,000
20,000
30,000
40,000
50,000

GCEC

Solution:

The bar graph shows that the population of city W declined by 40,000, city X
increased by 10,000, city Y increased by 20,000, and city Z increased by 30,000.
Of the cities that had a population increase, city X had the smallest increase. The
answer is A.

Example 5:
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Percent of Exercise Time Spent
on Different Exercise Equipment

Elliptical machine  A[] other 5%

5% e Treadmill
' 20%

12%

Rowing machine
15%

Weights
25%

Glider
18%

What two pieces of equipment together are used the same amount of time as
weights and the elliptical machine?

Treadmill and bicycle
Glider and rowing machine
Bicycle and glider

Treadmill and weights

GCGCE

Rowing machine and bicycle

Solution:
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The circle graph shows that the combined percent of time spent on weights and
the elliptical machine is 25% + 5% = 30%. Bicycles are used 12% of the time,
and gliders are used 18% of the time. Since 12% + 18% = 30%, the correct
answer is C.

7.3 SOLUTION STRATEGIES

1. Determine whether you can just read the graph to answer the question.

In Example 4, you just need to read the graph to see which black bar
exceeds the corresponding white bar by the least amount and that amount is
the answer.

2. Determine whether you need to combine two values on the graph by
addition or subtraction.

In Example 3, you have to subtract the percentage for Brand S from the
percentage for Brand Q.

3. Determine whether you need to compare values from the graph.
In Example 1, you need to get the ratio, in fraction form, for time spent in
class to time spent at work.

In Example 5, you have to find the total for the two given categories and
then see which of the answers has two categories with the same total.

4. Interpret the data in the graph to get the value at another point not
stated.

In Example 2, you are asked for the value half way between two given
years. You must average the values for the two given years to get the best
estimate of the values requested.

7.4 EXERCISES

Questions 1 and 2 refer to the following graph.
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The Jones Family Budget

Food

Savings

8%
Clothes
10%
Housing
24%

Utilities
0
Other costs 16%

5%

1. Based on the graph, what is the ratio of housing costs to savings?

2. Based on the graph, what is the fractional part of the Jones family
income budgeted for auto costs?
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Questions 3 to 5 refer to the following graph.

David's Grades (in percentages)

100 -

s
90
85

T

T

T

T

80

T

13

70 J | |
Math Chemistry English French History

3. Based on the graph, in what subject did David score a 78%?

@ Chemistry
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)

[ b | English
A
|(\-| )| History
LTE Math

\

French

| M
-—-'-

.

4. Based on the graph, in which two subjects did David have the greatest
difference in grades?

[E English and math

[E English and French

L??: French and math

Iil_f-"j Chemistry and French
(E)

5. Based on the graph, in which subject did David get his fourth highest
grade?

English and chemistry

-

2

Chemistry

=

English

pr—

|

French

L= g

History

W i W s,

()

S W I S

Math

7.5 SOLUTIONS

1. D Using Strategy 3, read from the graph to see that housing is 24% and
savings is 8%. The ratio of housing to savings is 24:8 or 3:1.

2. B Using Strategy 1, read from the graph that auto costs are budgeted at
15%.
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15 3
15% = —=—-
100 20

3. C Using Strategy 1, when you read the graph there is only one bar that
ends in the 75 to 80 range, so that is the correct answer. David’s grade in

French is 78%.

4. D Using Strategy 2, read the graph to see that David’s highest grade, in
chemistry, is 98%, and his lowest grade, in French, is 78%. Since these are
the greatest value and the least value, they have the greatest difference

between them.

5. B Using Strategy 2, read the graph to see that chemistry has the highest
bar, math has the second highest bar, history has the third highest bar, and
English has the fourth highest bar.
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PART III
GRE MATHEMATICS REVIEW

The mathematics sections of the GRE require a knowledge of mathematics that
is acquired over a period of years. This section is to review topics in arithmetic,
algebra, and geometry that could form the content of the mathematics questions
on the test.

Each chapter includes definitions of key concepts, worked-out examples, and
practice exercises with explanations. Within each chapter there are summary
tasks, solved problems in the various GRE question formats, and practice
problems in these formats. The longer chapters will have multiple sets of these
activities. The examples let you review the concepts and recall information you
had learned previously. The practice exercises enable you to demonstrate your
understanding of the concepts. Finally, you can apply your knowledge to
questions in a format similar to test questions.

Chapter 8 , Number Properties, reviews the number line, the types of real
numbers, rounding numbers, computing with signed numbers, and the properties
of numbers. The properties of the special numbers 0, 1, and —1 are reviewed, as
well as those of even and odd numbers. Number theory properties such as prime
and composite numbers, multiples, factors, and divisors are covered as well as
least common multiple, greatest common divisor, and prime factorization.

In Chapter 9, Arithmetic Computation, the order of operations, properties of
operations, fractions, decimals, ratios, proportions, percents, averaging, powers,
and roots are discussed. The associative, commutative, and distributive
properties are reviewed and applied. Converting among fractions, decimals, and
percents shows the relationships among the various forms of rational numbers.
Word problems will allow you to apply information you know about numbers.

Chapter 10, Algebra, reviews the basic concepts of algebra, including
evaluating expressions, solving equations, and solving inequalities. Computation
with algebraic expressions will include monomials, binomials, and polynomials.
Graphs of points and linear equations will be discussed. The solution of
quadratic equations by factoring and by the quadratic formula will be
demonstrated. Algebraic word problems will include consecutive integer
problems, age problems, mixture problems, and motion problems.

Chapter 11 , Geometry, reviews the fundamental concepts of geometry. Proofs
will not be part of the GRE, so they will not be considered. Angles, angle
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relationships, the relationship between lines, and types of polygons will be
reviewed. Properties of triangles, parallelograms, rectangles, squares, and circles
will be discussed. Formulas for area, perimeter, and volume of common
geometric figures will be used in problems.
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CHAPTER 8

NUMBER PROPERTIES

8.1 THE NUMBER LINE

A number line is a line with a scale for locating numbers indicated. The scale is
determined when two numbers have their location indicated on the line. Usually,
0 and 1 are located first, but that is not a requirement.

The origin of a number line is the location of 0 on that number line.

The coordinate of a point on a number line is the number associated with that
point.

Figure 8.1 is an example of a number line. The space between two
consecutive numbers is equal everywhere on the number line. On this number
line, the integers from — 5 to + 5 are shown, but all integers can be located by
using the scale shown.

Figure 8.1

Numbers not shown on the number line can be represented by estimating their
location between two consecutive numbers.

Example:

1
Locate A — 5 ,B = \/z , and C = 3. 1 on a number line, using Figure

8.1.

Solution:

See Figure 8.2 .
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A B C
At ———f————
=3 —4 = &' =] 0 1 2 3 4 S
Figure 8.2

Since A = 1/2, it is located midway between 0 and 1. Since B — \/z , you

have to approximate \/z to get \/i ~~ 1.414 . Locate B at about 1.4,

which is a little less than halfway between 1 and 2. For C = 3.1, Locate C just to
the right of 3 on the number line.

In working out the above example, you used a common practice of having the
numbers increase as you go from left to right. Unless you are told otherwise, you
may assume this is true for all number lines you encounter in this book or on the
GRE. Also, there are an infinite number of points between any two of the
indicated coordinates. In general, attempt to locate the number by thinking of the
interval between two numbers as divided into halves. Then in each half, locate
the number by deciding if is closer to the left end of the space, in the middle of
the space, or closer to the right end of the space.

If greater accuracy is needed on the number line, the space between two
numbers can be enlarged and subdivided into tenths of a unit. See Figure 8.3 .

-] I

| |
| |
-1 0 | 1=5 2

Figure 8.3

For even greater accuracy in locating points, the space between 1.2 and 1.3 could
be enlarged and subdivided into 10 parts, or hundredths of a unit.

8.2 THE REAL NUMBERS

A real number is any number that can be the coordinates of a point on a number

2
line. The numbers 3, —4,2.3,5 —,-7.21, — \/z , 5, and — are all

3 3 7
examples of real numbers.
The set of counting numbers is the set of numbers 1, 2, 3, 4, .... Counting
numbers are evenly spaced on the number line. Each number is one more than
the previous number, except for 1, which is the smallest counting number. The
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counting numbers are also known as the natural numbers .

The whole numbers are the counting numbers plus zero.

The integers are made up of the counting numbers, zero, and the negatives of
the counting numbers. The integers are { ..., -4, -3,-2,-1,0, 1, 2,3, 4, ... }.

The rational numbers are all the numbers that can be written as the ratio of
two integers a and b , when b is not zero. The rational numbers include all the
integers, since you can let a be any integer and b be 1. You also get fractions

2 16 il

suchas —, — —, —,and — — . These fractions can also be written as

3 45 7

decimals through division.

1
420025 L —123=0333.. Ths youhae
4 3

rational numbers that yield finite or terminating decimals, and rational numbers
that yield infinite repeating decimals. Every rational number can be written in a
decimal form.

The irrational numbers are the real numbers that are not rational. The
irrational numbers you are most familiar with include \/z , \/§ ,m,and e .

Irrational numbers can be written as infinite, nonrepeating decimals. There are

decimal approximations for \/i ~ 1.41421 ... \/§ ~ 1.73205...

n~ 3.14159 ..., and e = 2.71828 .... However, these approximations do not
clearly show that the decimals are nonrepeating. To show a decimal that is both
infinite and nonrepeating, you need a pattern that is not based on repetition. One
such pattern is to start with 1, then 01, then 001, then 0001, with each step in the
pattern adding another zero. You get 0.101001000100001 .... Another pattern
yields 0.1121231234 ... .

The real numbers are made up of the combination of all rational numbers and
all irrational numbers. Thus, the set of real numbers is the set of all decimals,
finite and infinite.

8.3 ROUNDING NUMBERS

When numbers are approximated, the results need to be rounded to maintain the
accuracy of the data. For example, frequently, when you work on problems with
money, you get results that contain a fractional part of a cent. In these cases, you
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round the result to the nearest cent. In general, the accuracy is specified in the
problem.

To round a number, first locate the digit that has the accuracy wanted; then

examine the digit to the right. If the digit to the right is 5 or more, round up by
increasing the accuracy digit by one and dropping all digits to the right of it. If
the digit to the right of the accuracy digit is 4 or less, you round down by leaving
the accuracy digit the same and dropping all digits to the right of it.

If the digits dropped are to the left of the decimal point, they are replaced

with zeros.

Example:

Consider the number 2,643.718.

Moo W

Round the number to the nearest tenth.
Round the number to the nearest hundredth.
Round the number to the nearest thousand.

. Round the number to the nearest unit.

Round the number to the nearest hundred.

Solution:

A.

There is a 7 in the tenths digit, and the digit to the right of the tenths digit is a
1. Thus, the tenths digit stays the same, and the digits to the right of it are
dropped. When 2,643.718 is rounded to the nearest tenth, you get 2,643.7.
There is a 1 in the hundredths digit and an 8 in the place to the right. Thus,
you increase the 1 by 1 and drop all digits to the right. When rounded to the
nearest hundredth, 2,643.718 becomes 2,643.72.

There is a 2 in the thousands place, and the digit to the right is a 6, so you
add 1 to the 2 and drop all digits to the right. Since the thousands place is to
the left of the decimal point, you have to fill in zeros for the dropped digits
between the thousands digit and the decimal point. Thus, when you round
2,643.718 to the nearest thousand, you get 3,000.

When rounding 2,643.718 to the nearest unit, you have a 3 in the units place
and a 7 in the place to the right. The result of the rounding is 2,644.

When rounding to the nearest hundred, note that there is a 6 in the hundreds
place and a 4 in the place to the right. Thus, you leave the 6 unchanged and
drop the digits to the right of the hundreds place. Since the hundreds place is
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to the left of the decimal point, you must fill in zeros for the dropped digits
between the hundreds place and the decimal point. The answer after
rounding to hundreds is 2,600.

8.4 EXPANDED NOTATION

Place value is used to write numbers in expanded notation. Each digit in the
number is multiplied by the place value of that digit.

300 = 3 x 100, or 300 = 3 x 10* since 10% = 100
50=5x 10, or 50 =5 x 10' since 10' = 10
7=7x1,or7=7x10%since 10°=1
357=300+50+7=3x100+5%x10+7x 1, or
357=300+50+7=3x10*+5x 10" + 7 x 10°

Example:

Write 568 in expanded notation.

568 =500+60+8=5x100+6x10+8 x 1, or
568 =500+ 60 +8=5x10*+6 x 10' + 8 x 10°.

Example:

Write 21,000 in expanded notation.

21,000 = 20,000 + 1,000 = 2 x 10,000 + 1 x 1,000, or
21,000 = 20,000 + 1,000 =2 x 10*+ 1 x 10°.

Expanded notation also applies to decimals. Fractions or 10 with negative
exponents are used to indicate the place value to the right of the decimal point.
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1
0l=—=10"
0.0 100 0

0.001 = =107°

1, 000
0.352=0.3+0.0540.002=3 x 0.145 x 0.01 42 x 0.001

1 | 1
. = 49
3X 70 % 100 T2 Lo

0352 =03+0.05+0.002=3 x0.1+5x0.014+2x0.001
=3x107"+5x10%2+2x 1072,

or

Example:

Write 0.804 in expanded notation.

1 1
0.804 = 0.8 40004 =8 X — +4 ,
T “ 20 T 1000

0.804 =0.84+0.004 =8 x 107" +4 x 107°.

A number that has both a whole number and a decimal point can also be
written in expanded notation.

or

Example:

Write 147.23 in expanded notation.
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14723 =100 +40+7+4 0.2+ 0.03

1 1
=1x100+4x104+7x 142X — +3x —,
x100+4x 1047 x 1+2x -5 +3x -0, or

14723 =1004+40+74+0.2+0.03
=1x10°+4x10'+7x10°+2x 107" +3 x 1072

8.5 PRACTICE PROBLEMS

1
1. Graph the points A — 2 —,B=-4,C=0,]) — —, E=75o0nanumber

>~ O

line.
2 . What are the coordinates of points F, G, H, I, and J in Figure 8.4 ?

I K G
e e e e e
—4 =3 ~ -1 0 l 2 3 -

Figure 8.4
3 . Which of these numbers are counting numbers?

2 1 1
3,0 -5 - 04 1=, 8 —= /2
3 > > V2

4 . Which of these numbers are whole numbers?

3 1 1
24 212 6 /5 —>. 0,08
7 136 V5 3

5. Which of these numbers are integers?
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1 1 3 D
_41 3; oy 8; 0; T 2; 1_)' =
y V&0 3215

6 . Which of these numbers are rational?

1
2,13, V6, =5, 0.333..., 0.51,

0:9192255855 :: -

7 . Which of these numbers are irrational?

1
0, 25, 8 J0y =il UD29202 s s 5

0.010010001..., 0.86,9

8 . Which types of number contain 18?

9 . Which types of number contain —15?

10 . Which types of number contain — ?

>

11 . Which types of number contain 0?

12 . Which types of number contain 0.64?
13 . Which types of number contain 0.672672672 ... *
14 . Round 26,854 to the nearest thousand.
15. Round 0.6384 to the nearest tenth.

16 . Round $112.465 to the nearest cent.

17 . Round 435.982 to the nearest unit.
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18 . Round 264.382 to the nearest hundredth.
19 . Round 468.451 to the nearest ten.

20 . Round 751.364 to the nearest hundred.
21 . Write 3,471 in expanded notation.

22 . Write 258,000,000 in expanded notation.
23 . Write 37.42 in expanded notation.

24 . Write 516.4 in expanded notation.

25 . Write 0.8724 in expanded notation.

8.6 SOLUTIONS
1. See Figure 8.5 .

B C D A E
e+ >
~S —4 8 -2 -1 0 1 V: 3 4 S
Figure 8.5
1 I 1
2.F=2G=3-H=—-1-.] =-,] = —3>

- 2 -+ J

3. 3 and 8 are counting numbers.
4. 0, 4, and 6 are whole numbers.

5. =4, 0, 2, and 3 are integers.

1
6. -5,0.333...,0.51, ] —, and 2 are rational numbers.

7. 0.010010001 ... and 4 /15 are irrational numbers.

8. 18 is a whole number, a counting number, an integer, a rational number, and
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10.

11.
12.
13.
14 .
15.
16.
17 .
18.
19.
20 .
21.

22.

23.

a real number.

. —15 is an integer, a rational number, and a real number.

— is a rational number and a real number.

3

0 is a whole number, an integer, a rational number, and a real number.
0.64 is a rational number and a real number.

0.672672672 ... is a rational number and a real number.

To the nearest thousand, 26,854 is 27,000.

To the nearest tenth, 0.6384 is 0.6.

To the nearest cent, $112.465 is $112.47.

To the nearest unit, 435.982 is 436.

To the nearest hundredth, 264.382 is 264.38.

To the nearest ten, 468.451 is 470.

To the nearest hundred, 751.364 is 800.

3,471 =3,000+400+70+1=3x1,000+4x100+7x 10+ 1 x 1, or
3,471 =3,000 +400+70 + 1 =3 x 10*+ 4 x 10>+ 7 x 10" + 1 x 10°.

258,000,000 = 200,000,000 + 50,000,000 + 8,000,000 = 2 x 100,000,000 +
5 x 10,000,000 + 8 x 1,000,000, or

258,000,000 = 200,000,000 + 50,000,000 + 8,000,000 =2 x 10® + 5 x 107 +
8 x 10°.

1 1
742 = 7+0440.02= 10047 x144x —+2x —
5 0+7+04+002=3x10+7x1+ ><10+ ><100

, Or

3742=30+7+04+0.02=3x10'+7x10°+4x 10"+ 2 x 1072.
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24 .

1
5164=500+10+6+04=5x100+1x 10+ 6 x 1+4x -

, or

516.4=500+10+6+04=5x10°+1x10' +6x10°+ 4 x 107*.

25.

| 1 1 1
0874 = 08+ 007+ 0002+ 00004 =8 x —+ Tx — +2x — 4dx ——
Ll S T 0T T T

, or

0.8724=0.8 + 0.07 + 0.002 + 0.0004 =8 x 107' + 7 x 102 + 2 x 107> + 4 X
107,

Properties of Zero:

For any real numbera,a x 0 = 0.

For any real numbera,a+0=a.

For any real numbera,a-0=aand0-a=-a.

For any nonzero real number a, 0 +a = 0.

For real numbersaand b,ifaxb=0,thena=0or b =0.

Properties of 1 and -1:

>

1x1=1
(-Dx(-1)=1
(-1)x (1) = -1

For all real numbersa,a x1=a.

For all real numbers a, a x (-1) = —a..

For all real numbersaand b, -1(axb)=(-a)xb=ax (-b).
For all real numbersa, -1 X% (-a)=a.

For all real numbersa,a+1=a.

For all real numbers a, a + (-1) = —a.

For any integer n, n + 1 is the next larger integer.

For any integer n, n + (—1) is the next smaller integer.

The smallest counting number is 1.

1+(-1)=0.

For any real numbera, (1 xa)+(-1xa)=a+(-a)=0.
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8.7 ODD AND EVEN NUMBERS

An even number is an integer that is divisible by 2.

An odd number is an integer that has a remainder of 1 when divided by 2.
An even number can be written in the form 2n , where n is an integer. The
even numbers are ..., =6, -4, =2, 0, 2, 4, 6, .... To get the positive even numbers,

restrict n to the counting numbers.

An odd number can be written in the form 2k + 1, where k is an integer. The
odd numbers are ..., =5, -3,-1, 1, 3, 5, ....

Every integer is either even or odd. No integer can be both even and odd.
Zero is an even number. The smallest positive odd number is 1. The smallest
positive even number is 2.

An even number added to another even number always yields a third even
number. 2+ 6=8,0+ (-4) = -4, 16 + (-4) = 12.

An even number subtracted from another even number always yields a third
even number. 4 - 12=-8,16-2=14,0-8=-8, 10 — (-8) = 18.

When an even number is multiplied by an even number, the result is an even
number. 4 x6=24,8%x0=0,-4%x2=-8, -6 x —-10 = 60.

However, when you divide an even number by another even number, you do
not always get an even number, and may not get an integer at all. 18 + (-2) = -9,

24+6=4,6+2=3,4 — 8 — —, 6+ 0= undefined.

Summary:

even + even = even
evern — even = even
even X even = even

An odd number added to an odd number is an even number. 3 + 7 = 10, -5 +
11=6,-3+3=0,1+1=2.

When an odd number is subtracted from an odd number, the answer is an
even number. 7-13=-6,5-3=2,7-7=0,11 -3 =8.

When two odd numbers are multiplied together, the product will be a third
odd number. 3 x 5=15,7 x =5 =-35,7 X (-9) = —-63.

When two odd numbers are divided, the result is always defined, but may be
either odd or even, or may not be an integer at all. 21+3 =7, 15+(-5) = -3,
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Summary:

odd + odd = even
odd — odd = even
odd x odd = odd

Adding an even number and an odd number always gives an odd number for
the answer. 3+4=7,8+(-5)=3,11+12=23,15+0=15,8 +5=13.

When subtracting an even number and an odd number, the result is an odd
number.5-2=3,6-1=5,-2-(-3)=1,8+(-3)=5,-7+6=-1.

If an even number and an odd number are multiplied, the answer is an even
number. 3 x6=18,-7x2=-14,0x3=0,5x8=40,6 x 11 = 66.

When dividing an even number and an odd number, the answer will not be an
integer when the divisor is an even number, and may not be an integer when the

b

divisor is an odd number. 7 +~ 0 = undefined, 5 - 2 — _,

1 10
11 - 14 = 1",18+3:6,10+7: —_—
14 7

Summary:

odd + even = odd
even + odd = odd
odd — even = odd
even — odd = odd
odd x even = even
even X odd = even

8.8 NUMBER PROPERTIES TEST 1

Use the following test to assess how well you have mastered the material in this
chapter. Mark your answers by blackening the corresponding answer oval in
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each question. An answer key and solutions are provided at the end of the test.

1. What is the coordinate of point P?

B
—t 4t —FFF 4ttt
—4 -3 =2 -1 0 1 2 3 4
1
A) —
L_-" 4
1
® -;
1
: 1
© -2
5
© 1]
6
® -2
-
2
2 . Which point has a coordinate of 3 — ?
D
G H I J K
- — ¢ —o ——— ¢ +—|—¢6 ——
3 )
@ Point G
@ Point H
@ Point I
(D) PointJ
@ Point K
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3. Which point on the number line represents the smallest number?

R S T U \Y
R = : ® & @
o 0 |
@ Point R
[@ Point S
L_T'j, Point T

(D] PointU
LEJ Point V

4 . Which of these numbers is a counting number?

1

A) =
2
(B 0.121212...

©) /10

()

6 . Which is a FALSE statement?
[__.Eaj A whole number is an integer.
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( B | An irrational number is a real number.

S

[:?ﬂl A whole number is a rational number.

r
ICI-J-'E:I A counting number is a whole number.

LE An integer is an irrational number.

7 . Which shows 3.15 rounded to tenths?
A
[:13 3.05
B
[_ME_H 3.1
[Tj 3.15
(D) 32
LEH 3.25

8 . In which number would the hundredths digit round up?
A
[:13 3.1724
B
[_ME_H 5.6043
(C) 56149
(D) 5.6351
LEH 5.8134

9 . In which number would the thousandths digit NOT round up?
A
[__ﬂ 2.34647
B
[_ME_J 2.48762
(C) 2.76251
(D) 3.10093
L_Ef 5.92185

10 . Which number shows 286,435 rounded to the ten-thousands place?



Telegram: @GRE346

11.

12.

13.

14 .

A

(A 286,440
B 1

(B) 286,430
(C) 290,000
(D) 280,000
(E) 270,000

Which is the expanded notation for 2,065?

@ 2x10°+6x 103+ 5 x 10!
(B) 2x10°+6x10°+5 x 107
[F‘I 2 x 10+ 6 x 10! + 5 x 10°

i
(D) 2x10°+6x10'+5x 10°
(E) 2x10°+6x 10>+ 5 x 10!

Which is the standard number for 3 x 10° +5 x 103+ 7 x 10' ?

@ 357
(B) 3,057
[Tj 3,507
(D) 35,070
Lf'-_j 305,070

Which is the expanded notation for 0.28417?
(A) 2x10*+8x10°+4x102+1x 10"
(B) 2x10°+8x107 +4x107+1x107
(C) 2x10°+8x10°+ 4 x 10 + 1 x 10°

Which of these is an odd number?

i
(D) 2x101+8x102+4x 102 +1 x 10
(E) 2x102+8x102+4x 107 +1x 10°
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[ /4| even + even
(B odd + odd
LE | even x odd
(D] odd x odd
(E) odd - odd

15 . Which of these is an even number?
(A 7-4
(B)] 0-5
(€] 6+3
(D) 5-11
(E) 11x5

NUMBER PROPERTIES TEST 1
Answer Key

© © N Ul A WN R
m OO0 gm0 w o

e S
N~ O




Telegram: @GRE346

13. D
14. D
15. D

8.9 SOLUTIONS
Lo 1>

-

The point P is between —1 and —2. The units are divided into quarter units,

so Pisat — —.

-

. B PointH
The unit between 3 and 4 is divided into twentieths, with darker lines at

each fifth. Thus, H is located at 3 — .

5

. A PointR
The point R is farthest left on the number line, so it represents the smallest
value of the labeled points.

.A 5
The counting numbers are 1, 2, 3, 4, .... The only counting number listed is
5.

.C 0
The whole numbers are 0, 1, 2, 3, .... The only whole number listed is 0.

. E An integer is an irrational number.
Since the integers are rational numbers, they cannot also be irrational
numbers.

. D 3.2

There is a 1 in the tenths place, and the digit to the right is 5. Increase the
tenths digit by 1 to get 2, and drop the digits to the right of the tenths place.
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8

10 .

11.

12.

13.

14 .

15.

. D 5.6351

To round up, the digit to the right of the hundredths place must be 5 or
greater, and this is only true in 5.6351.

. A 2.34647

The thousandths digit will not round up if the digit to the right of the
thousandths place is 4 or less. This is only true for 2.34647.

C 290,000

The digit in the ten-thousands place is an 8, and the digit to the right is a 6.
Add one to the 8 to get 9, and drop the digits to the right of the ten-
thousands. You must replace the dropped digits between the ten-thousands
digit and the decimal point with zeros.

C 2x10°+6x10'+5x10°
2,065=2,000+60+5=2x10°+6x10'+5 x 10°

E 305,070
3x10°+5x10°+7 x 10" =3 x 100,000 + 5 x 1,000 + 7 x 10
= 300,000 + 5,000 + 70 = 305,070

D 2x107"+8x102+4x103+1x 10
0.2841 = 0.2 4 0.08 4+ 0.004 4 0.0001

—=2x107'4+8x102%+4x10°+1x107*

D odd x odd

even + even = even, odd + odd = even, even X odd = even, odd x odd = odd,
odd — odd = even

D 5-11
7-4=3,0-5=-56+3=9,5-11=-6,11 x5 =55 -61is even, so the
answer is 5 — 11.

8.10 SOLVED GRE PROBLEMS
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For each question, select the best answer unless otherwise instructed.
1.

Quantity A Quantity B

5x 102 4+3x 1072 4+4%x 107 9x10°+2x 10 +4x 102 +8x 107

[__E Quantity A is greater.
(B Quantity B is greater.

L{' ) The two quantities are equal.

(__I‘:‘-'h‘j The relationship cannot be determined from the given information.

2 . Which is 728.359 rounded to the nearest tenth?
(A) 730
(B 7284
(C) 72836
(D] 720
(E) 73

S

For this question, enter your answer in the boxes.

16

3. What fractionisequalto — , | — ?

25

4 . Which of the following are even numbers? Select all that apply.
A 93,956
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B | 4,249
C| 27
D)o

E | -388

Quantity A Quantity B

5. 2 -
) -
(—1) 3

Quantity A is greater.

(=)

Quantity B is greater.

The two quantities are equal.

clel
S W

l

The relationship cannot be determined from the given information.

8.11 SOLUTIONS

1. A Quantity A is greater.
5x10°+3x 1072+ 4 x 1072 =500 + 0.03 + 0.004 = 500.034
9x10°+2x10"+4x102+8x102=9+0.2+0.04 +0.008 =9.248

2. B In 728.359, the tenths digit is 3. The digit to the right of the tenths digit
is a 5 which is greater than or equal to 5, so add 1 to the 3 and drop the
digits to the right of the tenths digits. Thus, 728.359 rounded to the nearest
tenth is 728.4.

—4
5

3
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Enter the negative sign and the 4 in the numerator box and the 5 in the
denominator box.

4. A,D, and E Even numbers are divisible by 2 and must have a 0, 2, 4, 6, or
8 as the units digit. A, D, and E are all correct.

5. B Quantity B is greater.

(-1 = —-1x-1x-1x-1x-1=-1
2 2

3

2 2 4
— W = = —
3 3 9

|

8.12 GRE PRACTICE PROBLEMS

For each question, select the best answer unless otherwise instructed.

1. Which of these numbers is an irrational number?

ORVL

"B 0.15135135 ...

e
(C) 01223334444 ..
(D) o
— B
2 . Which number is 1,674 rounded to the nearest hundred?
(A 16
| 17
LE; 1,600
(D) 1,700
(E) 2,000
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Quantity A Quantity B

4 x10° +3 x 10 + 5 x 10! 400030050
@ Quantity A is greater.

[E Quantity B is greater.

@ The two quantities are equal.

ICIE:I The relationship cannot be determined from the given information.

Quantity A Quantity B
(—4)° (16)’

e : :
[__:13 Quantity A is greater.

[ﬁj Quantity B is greater.
(€ ] The two quantities are equal.

(:I?] The relationship cannot be determined from the given information.

Quantity A Quantity B

The smallest counting number. ~ The smallest whole number.
@ Quantity A is greater.

[E Quantity B is greater.

[:?ﬂl The two quantities are equal.

=
(:I?] The relationship cannot be determined from the given information.

6 . Which of the following statements are true? Select all that apply.
A | Odd x odd = odd
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I3 | Even + odd = even

L | Odd + odd = odd

I} | Even x odd = odd

| Odd — odd = odd

ANSWER KEY

1. C
2.D
3.B
4. C
5. A
6. Aonly

8.13 PRIMES, MULTIPLES, AND DIVISORS

A counting number a is a multiple of a counting number b if there is a counting
number c such thatb xc=a.

To find the multiples of 3, multiply 3 by each counting number in turn. 3 x 1
=3,3%2=6,3x3=9,3x4 =12 ... therefore, the multiples of 3 are 3, 6, 9, 12, 15

The least common multiple of two or more counting numbers is the smallest
positive number that is a multiple of each of the numbers.

The least common multiple of 6 and 10 is found by listing the multiples of
each number and finding the smallest number that is in both lists. The multiples
of 6 are 6, 12, 18, 24, 30, 36, 42, 48 ... and the multiples of 10 are 10, 20, 30, 40,
50, 60 .... Since 30 is the smallest number that is in both lists, the least common
multiple (LCM) of 6 and 10 is 30. You can write this as LCM (6, 10) = 30.

Example:

Find the first five multiples of each number.
A7
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Solution:

A Ix1=77x2=14,7x3=21,7x4=28,7x5=35 7,14,21,28,35
B. 8x1=88x2=16,8x3=24,8x4=32,8x5=40 8,16, 24, 32, 40
C. 9%l =9 9%2="18, 00 o=k, I Re=00,F% =0 9,18,27,36,45
10x1=10,10x2=20, 10 x 3 =30, 10 x 4 = 40,

P 0x5=5 10,20,30, 40, 50
 Bx1=1515x2=30, 15x3=45, Bxd=6)

15527 15,50, 45, 60, 75
Example:

Find the least common multiple of each pair of numbers.

A. 4and 6
B. 30 and 24
C. 8and 15

Solution:

A. The multiples of 4 are 4, 8, 12, 16, 20, 24, 28, 32, 36, ... .
The multiples of 6 are 6, 12, 18, 24, 30, 36, 42, ....
12 is the smallest number that appears in both lists. LCM (4, 6) = 12.
B. The multiples of 30 are 30, 60, 90, 120, 150, 180, 210, ....
The multiples of 24 are 24, 48, 72, 96, 120, 144, 168, 192, ....
120 is the smallest number common to both lists. LCM (30, 24) = 120.
C. The multiples of 8 are 8, 16, 24, 32, 40, 48, 56, 64, 72, 80, 88, 96, 104, 112,
120, 128, ....
The multiples of 15 are 15, 30, 45, 60, 75, 90, 105, 120, 135, 150, ....
The smallest number in both lists is 120. LCM (8, 15) = 120.
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Notes:

> If there is not a multiple in common in your lists, extend your list of multiples
until one is reached.

> For counting numbers a and b, LCM (a, b ) <a x b . This means that the
least common multiple of two numbers is less than or equal to the product of
the two numbers.

Example:

Find the least common multiple for these sets of three numbers.

A. 5,12,8
B. 10, 25, 15

Solution:

A. The multiples of 5 are 5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55, 60, 65, 70, 75,
80, 85, 90, 95, 100, 105, 110, 115, 120, 125, ....
The multiples of 12 are 12, 24, 36, 48, 60, 72, 84, 96, 108, 120, 132, 144, ....

The multiples of 8 are 8, 16, 24, 32, 40, 48, 56, 64, 72, 80, 88, 96, 104, 112,
120, 128, 136, ....

The smallest number common to all three lists is 120. LCM (5, 12, 8) = 120.

B. The multiples of 10 are 10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 110, 120, 130,
140, 150, 160, 170, 180, ....

The multiples of 25 are 25, 50, 75, 100, 125, 150, 175, 200, ....
The multiples of 15 are 15, 30, 45, 60, 75, 90, 105, 120, 135, 150, 165, 180,

The smallest number common to all three lists is 150. LCM (10, 25, 15) =
150.

Factors and Greatest Common Divisors

A counting number a is a divisor of a counting number b if there is a counting
number c such thataxc=»b.

Sincea X c=b, ais a factor of b .

In most cases, the terms factor and divisor are used as though they are the
same; however, there are times when there is a slight difference in their
meanings. Since the GRE uses counting numbers, this difference is not relevant.
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The greatest common divisor for two or more counting numbers is the
largest counting number that is a divisor of each of the counting numbers.

To find the divisors of a counting number such as 12, write down the factors,
which come in pairs. However, when both factors are the same, list it just once.
The divisors of 12 are: 1 and 12, 2 and 6, and 3 and 4. You usually list the
divisors in numerical order. Thus, the divisors of 12 are: 1, 2, 3, 4, 6, and 12.
Since 12 is equal to the number itself, 12 is an improper divisor of 12, and 1, 2,
3, 4, and 6 are the proper divisors of 12.

Example:

List all the divisors of the given numbers.
16
20
21
23
36

Moo

Solution:

A. 1x16=16,2x8=16,4%x4=16
The divisors of 16 are 1, 2, 4, 8, 16.
B. 1x20=20,2x10=20,4x5=20
The divisors of 20 are 1, 2, 4, 5, 10, 20.
C. 1x21=21,3x7=21
The divisors of 21 are 1, 3, 7, 21.
D. 1x23=23
The divisors of 23 are 1, 23.
E. 1x36=36,2%x18=36,3x12=36,4%x9=36,6x6=36
The divisors of 36 are 1, 2, 3, 4, 6, 9, 12, 18, 36.

Example:
Find the greatest common divisor of each pair of numbers.

A. 8and 12
B. 15 and 40
C. 30 and 24
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D. 8 and 15
E. 7and 14

Solution:

A. 1 x8=8,2 x4=8The divisors of 8 are 1, 2, 4, 8.
1x12=12,2x6=12,3 x4 =12 The divisors of 12 are 1, 2, 3, 4, 6, 12.

1, 2, and 4 are the common divisors of 8 and 12. The greatest common
divisor of 8 and 12 is 4. You can also write this as GCD (8, 12) = 4.

B. 1 x15=15, 3 x 5 =15 The divisors of 15 are 1, 3, 5, 15.
1x40=40,2 % 20=40,4 x 10 =40, 5 x 8 = 40 The divisors of 40 are 1, 2,
4,5, 8, 10, 20, 40. The common divisors of 15 and 40 are 1 and 5. GCD (15,
40) = 5.

C. 1x30=30,2x15=30,3 x10=230, 5 x 6 =30 The divisors of 30 are 1, 2,
3,5, 6, 10, 15, 30.
1x24=24,2x%x12=24,3x8=24,4 %6 =24 The divisors of 24 are 1, 2,
3,4,6, 8,12, 24.

The common divisors of 30 and 24 are 1, 2, 3, and 6. GCD (30, 24) = 6.
D. 1 x8=8, 2 x4 =8The divisors of 8 are 1, 2, 4, 8.
1 x15=15, 3 x 5 =15 The divisors of 15 are 1, 3, 5, 15.
The only common divisor of 8 and 15 is 1. GCD (8, 15) = 1.
E. 1 x 7 =7 The divisors of 7 are 1, 7.
1 x 14 =14, 2 x 7 =14 The divisors of 14 are 1, 2, 7, 14.
The common divisors of 7 and 14 are 1 and 7. GCD (7, 14) = 7.
The greatest common divisor of two counting numbers is at least 1 and never
larger than the smaller of the two numbers.

Example:

Find the greatest common divisor for each set of three numbers.

A. 8,10, and 12
B. 39, 65, and 91
C. 250, 375, and 625

Solution:

A. 1 x8=8,2 x4=8The divisors of 8 are 1, 2, 4, 8.
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1 x10=10, 2 x 5=10 The divisors of 10 are 1, 2, 5, 10.
1x12=12,2x6=12,3x4=12
The divisors of 12 are 1, 2, 3, 4, 6, 12. The common divisors of 8, 10, and 12
are 1 and 2. GCD (8, 10, 12) = 2.
B. 1x39=39,3x 13 =39 The divisors of 39 are 1, 3, 13, 39.
1 x65=65,5x%x13=65 The divisors of 65 are 1, 5, 13, 65.
1x91=91,7%x13=91 The divisors of 91 are 1, 7, 13, 91.
The common divisors of 39, 65, and 91 are 1 and 13. GCD (39, 65, 91) = 13.
C. 1 x250=250,2 x 125 =250, 5 x 50 = 250, 10 x 25 = 250 The divisors of
250 are 1, 2, 5, 10, 25, 50, 125, 250.
1 x375=375,3 x 125 =375, 5 x 75 = 375, 15 x 25 = 375 The divisors of
375 are 1, 3, 5, 15, 25, 75, 125, 375.
1 x 625 =625,5 x 125 =625, 25 x 25 = 625 The divisors of 625 are 1, 5, 25,
125, 625.
The common divisors of 250, 375, and 625 are 1, 5, 25, and 125. GCD (250,
375, 625) = 125.

When a number is a divisor of a second number, it means that there is a
counting number such that the product of it and the divisor equals the second
number. However, when the first number is not a divisor of the second, you
cannot find a counting number that will yield the second. In this case, you try to
get as close as you can and stay less than the second number. To make them
equal, you add the missing amount, called the remainder .

If a is a divisor of b, then there is a counting number ¢ such thata xc=b.If
a is not a divisor of b, then there exist counting numbers g and r such that a x g
+r=b,where0<r<a.

Prime Numbers

A prime number is a counting number greater than 1 such that its only counting
number divisors are 1 and itself. Since a prime number is greater than 1, 0 and 1
are not prime numbers.

A composite number is a counting number greater than 1 such that it has at
least three divisors. A counting number greater than 1 is either prime or
composite. No counting number is both prime and composite.

The prime factorization of a number is a set of prime numbers such that the
product of these prime factors will yield the given number. A prime factor may
be used more than once in the product. The prime factorization of 6 is 6 = 2 x 3,
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and the prime factorization of 8is 8 =2 x2 x 2 or8 =23,

Example:

Find the prime factorization of each number.

A. 24

B. 50

C. 72

D. 23

E. 39

Solution:

A 24=2x12=2x2x6=2x%x2x2x3=23x3
B. 50=2x25=2x5x5=2x5?2

C. 72=2x%x36=2x2x18=2x2x2x9=2x2x2x3x3=23x32
D. 23=23

E. 39=3x13

To find the prime factorization of a counting number, look for divisors (or
factors) of the number that are prime. Thus, it is helpful to know some prime
numbers. The prime numbers less than 100 are 2, 3, 5, 7, 11, 13, 17, 19, 23, 29,
31, 37,41, 43,47, 53, 59, 61, 67, 71, 73, 79, 83, 89, and 97. It is important to
notice that 2 is the only even number that is prime, since for a number to be even
means that it is divisible by 2.

Example:
Find the prime factorization of each number.

54

150
168
500
144

mo0Ow»

Solution:

A. 54=2x27=2x3x9=2%x3x3x3=2x33
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B. 150=2x75=2x3%x25=2%x3x5x5=2x3x5?

C. 168=2x84=2%x2%x42=2%x2x2x21=2x2x2x3%x7=2x3x7
D. 500=2%x250=2x2x%x125=2x2x5%x25=2%x2x5x5x5=22x53
E. 144 = 2x72 = 2x2%36 = 2Xx2X2 X18 = 2Xx2X2x2X9 = 2x2x2x2x3%x3 = 24 x 32

Finding the prime factorization of a number requires you to divide the
number by primes until you find one that is a divisor; then use that same prime
to see if it is a divisor of the second factor. Continue to work on the factor that is
not known to be a prime until you have reduced it to a prime. Check your work
by multiplying all of the prime factors together to get the original number.

8.14 GCD AND LCM REVISITED

A second way to find the GCD and LCM of a number is to use prime
factorization. When you are finding the divisors of numbers with many factors, it
is easy to overlook a factor that may be a common divisor. Similarly, in listing
the multiples of a number, any error in finding one could cause other numbers to
be wrong. It could also take a long time to find the common multiple if it is
large.

To find the least common multiple (LCM) using the prime factorization, you
must first find the prime factorization of each number. Then you need to find the
greatest power each different factor of the numbers has. The least common
multiple will be the product of each different factor to the greatest power it
occurs.

Example:

Find the least common multiple of these sets of numbers.

A. 150 and 225
B. 63 and 84
C. 24, 60, and 96

Solution:

A. 150=2-75=2:3:-25=2:3:5:-5=2-3-5?
225=3-75=3-3:25=3-3:5:-5=3%-52
The different prime factors are 2, 3, and 5. The greatest power of 2 is 1, the
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greatest power of 3 is 2, and the greatest power of 5 is 2.

LCM (150, 225) =2'-3?-52=2-9 - 25 =450
B.63=3-21=3-3-7=3*-7

84=2-42=2-2-21=2-2-3-7=2%-3-7

The greatest power of 2 is 2, the greatest power of 3 is 2, and the greatest

power of 7 is 1.

LCM (63,84)=22-32-7=4-9-7=252
C.24=2-12=2-2-6=2-2-2-3=2%-3

60=2-30=2-2-15 +3-5=22-3-5

96=2-48=2-2-24 $2:12=2-2-2-2-6=2-2-2-2-2-3

=2°-3

The greatest occurring power of 2 is 5, the greatest power of 3 is 1, and the

greatest power of 5 is 1.

LCM (24,60,96)=2>-3-5=32-3-5=480

22
22

To find the greatest common divisor (GCD) of a set of numbers, you must
first find the prime factorization of each number. You next identify the primes
that are common to all the numbers and then the greatest common power that
these primes have. The greatest common divisor of the numbers is the product of
these common divisors to their greatest common powers.

Example:

Find the greatest common divisor for these sets of numbers.

A. 32 and 104
B. 120 and 216
C. 225, 375, and 825

Solution:

A.32=2-16=2-2:-8=2:2-2-4=2-2:2-2-2=2°
104=2-52=2-2-26=2-2-2-13=2%-13
2 is the only common prime factor for the numbers, and 3 is the greatest
common power of 2.

GCD (32, 104) =23 =8
B. 120=2-60=2-2-30=2-2-2-15=2-2-2-3-5=23.3.5
216=2-108=2-2-54=2-2-2-27=2-2-2-3-9=2-2-2-3-3-
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3=23.33
The common prime divisors are 2 and 3. The greatest common power of 2 is
3, and the greatest common power of 3 is 1.
GCD (120,216)=2%-3'=8-3=24

C. 225=3-75=3-3-25=3-3-5-5=3%+5?
375=3-125=3-5-25=3-5-5-5=3"-53
825=3-275=3-5-55=3-5-5-11=3-5%-11
The common divisors are 3 and 5. The greatest common power of 3 is 1, and
of 5is2.
GCD (225, 375,825)=3'-52=3-25=75

8.15 PRACTICE PROBLEMS

1. Find the least common multiple.
A. 20 and 24
B. 15and 10
C. 8 and 48
D. 14 and 10

2 . Find the greatest common divisor.
A. 20 and 24
B. 15 and 28
C. 8 and 48
D. 14 and 10

3 . Which of these numbers are prime?
14

23

79

51

117

mo0Ow»

4 . Which of these numbers are composite?
A. 81
B. 18
C. 43
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5. Find the prime factorization of each number.
. 400

98

54

. 96

150

MO0 W R

6 . Find the least common multiple.
A. 252 and 588
B. 54 and 144
C. 56, 140, and 168

7 . Find the greatest common divisor.
A. 252 and 588
B. 54 and 144
C. 56, 140, and 168

8.16 SOLUTIONS

1. A. The multiples of 20 are 20, 40, 60, 80, 100, 120, 140, 160, ....

The multiples of 24 are 24, 48, 72, 96, 120, 144, 180, ....
LCM (20, 24) =120

B. The multiples of 15 are 15, 30, 45, 60, 75, 90, 105, ....
The multiples of 10 are 10, 20, 30, 40, 50, ....
LCM (15, 10) = 30

C. The multiples of 8 are 8, 16, 24, 32, 40, 48, 56, ....
The multiples of 48 are 48, 96, 144, ....
LCM (8, 48) =48

D. The multiples of 14 are 14, 28, 42, 56, 70, 84, ....
The multiples of 10 are 10, 20, 30, 40, 50, 60, 70, ....
LCM (14, 10) =70

2.A 1x20=20,2%x10=20,4x5=20

The divisors of 20 are 1, 2, 4, 5, 10, 20.
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1x24=24,2x12=24,3x8=24,4%x6=24
The divisors of 24 are 1, 2, 3, 4, 6, 8, 12, 24.
GCD (20,24)=4

B. 1 x15=15, 3 x 5 =15 The divisors of 15 are 1, 3, 5, 15.
1x28=28,2x14=28,4%x7=28
The divisors of 28 are 1, 2, 4, 7, 14, 28.
GCD (15,28) =1

C. 1 x8=8,2 x4 =28The divisors of 8 are 1, 2, 4, 8.
1x48=48,2x24=48,3x16=48,4 x 12 =48,6 x 8 =48 The
divisors of 48 are 1, 2, 3, 4, 6, 8, 12, 16, 24, 48.
GCD (8,48)=8

D. 1x14=14,2 x 7 =14 The divisors of 14 are 1, 2, 7, 14.
1 x10=10, 2 x 5=10 The divisors of 10 are 1, 2, 5, 10.
GCD (14, 10) =2

3.A.14=2.7 14 1s NOT prime
B. 23 = 23 23 is prime
C. 79 =79 79 is prime
D. 5li=8- 17 51 is NOT prime
E. 117 =3 %39 117 is NOT prime
4.A.81 =327 81 is composite
B.18=2-9 18 is composite
c.43 =43 43 is NOT composite
D.19 =19 19 1s NOT composite
E.91=7-13 91 is composite

5. A.400=2-200=2-2-100=2-2-2-50=2-2-2-2-25=2-2-2"
2:5-5=24-52
B.98=2-49=2-7-7=2-72
C.54=2-27=2-3-9=2-3-3-3=2t-3
D.9%=2-48=2-2-24=2-2-2-12=2-2-2-2-6=2:2-2-2-2"
3=2°-3!
E. 150=2-75=2-3-25=2-3-5-5=2'-3!-5?
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6. A. 252=2-126=2-2-63=2-2-3-21=2-2-3-3-7=2%-3>-71
588=2-:294=2-2-147=2-2-3-49=2-2-3-7-7=22-3".72
LCM (252, 588) = 2% -3% 7> = 4-9-49 = 1,764

B.54=2-27=2-3-9=2-3-3-3=21-3
144=2-72=2-2-36=2-2-2-18=2-2-2-2:-9=2-2-2-2-3
+3=24-3?

LCM (54, 144) =24 - 3* =16 - 27 =432

C.56=2-28=2-2-14=2-2-2-7=23-7*
140=2-70=2-2-35=2-2-5-7=2%-51. 71
168=2-84=2-2-42=2-2-2-21=2-2-2-3-7=23-3L.7!
LCM (56, 140, 168) =23-3'-5'- 71 =8-3-5-7 =840

7 . The numbers in these exercises are the same as in the above exercise, so the

prime factorization from that problem can be used here.

A. 252=22-32.71 588=2%2.3L.72
GCD (252,588)=22-31-71=4-3-7=284

B. 54=21-3% 144=2%-3
GCD (54,144)=2'-3*=2-9=18

C. 56=2%-7t140=2%-5'-71 168=23-3t- 7!
GCD (56, 140, 168) =2%- 7' =4 -7 =128

8.17 NUMBER PROPERTIES TEST 2

Use the following test to assess how well you have mastered the material in this
chapter. Mark your answers by blackening the corresponding answer oval in
each question. An answer key and solutions are provided at the end of the test.

1. Which is NOT a multiple of 7?
(&) 140
(B 84
(©) o
(D) o
(E) 1

2 . Which is a divisor of 967
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(A) 36
[@ 32
(C) 18
© o
(E) 5
3 . Which is the least common multiple of 15 and 107?
(A 300
(B) 150
(€] 90
D) »
(E) 5
4 . Which is the least common multiple of 24 and 36?
(A) 72
[@ 48
(C) 12
© s
(E) 2
5. Which is the greatest common divisor of 8 and 407?
(A) 2
(B) s
(C) 8
D) «
(E) 320

6 . Which is the greatest common divisor of 80 and 144?
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11,520
720

16

8

1

EHEOEE

7 . Which is the greatest common divisor of 8 and 15?
120

60

40

1

EHEOEE

8 . Which is a prime number?

EHEOEE

9. Which is a prime number?
(A) 17
(B) 57
(C) 63
(D) 82
(E) 91

10 . Which is a composite number?
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11.

12.

13.

14 .

(A o

(B) 1

(C) 2

(D] 29

(E) 51
Which is the prime factorization of 180?
(A) 2-3:5
[E 1215
(C) 10-18
(D) 2235
(E) 22-3-5

Which is the prime factorization of 588?
“A1 2.3
Lﬂ 2:3-7
Y 92.72. 72
[& 2%-3%-7
(C) 22-3-7
(3] 02.73.
(D) 22-3-49
“F Y 02,
[__EJ 2%+ 147

What is the prime factorization of 75?
A

Lﬂ 1x3x%x5

®) 3%

(C) 3x25

(D) 5x15

ok 2

() 353

What is the greatest prime factor of 130?
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15.

16.

17 .

18.

®

D) o
@ 130

What is the least common multiple of 12 and 75?
A

@ s

B

[& 300

(C) 450

(L) 600

[__EJ 900

What is the prime factorization of 2887
A
@ 2x3
[@ 9 x 32
7 95 % 22
D 73
LHEJ 2 x3x%x48
What is the great common factor for 35 and 667?
A
@ 1
B
@ s
©7
® u
LHEJ 2,310

What is the smallest prime number?
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Answer Key
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8.18 SOLUTIONS

1.E 1
The multiples of 7 are 7, 14, 21, 28, 35, 42, 49, 56, 63, 70, 77, 84, 91, 98,
105, 112, 119, 126, 133, 140, ....
84, 49, 140, and 56 are all in the list of multiples of 7. 1 is not in the list, so it
is not a multiple of 7.

2. B 32
1x96=96,2%x48=96,3x32=96,4x%x24=96,6x16=96,8 x 12 =96.
The divisors of 96 are 1, 2, 3, 4, 6, 8, 12, 16, 24, 32, 48, and 96. Only 32 is
listed in the divisors of 96.

3.D 30
The multiples of 15 are 15, 30, 45, 60, ....
The multiples of 10 are 10, 20, 30, 40, 50, ....
LCM (10, 15) =30

4. A 72
24=2-12=2-2-6=2-2-2-3=2%-3
36=2-18=2-2-9=2-2-3-3=2%-3?
LCM (24,36)=2°-3*=8-9=72

5.C 8
1 x8=8, 2 x4=8. The divisors of 8 are 1, 2, 4, 8.
1x40=40,2x20=40,4 x 10 =40, 5 x 8 = 40. The divisors of 40 are 1, 2,
4,5, 8, 10, 20, 40.
GCD (8,40)=38

6.C 16
80=2-40=2-2-20=2-2-2-10=2-2-2-2-5=24-5
144=2-72=2-2-36=2-2-2-18=2-2-2-2-9=2-2-2-2-3-3
=24.32,

GCD (80, 144) = 2* = 16

7.D 1
8=2-4=2-2-2=23
15=3-5
Since they have no common prime factors, their only common factor is 1,
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which is a divisor of all counting numbers. GCD (8, 15) = 1.

8. C 2

9=3-3,and4 =2 - 2.2isaprime. 0 and 1 are not greater than 1, so are not
primes.

9. A 17

10.

11.

12.

13

14.

15.

16 .

17.

18.

17=1-17,82=2-41,63=3-21,57=3-19,91=7-13
All the choices but 17 have a counting number divisor that is greater than 1
but less than the number.

E 51

0 and 1 are not greater than 1, so they are not composite. 2 and 29 are
primes. 51 =3 - 17, so 51 is a composite number.

D 22-32-5

180=2-90=2-2-45=2-2-3-15=2-2-3-3-5=22-3%2-5
C 22-3-7?

588=2-294=2-2-147=2-2-3-49=2-2-3-7-7=2%-3-72
. E Since 3 x 52=3 x 25=75and 3 and 5 are prime numbers, 3 x 5% is the
prime factorization of 75.

B 130=2-65=2"-5"13 Thus, the greatest prime number divisor of 130
is 13.

B 12=2-6=2%-3and 75=3-25=3 - 52 The least common multiple of
12 and 75is 2 - 3 - 52, which is equal to 300.

D 288=2-144=2-12-12=2-2-2-3-2-2-3=2°-32

A The divisors of 35 are 1, 5, 7, and 35. The divisors of 66 are 1, 2, 3, 6,
11, 22, 33, and 66. The only common divisor for 35 and 66 is 1.

C By definition, prime numbers are whole numbers greater than 1, so 0
and 1 are not prime numbers. However 2, 3, and 5 are prime numbers. Thus,
2 is the smallest prime number.
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8.19 SOLVED GRE PROBLEMS

For each question, select the best answer unless otherwise
instructed.

1. What is the sum of the prime factors of 770?
(A) 25
(B 81

L -] 88

D w7

(E) 159

Quantity A Quantity B
LCM(4, 12) GCD(36, 84)

[__:13 Quantity A is greater.

[_ﬁ Quantity B is greater.

LE' ) The two quantities are equal.

D The relationship cannot be determined from the given information.
P, p g

Quantity A Quantity B

3 Smallest prime number
[__E Quantity A is greater.
(B Quantity B is greater.

LE' ) The two quantities are equal.

D The relationship cannot be determined from the given information.
| — -'l. p g

For this question, enter your answer in the box.
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4. What is the product of the prime numbers less than 107?

5. Which is a prime number divisor of 3,542?

(A) 3

T

[_MEJ- 17

(C) 22

(D) 23

(E) 161

8.20 SOLUTIONS

1. A 770=77-10=7-11-2-57+11+2+5=25
2. C LCM(4,12)=12 GCD(36,84)=12
3. A The smallest prime number is 2 and 3 > 2.
4. 210

The prime numbers less than 10 are 2, 3, 5, and 7. Their product is 2 X 3 X 5
x 7 =210.
5. D The prime number divisors of 3,542 are 2, 7, 11, and 23.

8.21 GRE PRACTICE PROBLEMS
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For each question, select the best answer unless otherwise
instructed.

1

Quantity A Quantity B

GCD (25, 40) GCD (80, 125)
@ Quantity A is greater.

[E Quantity B is greater.

[:?ﬂl The two quantities are equal.

=
(:I?] The relationship cannot be determined from the given information.

What is the sum of the prime factors of 4,030?
A

@) s

B

[_ME_J 80

(D] 185

L_Eﬁ 413

What is the prime factorization of 405?
(A) )@Y
(B (9)(5)
(C) ase)
(D) 6Y6)
(E) 3)6)

Quantity A Quantity B

LCM (12, 30) LCM (4, 90)
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[__E Quantity A is greater.
(B Quantity B is greater.

LE' ) The two quantities are equal.

(I?E The relationship cannot be determined from the given information.

For this question, enter your answer in the box.

5. What prime number is between 45 and 50?

6. What is the prime factorization of 135?
oF
(B) G)3)
—
(©) 1)
(D) @Ne)
(E) 0e)E)

Quantity A Quantity B

6 Sum of the proper divisors of 6
[__E Quantity A is greater.
[E Quantity B is greater.
LE—:: The two quantities are equal.

(I?E The relationship cannot be determined from the given information.



Telegram: @GRE346

ANSWER KEY

A=
o O » O

vs)
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CHAPTER 9

ARITHMETIC COMPUTATION

9.1 SYMBOLS
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= equals
> s greater than
< i less Hhan
> 13 greater Hhan or equal fo
< 1 less than or equal fo
# is ot equal o
¢ X Squared
7 X cubed
Jr square roof of x
1] absolute vale of x
i i (about 3.14)
+ addition, plus
- subtraction, minus
axb 0 times b, multiplication
ab 0 times b, multiplication
1% 0 times b, multiplication
b 0 times b, multiplication
n=b a divided by b, division
% a divided by b, division
n:b the ratio of a o b
U percent
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9.2 ORDER OF OPERATIONS

When there is more than one operation in an expression, you have to use the
standard order of operations to do the computation in order to get a consistent,
correct result. You use the order PEMDAS, which stands for P arentheses, E
xponents, M ultiplication and D ivision, and A ddition and S ubtraction.

The first step is to work within each set of parentheses or brackets. A fraction
bar means that the numerator and denominator are worked separately as though
each is enclosed by parentheses. The work inside parentheses follows these rules
also.

The second level is exponents, which means that you simplify all powers and
roots before trying to compute using them.

The next level is multiplication and division. These operations are done in the
order that they occur from left to right in the problem. In 6 x 5 + 2 x 4, multiply
6 x 5 first to get 30 +~ 2 x 4; then divide 30 by 2 to get 15 x 4. Finally, multiply
15 by 4 to get 60. Multiplication and division are of equal rank in the order of
operations.

The last step is to do the additions and subtractions in the order in which they
occur from left to right. In 15 — 7 + 4, subtract first, then add: 15-7+4=8 + 4
= 12. Addition and subtraction are of equal rank in the order of operations.

To help you remember the order of operations, PEMDAS, you can create a
sentence based on these letters: P lease E xcuse M e , D ear A unt S ally. The
memory device helps you keep the letters in the correct sequence.

Example:

Evaluate each expression.
7 = (-5) + 12

[5(=7) - 8] x 2

-2 « 5+15+5
6(-2) = (=2)(-5)°
~(-5)* - (-5

(8 — 24)(=3 + /49)

Solution:

oSCOwp

T
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72— (-5)+ 12 =49 — (-5) + 12 =54 + 12 = 66
[5(-7) — 8] x 2 =[-35-8] x 2 =[-43] x 2 = -86
2 %+ 5+15+5=-10+15+5=-10+3=—
6(-2) — (-2)(-5)° = 6(-2) — (-2)(-125) = —12 — (250) = —262
. —=(=5)* = (-5)*=-(25) - (- 125) = -25+ 125 =100

- (8=2)(=3+1/49) = (8- 16)(-3+7) = (-8)(4) = =32

“WDOWP

9.3 PROPERTIES OF OPERATIONS

Commutative Properties

If a and b are real numbers, then a + b = b + a and ab = ba . The commutative
properties say that 4 + 6 and 6 + 4 have the same answer. Also, =3 * 12 and 12
« (—3) have the same answer.
It is important to note that the commutative properties are not valid for
subtraction and division. 4 -2 =2,but2 -4 =-2and 2 # —-2. Also, 8 + 2 = 4,
1 I
but? - 8 — —and4 — .
! 4
(A single example can show a statement is false, but one example does not
show that a statement is true.)

Associative Properties

Ifa, b, and c are real numbers, thena+ (b+c)=(a+b)+canda (bc) = (ab
)c . The associative properties say that a + b + ¢ and abc have meaning, and the
value is the same whichever way you compute the values. 5 + 2 + (—=3) can be
evaluated as [5+ 2] + (-3)orby 5+ [2+ (-3)]. [5+ 2] + (-3) =7 + (-3) =4,
and 5+[2+(-3)] = 5+(-1) = 4, so you say 5+2+(—3) = 4. Similarly,

(=3) * 2 = (—2) can be evaluated as [(-3) * 2] * (-2)oras(-3) * [2 = (-2)].
[(=3) = 2] « (=2)=(=6) » (-2)=12,and (-3) = [2 « (-] =(=3) = (-4)=
12, so you can say (—3) = 2 = (—2)=12.

Distributive Property

If a, b, and c are real numbers, thena = (b+c)=ab + ac . The distributive
property allows you to change the order of the operations from addition and then
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multiplication to multiplication and then addition, or the reverse. 3 * (=7 +5) =
3% (-7)+3 « 5=-21+15=-6,and (-8) = 5+ (-8) = 2=-8(5+ 2). Since
subtraction is the same as addition of the opposite, you can converta = (b—c)

=a = (b+(-c))=a » b+a = (—-c)=ab-ac.

Identity Properties

For any real numbera,a+0=0+a=a,anda * 1=1 * a=a. The identity
for addition is 0 and the identity for multiplication is 1.

Inverse Properties

For any real number a , there is a real number that is the opposite of a, —a, such
thata + (—a ) = (—a ) + a = 0. For any nonzero real number b , there is a real

number that is the reciprocal of b, — ,suchthatbx _=_xb=1.

b b

For 6, the opposite is —6, and the reciprocal is — . Thus 6 + (-6) = (-6) + 6 =

1 1

0O,andG X — — — X 6 =— 1. Theadditive inverse of 6 is —6,

6 6

and the multiplicative inverse of 6 is — .

6

Example:
State the property illustrated by each statement.

A. 5+(6+8)=(5+6)+8
B. —-7+0=-7

C.3+1=3

D. 4+ (3+9=(@=+3) %9
E. (8+5) » 3=3 + (8+5)
F. -5+5=0

Solution:
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A. Since the numbers are in the same order and only the grouping has changed,

B.

C.

the property is the associative property for addition.

Since 0 was added to the number, the property is the addition identity
property.

Since 1 is multiplied by the number, the property is the multiplication
identity property.

. Since the order of the numbers is unchanged and only the grouping has

changed, the property is the associative property for multiplication.

Since the order of the factors has been changed, the property is the
commutative property of multiplication. You treat (8 + 5) as a single number
here.

Since you have added a number and its opposite together, this is the addition
inverse property.

9.4 PRACTICE PROBLEMS

1. Use the order of operations to evaluate each expression.

A. 6249 - 1)
B. (-3)(-=2) - [7 + (8 - 12)]
(—8+5)—4+7)

15 —-17
D. (-4 - 1)(-3 - 5) - 3?

3(-3) — 2(-3)"
3[4 — (~9)

Evaluate each expression when x = -1,y =-2,and z = 4.
A. —z(2x—5y)

B. (x—2)+5y+z

C. 9%+ 2y — 5z

D. -7x+2y+ 3z

C.

Find the addition inverse of each number.
A. 6

B. 3

C. -7
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e}

ol

D.
E. -3
F. —
&
4. Find the multiplication inverse of each number.
A. 5

B. -3

1
C. =

5. Which property is illustrated by each statement?
A. (9+3)+0=9+3
B.5 (6 x=2)=(5 % 6) = (-2)
C.5=3+8=@3+8) =5
D.5 «=74+5 x 4=5 « (-7 +4)
E.-3+3=0
F.3+(4+2)=3+4)+2
G. -2 » (8+(3)=-2 = 8+(-2) =~ (-3)
H. -1/4 « (-4)=1
. 7% 1=7
J.O « 6=0
K. =5 = (-6)=-6 = (-5)
L. 5+2=2+5

9.5 SOLUTIONS

1. A. 62-4(9-1) = 6% -4(8) = 36-4 « 8 =36-32 =4
B. (-3)(=2)-[7+(8-12)]=(-3)(-2) - [7+(-4)]=6-[+3]=6-3=3
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c (=845 —4+7) _ (-3)—-11 -14 _

15 —-17 -2 -2
D. (-4-1)(-3-5)-3*=(-5)(-8) - 9=40 -9 =31

8- M-80) -H-72 % 16 8
I T T R
or —
3

2. A. —z(2x—5y)=—4(2(-1) - 5(-2)) = —4(-2 + 10) = —4(8) = -32
B.(x —2)+by+z=(-1-2)+5-2)+4 =

3 6
3+5(-2)+d=—zx2+4=;+4=

6 20 26 1
-4 — = — = 5—
5 5 5 5
C. 9x + 2y —5z=9(-1) + 2(-2) — 5(4) = -9 — 4 — 20 = 33
D. ~7x+2y+3z=-7(-1)+2(-2) +3(4)=7-4+12=3+12=15

3. A. Because 6 + (-6) = 0 and -6 + 6 = 0, —6 is the addition inverse of 6.
B. Because +3 + (-3) =0 and -3 + (+3) = 0, —3 is the addition inverse of
+3.
C. Because =7+ 7 =0and 7 + (=7) = 0, 7 is the addition inverse of —7.
D. Because 0 + 0 =0, 0 is the addition inverse of 0.
E. Because -3 + (+3) = 0 and +3 + (-3) = 0, +3 is the addition inverse of

-3.
1 | 1 1 1,
F. Because — + [ —— | = (Qand—— 4+ — = (), — —isthe
P 2 Z - 2 2
addition inverse of — .
2
4. A. Because5 x — — Jand— x 5 — 1, — isthe multiplication

b

inverse of 5.
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e lles

™

o

multiplication inverse of —3.

. Because —3 x (—1) = 1and_1 * (—3) — 1,_listhe
3 3

. Because — % ? — Jand? x — = 1, 2is the multiplication

1

inverse of — .

2
.Because—%* —§ :1and—§>[< —% :1,_§is
3 2 0 5 2
2

the multiplication inverse of — — .

3

. Because 1 » 1 =1, 1 is the multiplication inverse of 1.

Because —1 = (—1) = 1, —1 is the multiplication inverse of —1.

. Because 0 was added to (9 + 3), this shows the addition identity

property.

. Because you just changed the grouping, this shows the associative

property for multiplication.

. Because the order of the factors 5 and (3 + 8) is all that has been

changed, the property is commutative for multiplication.

. The common factor of 5 has been taken out of the two terms, so it is the

distributive property.
Opposites are being added, so this is the addition inverse property.
The grouping is changed, so this is the associative property for addition.

G. Since the —2 has been distributed over the sum, this is the distributive

AN o — o

property.

. You are multiplying reciprocals, so this is the multiplication inverse.

. You are multiplying by 1, so this is the multiplication identity.

. You are multiplying by 0, so this is the zero multiplication property.

. The order of the factors has changed, so this is the commutative property

of multiplication.
The order of the addends has changed, so this is the commutative
property of addition.
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9.6 FRACTIONS

A fraction is made up of three parts: the numerator, the fraction bar, and the
denominator. The numerator tells you how many parts you have, and the
denominator tells you how many parts the whole is divided into. The fraction bar
is read as “out of.” Otherwise, it is used as a grouping indicator to remind you to
simplify the numerator and denominator separately before doing the division.

A fraction can tell you what part of a whole unit that you have, and even that
you have more parts than are needed for one whole.

The fraction — means that you have 3 of the 4 parts that the whole is divided

-k

into, while — means that you have all 4 parts of the one whole, plus 1 part of

-~

another whole that is divided into 4 equal parts.

a
In a fraction — where a and b are whole numbers and b is not zero, you say

a
that — is a proper fraction whena <b.If a=bora > b, you say that it is an

improper fraction.

You can use fractions to express the ratio of two quantities. If there are units
with the numbers, then they need to be the same units. When the units are
different, convert to a common unit.

a
A fraction can be used to indicate division; (7 — b — — . This use of

fractions is especially helpful when you are dividing a smaller counting number
by a larger one.
4 7 11

When you have an improper fraction such as —, —, or
45 2
-

it so that the number of whole units involved is clear. For — , you have all 4

, you can change

parts for 1 unit,and — — 7] . With —, you have 2 more parts than needed

- 5
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to make a whole unit, so - — ]_ — . It is understood that
5 5
2 2 11 , ,
1- = 1 + —- Wit , you see that 11 + 2 yields 5 with a
5 B 2
remainder of 1. The remainder is 1 of 2 parts needed to make the next whole, so
11

it represents — . Thus, — F . Itis very helpful to be able to convert

2 2 2

between improper fractions and mixed numbers.

Example:

Convert these improper fractions to mixed numbers.

7
A, —
3
5
B. _
2
8
C. —
5
14
D.
5
13
E.
8
Solution:
7 7 i
A~ =73 =2withremainder1 - =2-
g W1 remainder g %
B. > = 5 + 2 = 2 with remainder 1 > =2§
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8 8 3
C. - =8=5=1with inder 3 —=1-

3_1)4 with remainder {)4 54
D. g — 14 —_ 5 = 2 Wlth remainder 4 g — 25

13 13 5
E. 3 — 13 = 8 = 1 with remainder 5 = — 1§

Note that in each case, the remainder tells you how many parts of the next
unit you have, but the denominator is needed to show how many parts are
needed to make the whole.

A complex fraction has fractions in the numerator, the denominator, or both.

1/2 3 2/3 1+(3/4)
5 '5/6°1/5  3/10

One way to simplify complex fractions is to find the least common multiple
of all of the fractions in the numerator and denominator and then multiply the
numerator and denominator by this number.

Examples of complex fractions are

Example:

Simplify each complex fraction.
1/2
a M2

5
3

5/6
2/3

1/5
1+(G/4)
- 3/10

Solution:



Telegram: @GRE346

A. The only fraction i 1s —, so you need to multiply by

, 12 _ 1/2*2 1

5 ~ 5x2 10
B. The only fraction is — , so you need to multiply by
o 3 _ 346 _18
5/6 5/6%6 5
C. The fractions are — and _ . You find LCM(3, 5), which is
23 3/3%15 245 10
"1/5  1/5%15 1%3 3

D. The fractions are — and —— . You find LCM(4,10), which is 20.

4 10
1434 (1+(3M4)0 12043420 2043x5 20415 3
310 3/10+20  3x2 6 6 6

Equivalent fractions are fractions that are different representations of the
same number. For example, in this set, there are six objects, and two are @s:
@ @# # # #. So the fraction that shows the ratio of @s to all objects in the set is

— . In the set @@ @ @#######, there are 4 @s and 12 objects, so the fraction

6

representing @s to objects is — . However in each case, there is one @ out of

12

hree objects. The ratio of objects in each set is

R YL B T e o
6

— — _—,and — — . Thus, you say that

- 2%3 2, 12 4x3 3

I
3
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12 -

—, —,and — are equivalent fractions.

36 12

You use equivalent fractions when you put a fraction in lowest terms, and
when you want to add or subtract fractions. You can also use equivalent fractions
when you compare fractions, but other ways may be faster.

Example:

Write each fraction as an equivalent fraction whose denominator is the number
given.

>
=N G100 | N

s

8
)

w

N
co

@)
S|

N

S

o

Q1] W=
=
o |

Solution:

A. To write — as an equivalent fraction with a denominator of 30, you need to

&

find what number times 3 equals 30. 30 + 3 =10, so 3 x 10 = 30.

2 2 2 10 2x10 20
—=—%x1= =% =

3 3 3710 3x%10 30

B. 28+-7=4,s07 x4=28.

5 3 5 4 5x4 20
= —%]==-—%-= _ —

7 7 7 4 7x4 28
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C. 24+12=2,5012 x2=24.

11 11 - 5 2 1122 22
— — k1l = — %k — = —
12 12 12 2 12x2 24
D. 40 +5=8,s505 x 8 = 40.
3 .3 5 8 3x8 24
—=—-x%1==%— = —
5 5 5 8 5%x8 40
To reduce a fraction to its lowest terms, find the greatest common divisor
. . 20
between numerator and denominator and divide out that common factor. —— can
26
be reduced to lowest terms because GCD(20, 36) = 4.
20 5x4 5 4 5
i — —%-—=—%x1=—o
36 9 x4 9 4 9 9
20 20+4 5
3 364 9
Example:

Reduce each fraction to lowest terms.

14

A
16
28

B. ——

400
21

28
18

24
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42
i
60

Solution:

A. GCD(14, 16) =2

14 7x2 7 2 7 7 14 142
—:—:—*—:—*1:—01‘ — —
16 8x2 8 2 8 8§ 16 16=+2

B. GCD(28, 400) = 4

28 28 -4 7

400 400 =4 100
C. GCD(21,28)=7

21 2127 B
28 28+7 4

D. GCD(18, 24) = 6
18 18+6 3
24 24+6 4
E. GCD(42, 60) = 6
42 42-+-6 7
60 60=6 10

Comparing fractions allows you to determine whether the two fractions are
equal or whether one of the fractions is greater than the other. There are many
ways to make the comparisons, and you need to decide which procedure works
best for you and use that one.

To compare fractions when the denominators are equal, the fraction with the
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greater numerator is the greater fraction.

11 15

25 25
15 711

> .
25
This procedure can be used to compare — and — if you change them to

equivalent fractions. The easiest denominator to use is the product of the given
denominators (even though the least common multiple of them might be much

smaller). 7 x 8 = 56, so change each fraction to an equivalent one with a

3%x7 21

"8 8%7 56
4%8 32 32 _ 21

15 > 11,

denominator of 56 and

4

— — —.Since3? > 217, ; SO

Z %* 8 56 56 56

— > —. You can also convert the fractions to decimals with the on-screen
7 8

calculator.

Occasionally, the fractions you want to compare will have equal numerators.
In this case, the fraction with the smallest denominator will be the greater

11 11

fraction. Compare and . Since with sevenths, the whole is divided into 7

Z O

parts, and with fifths, the whole is divided into 5 parts, the fifths are larger pieces

11 11

than the sevenths, so 11 fifths is greater than 11 sevenths. — - — .

> 7

Another procedure that is helpful is to make a mental comparison to another

1 3 1

number. For example, — is less than — , and — is more than — , so — — .

6 2 © 25 7 2

The comparison value needs to be such that one fraction is greater than this
value and the other is less than it.

The cross-multiplication procedure is a relatively easy method to use and may
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a €

be faster than converting to decimals. To compare — and — , cross-multiply to

a C a C
getad and bc . If ad > bc ,then — > — .Ifad=bc,then — — —, andif

a C 3 4

ad < bc,then — << — . To compare — and — , cross-multiply to get 21 and
8 7
-
32.21<32,50 — < —.
8 7
Example:

Compare each pair of fractions.

J 6V
Sl o

O

~

O

-

|Q-|I-P-| Q| W

t

O1l WO | Ul|

—
N

Solution:

A. Since the numerators are the same, the fraction with the smaller denominator

z 7

is the greater fraction. Since 8 <« 10’ Y T

8~ 10

B. Since the fractions have the same denominators, the fraction with the greater
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9 3
numerator is the greater fraction. Since 5 > 3 — > —
17 3 17
C. Cross-multiply the fractions. |6 > 15,50 — > —-
4
8 3
D. Cross-multiply the fractions. 32 > 27 50 — > —.
-
1 3 9
E. —ismore than —, and — is less than — , so — —
5 2 12 257 12

9.7 PRACTICE PROBLEMS

1. Write these mixed numbers as improper fractions.

A 12

2. Write these improper fractions as mixed numbers.

11
 N—

6
17

B
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3. Simplify each of these complex fractions.
5/6
a 20
8
5

2/3
4/5
C. —

5/8
2/3+1/4
3/5
1/2 +5/6
4

4. Write each fraction as an equivalent fraction with the given denominator.

3
A. = 35

B.

s
N

C.

T
o

)
=~ WO | I\)OC‘)‘I WNI | NO1

p—
Qo

N
=
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5. Reduce each fraction to lowest terms.

16
A.

20
15
B. ——

18
438

60
9

12
15

60

6. Compare these fractions.

127

o8
+—\\OIU‘|»—\|
(@)
Q0 |

O
1l
alS

O

t
W N W

9.8 SOLUTIONS

1A1% 1_|_% §_|_% ?
' g 3 3' 3 3
B71 7+1 21+1 D9
A 8 &5 3 B3
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c53—5+3—20+3—23
T IR
D2—:2 —_ = — —_ = —
4 +4 4+4 4
E31_3_|_1_21_|_1_22
7 7 7 7 7
2. A. %_ 11—6_1w1thremamder5_1§
17 2
F = 17 = 5 = 3 with remainder 2 = 35
2 4
3— = 32 = 7 = 4 with remainder 4 = 4—
5 7
D. §_15 8_1W1threma1nder7_1§
17 7

E. 10 =17 - 10 = 1 with remainder 7 = 1E

3. A. The only fraction has a denominator of 6.

5/6  5/6%x6 5
8  8x6 48
B. The only fraction has a denominator of 3.

5  5%3 15
2/3 2/3%3 2
C. The denominators are 5 and 8. LCM(5, 8) = 40.
4/5 4/5%40 4x8 32
5/8 5/8%40 5%5 25
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D. The denominators are 3, 4, and 5. LCM(3, 4, 5) = 60.

3+1/4_(QU3+1/4+60 _2360+1/4460 _ 22041415 40+15 55

35 35x60 3x12 36 3% 36
E. The denominators are 2 and 6. LCM(2, 6) = 6.

245/ (1045/6)%6 1266450656 1434551 345 § 81 |1

T TR TR TR TR TE R
3 3Bx7 2
4. A. 1 :7;_2 —_
b S
B. —_ — e —
42 =7 6,,g T @
b S
8 8x5 40
D18 o 2_2%2 4
3R
E 0446 e o2
4 4%6 24
16 16=4 4
5. A. GCD(16,20) =4, — = _ =
B R
B. GCD(15, 1 =
R 128 1§18+-312 ° 4
c. GCD(48, 60) = 12, — =
( ) 960 9@03+123 5
D. DO 12)=3 - — ~ -~ _ =
CCDOAY) =3 =123 1

15 15 =15 1
E. GCD(1 —1 — — i
e =l S w5 4
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6. A. Cross-multiply. 8 « 12 =96; 16 » 7 = 112. Since

12 7
9% <112, — < —-
16 8
B. The numerators are the same, so the one with the smaller denominator is
, 5 ©
bigger. — « —.
%
C. Cross-multiply. 10 = 21 =210, 15 = 14 = 210. Since 210 = 210,
10 14
Ly 21
, _ 3 7
D. Cross-multiply. 3 = 12=36,4 * 7=28.Since36>28, - -~ —.
4 712
E. Cross-multiply.2 = 8 =16,3 = 7=21.Since 16 <21, — « —.
3

9.9 OPERATIONS WITH FRACTIONS

Adding Fractions

To add two fractions, the fractions must have a common denominator. Add the
numerators to get the numerator of the sum, and the denominator of the sum is
the common denominator.

% + % — three fifths + one fifth = four fifths =

7 2 742 9

11 11 11 11

If the fractions do not have a common denominator, create one by finding the
least common multiple of the denominators, or use the product of the
denominators. The product of the denominators is quicker to find, but it can be
much larger than the LCM, which could make the computation more difficult.
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Example:

L1
2 4
22,5
9 9
2,5
2 6

Solution:

(@)Y
ro

1 1 1*4 1x2 4

M osd=8 - 4= 4
" 2 1T s T1s2 878"

|

1

I\.)
H‘—‘-IC..Q

1%2

I
or LCM(2,4)=4 - 4+-=—+ 1
2 4 %

B2 5 245 7
~ 9
X

H= 1 P OOII\.)

6
8§ 8-
13
114

Mo

6 5*5 12 2 12+ 37

1| o

6 65 30 30 30 30
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8*12 o § E 5*12+5>k8 60+40 100_
8 2 8x12 12%8 9% 9% 9% 964
5 5 5*3 %2 15 10 25
OI‘LCM(8 12) 24 é+ﬁ 8*3 4 ﬂ-l_ﬂ ﬁ
10*6 Q0 3 1_ 3*6+1*10 18 10 28 28 - 4
10 6 10x6 6%10 60 60 60 60~ 4 4
3 1 3%3 1*5 5 14 14+ 2

or LOM(10,6)=30 —+- =

106

Subtracting Fractions

100+4_25

10*3 b%5 X 30 0302

Subtraction of fractions also requires that the fractions have a common

denominator. Once the fractions have a common denominator, subtract the

numerators, and the result goes over the common denominator.

Order is important in subtraction. If it is reversed, you get the opposite value.

3 3 3%x5 3x4 156 12 15—12
45 4x5 5x4 20 20 20
3 3 3x4 3x5 12 15 12-15
5 4 5x4 4x5 20 20 20 20
You can write —3 as — —— with the fraction being negative rather than the
20 20

numerator being negative, since the two fractions are equal.

Example:
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5 1
A,
8 4
1 1
B. - _ __
2 B
7
cC.  __
10 10
3 7
D - —
5 20
5 1
E. -
8 12
Solution:
L2 L 5 1x2 5 2 3
8 4 8 4%x2 8 8 8
1 1 T%3 1x2 3 2 1
2 B 23 3%P & 6
L7 3 4 42 2
10 10 10 10=2 5
3 7 3x4 7 12 7 5 5+5 1
5 20 5%x4 20 20 20 20 20~5 4
5 1 5x3 1x2 15 2 13
8 12 8%x3 12%x2 24 24 24

Addition and subtraction of mixed numbers is similar to the procedures for
fractions.
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2 8
37 % %57

1 3 11 iyl

11 23 23 3 3
6— J— =7+ =741+ — =8—
12 20 i 20 A 20 20
Example:
Add these mixed numbers.
3
A 4
' 2
5—
T 5
2
1
B
13-
T 5

—
>

O
+
\O
R WN
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3
6
-

73
16—
+ 8

D.

Solution:

15

3

4 20
2 8
5 =55

+5

25 3 5
5—=54+14+—=6—
20 T 20 20
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3 6
6— = 6-—

4 8

7 7

D. +16— = +16—
+ 8 + 8

13 5 5
22— =22414 - =23=-
8 T 8 8

When you subtract mixed numbers, you may have a fraction to subtract that is
the greater fraction.

121 = 12% = 112
2 3 3

7 7 7z
—9—=-9-=-9-
8 8 8
5
D—
8
Example:
Subtract these mixed numbers.
3
8—
4
A.
1
—

6
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L7l
12 24
3 9
e =i
P8 24
52
1 524 30 5 85
— = A — — = 8
96 930 ) 30 T 30 30
3 18 18 18
o Bo= R0 = -2
17
30
4
13=12+41 = 121
3 3 3
97— 9% = 9
> 4 4
1
3_
4
Multiplying Fractions

Multiplication of fractions does not require the fractions to have common
denominators.

2 3 2x%x3 6 6+6 1

3217 3:4 12 1226 2

You can multiply the numerators together and place the product over the
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product of the denominators. The next step is to reduce the fraction to lowest
terms.

A second way is to divide a numerator and a denominator by a common
factor. The second approach is most helpful when the numbers are large or when
several fractions are being multiplied.

2 3 12 3 1x1 1

—_k — = k — =
3 4 3 A 1x2 2

Exercise:

Multiply these fractions.

/7 4
A — % —
8 5
4 15
B. — %« —
B 16
9 5
C. — 38 —
16 6
3 5
D. — % —
10 9
Solution:
A7 4 7x4 28 28+-4 74
— %k — = — T — ,01‘
8 5 8x5 40 40-=-4 10
7.4 7 4 7x1_ 7
8 5 ,8 5 2x5 10
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B.4*15 4 %15 60_60+20_30r
5 16 5x16 80 80=20 4’
4 15 !
4 b * y? 1%3 3
5 16 5 /164 1%4 4
c. 9 5 9%x5 45 45+3 gor
16 6 16%6 96 96-3 32
9 5 %9 5 3x5 15
18 & 18 6 16%2 32
D. 3 5 3x5 15 15+15 1 o
1079 10%9 90 90-15 6
3 5_13 7 1x1 1
109 2}6 9, 2%3 6

Dividing Fractions

When you want to divide fractions, change the problem to multiplication by the
reciprocal of the divisor. As in all other division, the divisor fraction cannot be 0.

13144333824_2

ERRE S _aIl___

374 37379 4°8 473712

Example:

Divide these fractions.

S 9
W —
5 10
o 73
B. - =~
6 12
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9 3
C. — =~ _
16 8
2 D
D. — ~— —
3 6
Solution:
3 9 3 10 310 30 30+15 2
_——_——_—= =k — = — — = = —
5 10 5 9 59 45 45+15 3
5 7 5 12 D }ZQ 5x2 10
B.—— — —= — % —
6 12 6 7 @ 7 1x7 7
9
939 s 9§ _aa_s
16 8 16 3 16 % 2x1 2
2 5 12 6 2x6 12 12+3 4

D. — —
376 3 5 3%5 15 15+3 5

When you multiply or divide fractions and whole numbers, you may wish to
write the whole number over 1 before you do the computation, so that, for

example, 2 becomes — .

1

Example:

Do the indicated multiplications and divisions.

3
A —x2
4

5
B. 1M
* 04
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2
C -4
) 3
D. = —
5
Solution:
3 3 2 3%x2 6 6=-2 3
A-—*z:—*—: e el i — R
4 4 1 4x1 4 =2
5 12 B 12«5 60 6012
B. 12 % = * = — — —
24 24 24x1 24 24 =12
c2., 2.4 2 T 24172 222
3" 371 3 4 3x4 12 12+2
3 4 3 4 5 20
D. 4 e o i o e o P

When performing multiplications or divisions with mixed numbers, first
replace each mixed number with the equivalent improper fraction, and then do
the computation.

Example:

Multiply these mixed numbers.
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3 1
D. 4— % 3=
8~ 5
Solution:
39 11 9 11x9 11 9 9 9 1
Ad-X—=—X—= =—%-=Ix-=-=2-
4 11 4 11 4«11 11 4 4 4 4
2 1 17 5 17x5 5 17 17 17 1
B-a—x _ = — X - = :—X—:l)(—:—:4—
5 4 5 4 5Hx4 5 4 4 4 4
7 4 23 4x23 4 23 23 23 1
Chdx2-==-x—= =——-X—=1lx—=—=11-
3 1 % Y Bxls B o 4 fu
X X
D.4-x3-=—Xx —= =-Xx-X—2=1x1x—=14
8757875 8x5 5.8 1 07
Example:
Divide these mixed numbers.
7
Al +-1-
1 85
B. 11— = 2-
5§
CI3—+2-
%6 8
D.8— =2
3
Solution:
7 15 15 15 8§ 15x8 15 8
Alfrl-=—+—=—x—= =—x-=1x8=8
8°1°8 1715 1x15 1551
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1 5 34 17 34 b 34><6 17 3 2><2 4
B.1]-+)-=—+—=—X—=—=——=—=X-X—=1x1x-
36 3 6 3 17 3><17 17 3 1x1 1
31 51 17 51 §  5lx8 17 8 3 ] 1y J 3 1
e s A e i Bt — — — — — _ X -_— -
16 8 16 8 16 17 16><17 17 8 1 x 2 2
2 26 2 26 1 26x1 13 2 13 13
D.§-+t)=—=2-=—X-=——=—X-=—Xx1=—=4
3 31 3 2 3x2 3 2 3 3

9.10 PRACTICE PROBLEMS

1. Add these fractions.

>

_|_

w

_|_

O

_|_

O
1
[NI® 2| o 5] 00 1 N N W i = W N

_|_

G| —ro | — r-l>~
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t

_|_
|U1|QJG‘\]

2. Subtract these fraction.

5
6
A.
2
—D
2
3
B.
!
— 4
15
16
C.
i
— 6
3
-
D.
v
- 10
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5. Add these mixed numbers.
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2 4
A Je i
ik
B42+61
N R

2 5
D. 5= 4+ 6=
3 M 6

1 i
E.§— + 6=
12 N 6

6. Subtract these mixed numbers.

3
E 110 — 5
4

7. Multiply these mixed numbers.
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1 1
D. 5— | P
3
E. 2= % D—
8" 5
8. Divide these mixed numbers.
aal. 3
| 71. : 5
B. 14— = 3—
2 A 8
C.8+1=
; 5
D.11- +5
18 3
A
16 8
9. Compute the value of each of these expressions.
3 7 1
Ad— +2—-45-
%6 i 18 T 12
B.7—- 45— +3—
37 %6 12
J D
C. — s -
3 b B
2. 3 1
D. — s =
18 81 2 .
E.2—- x1=- x3-
- 8 6

10. Compute these values using the order of operations.
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1 2 1 1 1
2 3 4 3 6
B2_|_3 1_|_2 5
'8 ' 5 2°3 6
4 2 5 35
8 b 4 3
D.—+___X_
4 8 5 8
3 5 b 2
EL— X -+ - X =
10 9 4 3

9.11 SOLUTIONS

- A'2+1 LCM(3, 4) =12
3 4 e

8+3_11

12 12 12

B.3 2

1 +§ LCM(4, 5) =20

3x5 156 2x4 8

4x5 20 5x4 20

15 8 23 5
20 20 20 20
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7 8 105 64 169 49

C.——l— — —|— — — | —
8 15 120 120 120 120
Di+§_35+33_68

"7 77 77 7
E7+3_7+9_16_ 1
15 5 15 15 15 15
2. A.5 2

~ —Z LCM(6,5)=230

c & (6,5)

5x5 25 2x6 12

6x5 30 5x6 30

25 12 13

30 30 30

B2 1 oM@ =12

3 4 T
2><4_8 1><3_3
3x4 12 4x3 12

8 3 5

12 12 12

15 1T 45 8 37

16 6 48 48 48

3 7 15 14 1

4 10 20 20 20
o5 1 10 7 3

14 4 28 28 28
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) 1 2 1 8 3 11
c.12§+51=(12+5)+(§+4>:17+(—+):17+—=17—

12 12 12 12
5 4 5 9 3 1
D. b g =54 b =bo=1lt==1]l $1==12-
?i+61 + -|—61-|—62 -|—63 -I—61 1
E8—+4+6-=84+6+—+—=14+— = Z=14=-
12Jr 6 i +12+12 +12 14+4 144
6. A. 5 i 5 1
B- — 83— = {5 — 3 e | = £
6 10 ( )+ 6 10) i

25 3 22 11 11
= s =2 = 2=
(2-3) =2+ =2+

¢ 2 1 1 1
(E_E)=5+E=512

4 4 3
D —2—: —2 —_—— — —_—— = —_
8 8—=2)+10 > 6+ 7) 57
3 3 3
E.11- —=5= (11 — — — — — = 0—
5 = ( 5)+(4 0) 6+ =6
A 1 1 9 9 9%x9 81 1
X =X T a8 — 1%
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1 3 25 3 25x3 75 11

4 4 4 4 4 x4 16 16
9 2 25 2 %.25 2 25
2X]1— = —-—x — = = — X — =
c 16 1 16 1 x16 2 8
2
l><—5=§=31
8 8 8
1 1 16 9 16 x 9 8 3
D= Y === == = — X = X
o 3 8 3 8 3% 8 8 3
2.% 3 6
>1< =1X1XI=6
D 2 21 12 21 x 12 4
2— X 2= = — X — = = B X
8 O 8 D S ¥ .9 4
21><3_1X§_63_ 3
2x5 10 10 10
8. A.
31.3_22.3_22 4_22><4_88_ 4

7 4 7 4 7737 7x3 21 ;

29 2 4
— X =—-X—-=1x1x4=4
> f j% 9 8 5 8x5 40
C8—1—:———:—X—: X :—:4%
5 1 5 1 9 1x9 9
7 9% 5 95 1 95x1
=S gm — o= m = K= = =
o8 s "1 8 5 8x5
5 19 19 19 19
578 g “g T 8“8
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2&;13_§;E 33 8 33x8

16 8 16 8 16 11 16x11
11 31

8 3
—X§X§:1X1X§:1§
Z

E.

9.A.43 51 I 5 5)
% g "z =T ETEFST

3 14 8 25 9
(16+16+16) =11+ =11+1_ =
9

12—
16
1 1

P
7_ o — 7
= o B ok B 7 + 5 + 3) +

B.
8 2 1 11 11
= mindl P - e
(12+12+12) 5+(12) °12

Cg+§+§_16+20+15_51_17_21
'3 6 8 24 24 24 24 8 8
2+_+1_2+£+§_§_11

8 2 16 16 16 16 16
1 5 11 9 23 11 x9 x 23
g XgX = —

=T 6  4x8x6

(O8]

D

1
Z2==51

6
¢
- 6 4

E
11x3x23 759 759 55

3
i X _]_X — —
3 64 64

4 x8x2 64
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10.A.1+2 1 1.1_1+2 1 6_
2 T3 1737 23 12717
1+2 1 2
2 "9 o B

B.2+_3 1-+2 5 20 18 15 20 25
3'5 273 6 30 30 30 30 30
58 40 18__ 3
30 30 0 5

c. 3 3 3 3 35
= X 2= Seshis X aSie
42 5735 8 5 6
3,3x3 _3,7_3 28 _B81_.7
8 5x6 8 2 8 8 8

D.3 5 4X3_3X8 4x3 3x8 3
4°8 5 8 45 5x8 4x5 10
12 3 9
10 10 10

E.3 5 3 2 Ixbh 3 2 1 4 2
E e i = e I D =
1079 43 10x9 43 6 3 3
4 2 8 4
—X_=—=—

18 " 3 54 27

9.12 DECIMALS

A decimal is made up of a whole number part, which can be 0, a decimal point
, and a decimal fraction . For example, 2.1345, 720.864913, 0.4823, 0.222 ...,
and 0.90900900009 ... are all examples of decimals.

In 0.631579824, the 6 is in the tenths place, 3 is in the hundredths place, 1 is
in the thousandths place, 5 is in the ten-thousandths place, 7 is in the hundred-
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thousandths place, 9 is in the millionths place, 8 is in the ten-millionths place, 2
is in the hundred-millionths place, and 4 is in the billionths place. You can
continue naming decimal places indefinitely, but the ones already named go far
beyond what you will need for the GRE.

When comparing decimal fractions, you start at the decimal and compare the
digits one by one until you find a difference in the digits. The one with the
greater number in this place is the greater number.

Example:

Which decimal is greater?

A. 0.7 0r0.074
B. 0.9086 or 0.908
C. 0.608 or 0.64

Solution:

A. 0.7 has a 7 in the tenths place, while 0.074 has a 0 in the tenths place. 0.7 >
0.074

B. 0.9086 has a 9 in the tenths place, 0.908 has a 9 in the tenths place. 0.9086
has a 0 in the hundredths place; 0.908 has a 0 in the hundredths place. 0.9086
has an 8 in the thousandths place; 0.908 has an 8 in the thousandths place.
0.9086 has an additional digit in the ten-thousandths place, so 0.9086 >
0.908.

C. Both numbers have a 6 in the tenths place. 0.608 has a 0 in the hundredths
place, while 0.64 has a 4 in the hundredths place. 0.64 > 0.608.

When converting decimals to fractions, there are two different situations: one
in which the decimal is finite, and one in which the decimal is infinite and
repeating.

Example:

Write each decimal as a fraction.

A. 0.265
B. 0.41
C. 0.25
D. 0.65
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E. 0.104

Solution:

265 53
1,000 200

A. 0.265 is 265 thousandths, so (). 265 —

41

100
25

C. 0.25is 25 hundredths, so () 25 — —— —

100
65

D. 0.65is 65 hundredths,so () 65 —= —— —
100
104 13

1,000 125

Note that you write the digits in the decimal over a one followed by zeros.
The number of zeros is equal to the number of digits in the decimal.

B. 0.41 is 41 hundredths, so () 4] =

|\.)|+—\>-l=-li—‘
CD.UJ y

E. 0.104 is thousandths, so ().1(04 =

When a decimal has all of its digits in repeating groups, you can write it as a
fraction by writing one repeating group over the same number of nines as there
are digits in the repeating group.

Example:

Change these repeating decimals to fractions.

A. 0.333 ...

B. 0.252525 ...

C. 0.090909 ...

D. 0.123123123 ...

Solution:

A. 0.333 ... has one digit that repeats, 3. Write this repeating value over a 9 since
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G |
only one digitrepeats. () 333 . . . —= — —= —
9 3
B. 0.252525 ... has two digits that repeat, 25. Write the repeating value over two
9s, since two digits repeat. 0.252525 .. ;g
C. 0.090909 ... has two digits that aaé)eat, 1
09. 0.090909 . :
T 99 11
D. 0.123123123 ... has three digits that repeat,
123: 0123123125 = o ﬂ
o 999 333

If a decimal has some digits between the decimal point and the start of the
first repeating group, you have to modify the procedure above. In this case, you
write the nonrepeating digits and one repeating group minus the nonrepeating
digits over a group of nines followed by a group of zeros. The number of nines is
the same as the number of digits in the repeating group, and the number of zeros
is equal to the number of digits that do not repeat. Thus

010453453453 — 1240812 12441 4147
99900 99,900 _ 33,300

Example:

Change these decimals to fractions.

A. 0.4353535 ...
B. 0.142333 ...
C. 0.12373737 ...

Solution:

435 4 431

A. 0.4353535 . 990 — 990"
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1 423 —142 1,281 427

9,000 9,000 3,000
_ 123712 1,225 _ 49

9,900 9, 900 396

You can also change fractions to decimals. The easiest fractions to change to
decimals are ones whose denominators are powers of 10 such as 10, 100, or

17 263 9
1,000. — = (.17, —— = 0.263, — = 0.09.
100 1 000 100

In each case, the numerator is written as a whole number, so the decimal point
would be at the right, and then you count to the left of that decimal point the
same number of places as there are zeros in the power of ten.

For all other fractions, do the indicated division until the division terminates
with a remainder of 0, or it repeats a remainder. If the division terminates, it is a
finite decimal with the decimal in the quotient as the answer. If you get a
repeated remainder, it is a repeating decimal. The repeating group is the part of
the quotient found from the first time the remainder occurred to the second time
it occurred.

It is important to note that a fraction in lowest terms will terminate only when
2 and 5 are the only prime divisors of the denominator. If the denominator has
any prime divisor other than 2 or 5, that fraction will yield a repeating decimal.

B. 0.142333 ..

c. 0.12373737 ..

Table of Equivalents
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action Decimal Fraction Decimal
/N 005 12 05

1/16 00625 i 06

/12 00833%... it 0625
1/10 Iy )3 0.666...
1/8 015 110 07

1/6 [.16ge... it 075

1/5 2 45 0§

1A 025 il 0833...
3 3 78 0875
1/3 033%... Al 09

38 0375 15/16 09375
25 4 19/ 0%

9.13 PRACTICE PROBLEMS

1. Arrange these decimals in order with the largest first.

A. 0.01, 0.001, 0.1, 0.0001
B. 2.25,0.253, 0.2485, 2.249
C. 0.38, 1.5, 0.475, 0.0506
D. 0.006, 5.02, 0.503, 0.1987
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E. 0.92,0.89, 0.103, 0.098

2. Change each decimal to a fraction.

A. 0.75
B. 0.08
C. 0.12
D. 0.35
E. 0.165

3. Change each decimal to a fraction.

A. 0.888...

B. 0.666...

C. 0.272727...
D. 0.353535...

E. 0.145145145...

4. Change each decimal to a fraction.

A. 0.8666...
B. 0.1555...
C. 0.14252525...
D. 0.5313131...
E. 0.2666...

9.14 SOLUTIONS

1. A. 0.1, 0.01, 0.001, 0.0001
B. 2.25, 2.249, 0.253, 0.2485
C. 1.5, 0.475, 0.38, 0.0506
D. 5.02, 0.503, 0.1987, 0.006
E. 0.92,0.89, 0.103, 0.098

75 3
2 A Q7= ==
100 4
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B 0.08 = o _ 2
Y T100 T 25
i 2 _ B
e B7
D. 035 = — —
101965 s
1,000 200
3. A-0.888...=2
6 2
B. 0B6.cn = = —
’ 29 3
C. 0272727 ... = —= = —
“ B0
D. 0.353535... = —
7 145
E. 0.145145145... = —
999
15—1 14 175
B.0.1555... = —o-— = oo = =
1425 —14 1,411
C. 0.1425252 /
e 53199500 5269’9823
D. 13131. s = _ 2
SRl .y 2990 990 ~ 495
E. .2 ...:7_ = = —=
S 90 90 ~ 15
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9.15 ARITHMETIC COMPUTATION TEST 1

Use the following test to assess how well you have mastered the material in this
chapter so far. Mark your answers by blackening the corresponding answer oval
in each question. An answer key and solutions are provided at the end of the test.

1. Whichis equal to 5 - 3(6 — (-2)) + 4?

(A
(B)

R
o

C)
(D)
()

-1

A N = O

2. Which is the value of —x (2z — 5y ) when x = -2, y = 4, and z = 3?

®
(B

©
©)

(E)

28
14
8
-8
-28

3. Which property is illustrated by (9 + 3) + 0=0 + (9 + 3)?

&

(B

©
©)

(E)

4. Which is equal to :

Associative property
Commutative property
Identity property
Inverse property
Distributive property

2/3

)

5/8
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@ & @
[Rol &G

5. Which fraction is greater than — ?

o
9

©@ 0 6@ &
Rl s o OB 52

(=

D

6. Which is the sum of —and _—_?

8 12
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CHCINE
2| SR e8] e o

©

3

7. Whichisequalto5— | D7

3 -

1
(A) 105

1
@8%
@731—3
@751
® 75

11 5

8. Which is equal to —_— ?

la 12
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oF

69
B] —
®

16
c)
@27

19
E) ==
@60

1
9. Whichisequalto]5 — 8 7

!
1
A 6=
Lo 1

3
B) 6=
& -

1
Q) 7-
© i

3
D) 7~
© 4

1
(L) 23,
3 1 5

10. Whichisequalto — - — — — 4 —7

3 4 2 12

9
A)
L_»17
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©@ O G
DI NG | R |

(=

8

11. Whichisequalto — wx —7?

6 15

-+
A)
L_xg

13

B)
L_J21

13
2 —
© 55

41
D] —
Ggg
E] —
B -

1

12. Whichisequalto) — x 37

- 11

@8%
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3
@6%
@5§
@541—4
® 17

o 3

13. Whichis equalto — =~ _—7?

6 5

7

(A)] —

Ca ?210

] —

® 1.5

1

C)] —

© 2
(D)

25
18
(E)

43
30

14. Whichisequalto4 x —?

o

3
A)
L_/20
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2 1 1

16. Whichisequalto — — — N

3 2+4

N | Q1
Q1| =
-0



Telegram: @GRE346

125
72
29
24
D

54
1

® 72
25
54

17. Which is the greatest value: 12.59, 1.27, 0.56, 9.47, or 0.098?

(A) 1259

(B) 979
(© 12
(D) 036

E_f 0.098

)

@ @

(=

18. Which digit is in the hundredths place in 273.89417?

2
3

7

GICIGICIE
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19. Which is 0.328 written as a fraction?
(&) 164 164

5

28
37
100

ARITHMETIC COMPUTATION TEST 1

Answer Key
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LNk LR

—_
e

L e e e e e T e e
© ®© N A WN R
NAgHEHP@EEHOOE »P OB O OE O

N
=

9.16 SOLUTIONS

1. A -1
5-3(6-(-2)+4=5-38)+4=5-24+4=5-6=-1
2. E -28

~x(22-5y)=-(-2)(2(3) - 5(4)) =2 (6 - 20) = 2 (—14) = — 28

3. B Commutative property
(9+3)+0=0+ (9 + 3) has the order of (9 + 3) and 0 reversed so it
illustrates the commutative property.
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- 9
gfﬁ 4X11:44:<4:5:5x9 Sog<ﬁ

3,5_9 10_1
§ 12 24 24 24

1 1 3 4 9 13 1 1

19

8. E ——

60
11 & 44 25 19

15 12 60 60 60

9. B 6

-




Telegram: @GRE346

15—81=15—8—1=7—1=6§
4 4 4 4
4
10. C —
3
2+3 1+5_8+9 6_|_5
83°4 2 12 1z'1 12 12
4
11. A _—
9

1
12. A §-
2
3 1 11 4 4 17
2—x3—=—x3—=3—=—=8—
4 11 4 11 4 2
25
13. D ——
18
5'3—5x5—25
6 5 6 3 18
12
4. ¢ =
5
3 4 3 12
4:X—:—X—:—
1. 5 5
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45
15. E
4
6.8_6_8_ﬁX15_%_45
15 1 15 18 8 4
29
16. B
24
21 15 1 2 1 5 5 16 12 25 29
- X-to=—— - —X-=———f — = —
3 2 4°6°5 3 2 2471 24 214 24U A
17. A 12.59

12.59 is the greatest.

18. E 9
The digit in the hundredths place is 9.

19. D
125
328 41
0-328 = 1000 = 125
200 C —
33
06 2
0.060606... = oo =

9.17 SOLVED GRE PROBLEMS

For each question, select the best answer unless otherwise instructed.
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Quantity A Quantity B

b 5 20

6 24
@ Quantity A is greater.

(B)
[E)

+ The two quantities are equal.

Quantity B is greater.

5} . . : o .
[Ii-' The relationship cannot be determined from the given information.

60

2 . Which shows 144 in lowest terms?

(B) 79
5
©) 12
15
(D) 36
7
(E) 12

For this question, enter your answer in the box.

3

3. What is the numerator when D is written as an equivalent fraction with a
denominator of 807
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4 . Jim has 24 different party favors. How many guests (excluding himself)
could attend in order for Jim to portion out the favors equally? Select all that

apply.

Al g

B] 4

B 10

D] ,,

E] 5,

Quantity A Quantity B
5. 0.39 0.082

A
[._‘13 Quantity A is greater.
B
[-ME_,H Quantity B is greater.
© y
— ./ The two quantities are equal.

5} : . : o .
[Ii-' The relationship cannot be determined from the given information.

9.18 SOLUTIONS

1. C The two quantities are equal.

20 204 5

24 24-4" 6
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5
2.¢c 12
60 60 =12 5

144 ~ 144 =12 12
48

Since 80 + 5 = 16, multiply the numerator and denominator by 16. So

3 3x16 48

5 5 X 16 80 and the new numerator is 48.

4. B andE 8 and 24
24 is divisible by 1, 2, 3, 4, 6, 8, 12, and 24.

5. A Quantity A is greater.
The tenths digit in 0.39 is 3, and the tenths digit in 0.082 is 0. Since 3 > 0
and 0.39 > 0.082, Quantity A is greater.

9.19 GRE PRACTICE PROBLEMS

For each question, select the best answer unless otherwise instructed.

1. Which is an example of the associative property of addition?
e
a2

(B

S

4

3x(4+5)=3x4+3-5

13+8=8+13

\

(e

B+4)+2=(4+8)+2

'J

(5x2)x7=5x(2x7)

Wy
=
| "
I

() (

3+(8+7)=(3+8)+7
17

2 . Which mixed number is equal to 52
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@

C

Lm

@

©
®

5
17
1

B
5

3, remainder 2

2
g
o

3.4

Quantity A Quantity B

= (>)

.Lm

F e ;
|’j
L

=
=)

7 14

Quantity A is greater.
Quantity B is greater.
The two quantities are equal.

The relationship cannot be determined from the given information.

For this question, enter your answer in the box.

4 . Which digit is in the thousandths place in the number 78,062.45791?

5. Which is the answer to (-3) x (-1) x (+2) x (+3) x (-2)?
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A 5

(B)
[F‘l

-1

40
G
L_E 36

Quantity A Quantity B

123
1252523 : u; —
6.0 52323 999

@ Quantity A is greater.
(B
Sl

@

+ The two quantities are equal.

Quantity B is greater.

5} . . : o .
[Ii-' The relationship cannot be determined from the given information.

Quantity A Quantity B

7 . The units digits of 311.007 The tenths digit of 352.1897

A
[._‘13 Quantity A is greater.

B
[-ME_,H Quantity B is greater.
© )
—/ The two quantities are equal.
[Iil The relationship cannot be determined from the given information.
7 11
8 . What is the least common denominator for 12 and 20 ?

&)

4 32
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(S

35

l-.-_-
|’j
L

60

=)
L~

120

J

r,_
=

240

Quantity A Quantity B

2 | 3 1

6- + 5= 14— — 2

9. 3 T 2 4 3
[._E Quantity A is greater.

~— .+ Quantity B is greater.
=) The two quantities are equal.

1 : : : o .
I':lir The relationship cannot be determined from the given information.

10 . Two-thirds of Mrs. Webster’s algebra class are boys. How many girls
are in the class of 48 students?

(A) 4
(B

- 32
@ 24
@) 1
L_E 12

ANSWER KEY

W N =
> O
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7
4.
5. A
6. A
7.C
8. C
9. B
10. D

9.20 WORD PROBLEMS

When solving a word problem, the following procedure is quite helpful:

1. Read the problem to determine the information that is given and what is to
be found.

2. Plan how you will solve the
problem. This may require the use of a formula or an equation.
3. Solve the problem using the plan created.

4. Answer the question asked. Check your answer with all the facts given in
the problem.

Word problems often use keywords that indicate the operation to be used in
the problem. These common keywords are useful guides, and it pays to watch
out for them as you read each problem. Here is a table of these keywords.
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Operation ~~ Keywords

Addition Sum, fotal all together, and, added fo, combined, exceeds, increased by,
more than, greater than, pls

Subtraction  Minus, difference, decteased by, less, diminished by, reduced by,
subtracted from, deducted

Moltiplication  Times, wice,doubled, tipled,product muliplied by

{ I L |

Division Quotient, divided by, divide

9.21 PRACTICE PROBLEMS

1. In a class, 6 students received A’s, 12 received B’s, 10 C’s, 8 D’s, and 4 F’s.
What part of the class received A’s?

2 . In 36 times at bat, Jones got 8 singles, 3 doubles, 1 triple, and 3 home runs.
What part of the time did Jones get a hit?

3. The slope of a roof is the ratio of the rise of the roof to the run of the roof.
What is the slope of a roof that rises 6 ft in a run of 24 ft?

4 . If four-ninths of a class of 36 students is girls, how many girls are there in
the class?

5. If a hydrochloric acid solution has two-thirds water, how much water is
used to make 24 ounces of this solution?

6. A book that regularly sold for $19.49 is sold after being given a $2.98 price
reduction. How much did the book sell for?

7 . Asales clerk received $218.40 regular pay, $28.50 overtime pay, $36.14 in
commissions, and a $25 bonus on a payday. How much money did the clerk
receive on that payday?
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8.

10.

3

4.
5.

A finance company made a loan of $100 for six monthly payments of
$21.55. How much money was repaid to the loan company?

. Jane drove 331 miles in 6 hours. To the nearest tenth of a mile, what was

the average number of miles Jane drove per hour?

Harry bought a suit for $194.95 and a shirt for $18.45. How much more
than the shirt did the suit cost?

9.22 SOLUTIONS

. Read: You know how many students received each grade, so add them to

find out how many students are in the class: 6 + 12+ 10 + 8 + 4 =40
students in the class.

Plan: Write the fraction for the number of students receiving A’s, 6, divided
by the number of students in the class, 40: 6/40

Solve: Simplify the fraction: 6/40 = 3/20

Answer: Did you find the fraction of students getting A’s as a part of the
class? Yes, the 6 for students getting A’s is compared to the 40 for the
number of students in the class.

. 8 singles, 3 doubles, 1 triple, 3 home runs. So 8 + 3 + 1 + 3 = 15 hits.

15 5
The part of the time Jones got a hit is 36 12 .

rise 6 ft 1

Sigpe= run 24 ft 4

-

6 girls out of 36 students.

S ol N s
9 1 9 1 1

2

g water out of 24 ounces.
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2 24

Z o ==

G 1
$19.49

— $298

. $1651

$218.40
$28.50
$36.14

+ $25
. $308.04

$21.55
X 6
- $129.30

~N

(ee]

2x24 2x8

3x1 1
regular price
price reduction
selling price

= 16 ounces

regular pay
overtime pay
commissions
bonus

Total received

each payment
payments made
Total repaid

9. 331 miles driven in 6 hours

55.16 is 55.2 rounded to the nearest tenth. Jane averaged about 55.2 miles

55.16
331.00
30

3
S

p—

6 |

1
0

1

9 W

40
36
4
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each hour.

$194.95 suit
—$18.45 shirt
10. $176.50 difference

9.23 RATIO AND PROPORTION
a

A ratio is a quotient of two quantities. The ratio of atobisato b, b ,ora:b.
When ratios are used to compare numbers that have units of measure, the units
need to be the same for both numbers. You can find the ratio of one part to
another, such as the ratio of boys to girls in a class, or of the parts to the whole,
such as ratio of boys or girls to the whole class.

If there are 12 boys and 18 girls in a class, then there are 12+18 = 30 students
in the class. The ratio of boys to girls is 12 : 18 which simplifies to 2 : 3. The
ratio of girls to the class is 18 : 30 or 3 : 5.

If the ratio of yes votes to no votes is 175 : 350, then the ratio of the yes votes
to the total votes is 175 : (175 + 350) = 175 : 525 = 1 : 3, and the ratio of the no
votes to total votes is 350 : (175 + 350) = 350 : 525 =2: 3.

When the ratio is known, you do not necessarily know the actual amounts for
the quantities being compared. The ratio 2 to

2 4 6 2n
d=2:83=-—=—-=2—=-—=MM:5
3 6 9 3n " . , for all counting

numbers n .

Example:
State the ratios requested.

The ratio of a nickel to a quarter

The ratio of 3 hours to a day

The ratio of boys to students in a class of 40 students with 22 girls

The ratio of the short to long parts of a 10-foot board when the shorter of the
two parts is 4 ft

oSCOwp
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Solution:

A. nickel = 5 cents quarter = 25 cents

nickel 5 1
quarter 25 5
B. 3 hours one day = 24 hours

3 hours 3 1

oneday 24 8
C. girls = 22 class = 40 boys =40 — 22 = 18

boys 18 9

class 40 20

D. shorter part = 4 ft total = 10 ft longer part = 10 ft — 4ft = 6ft

shorter part 4 2

longer part 6 3

An extended ratio can have more than two parts suchasa:b:cora:b:c:d
. If a board is 12 ft long and cut into three parts that have a ratio 1 : 2 : 3, the
lengths are 1n : 2n : 3n . Since the total length is 12 ft, the lengths are 2 ft, 4 ft,
and 6 ft because 2 ft + 4ft + 6ft = 12 ft. You can work this out from the ratio 1n
:2n :3n by using the equation 1n + 2n + 3n = 12. Thus, 6n = 12 and n = 2. So the
parts are 1n = 1(2) = 2 ft, 2n = 2(2) = 4 ft, and 3n = 3(2) = 6 ft.

Example:
Find the parts for each ratio.

A. Alength of cloth is 40 ft long. It is cut into lengths that have the ratio 2:3:5.
What are the lengths of the parts?

B. A banner is 18 ft long and is cut into three parts with the ratio 1 : 3 : 5. What
are the lengths of the parts?

C. A board is 48 inches long and is cut into four parts with theratio1:1:3: 5.
Find the lengths of the parts.
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Solution:

A. 2:3:5 ratio and the total length is 40 ft.
2n+3n+5n=40;10n=40; n=4
2n =2(4) =8 ft; 3n = 3(4) = 12 ft; 5n = 5(4) = 20 ft
The parts are 8 ft, 12 ft, and 20 ft.

B. 1:3:5ratio and the total length is 18 ft.
In+3n+5n=18;9n=18;n =2
In=12)=21t;3n=3(2) =6 ft; 5n = 5(2) = 10 ft
The parts are 2 ft, 5 ft, and 10 ft.

C. 1:1:3:5ratio and the total length is 48 inches.
n+n+3n+5n=48; 10n = 48;

n=4.8
n = 4.8 inches; n = 4.8 inches; 3n = 3(4.8) = 14.4 inches; 5n = 5(4.8) = 24
inches

The parts are 4.8 inches, 4.8 inches, 14.4 inches, and 24 inches.

A proportion is a statement that two ratios are equal. A proportion can be

C

stated as “ais to b as c is to d ” and writtenas a: b : : ¢ : d or D d .
the proportion, a and d are called the extremes and b and c are the means . To
solve a proportion, cross-multiply to get the product of the means equal to the
product of the extremes.

Example:
Write each as a proportion.

A. 26isto 13 is the same as 6 is to 3.
B. 4isto 12 as 5isto 15.

C. 45isto 80 is the same as 18 is to 32.
D. 150 is to 100 as 54 is to 36.

Solution:

26_6
A 13 3
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4 5
B.12 15
45 18
c. 80 32
150 54
p. 100 36

Example:

Do these proportion problems.

A. If three eggs cost 16 cents, how many eggs can you buy for 80 cents?

B. A recipe calls for 2 cups of flour to 3 tablespoons of shortening. How many
cups of flour are needed when you use 15 tablespoons of shortening?

C. If 4 stamps cost 90 cents, how much would 24 stamps cost?

Solution:

A. Let n be the number of eggs you can buy for 80 cents. Then 3 is to 16 as n is
to 80.

LI
16 80
cross-multiply 16(n) = 3(80)
16n = 240
n=240-=16
fi="15

Fifteen eggs can be bought for 80 cents.
B. Let n be the number of cups of flour needed. Then 2 is to 3 as n is to 15.
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i n

3 15
cross-multiply 3n = 30
n =10

Ten cups of flour are needed when 15 tablespoons of shortening are used.
C. Let n be the number of cents that 24 stamps cost. Then 4 is to 90 as 24 is to n

4 24
90 n

cross-multiply 4n = 90(24)
4dn = 2160
n=2160 =4
n = 540

Twenty-four stamps would cost 540 cents or $5.40.

Two quantities are directly proportional when a constant k times one of them
gives the other. The distance d that a car travels is directly proportional to the
time t that it travels. So d = kt . The amount of sales tax t that you pay is
proportional to the cost ¢ of the items purchased. So t = kc .

Example:
Write the proportion for each problem.

A. The number of commercials c in a television program is directly proportional
to the length of the program m in minutes.

B. The number of miles m that you run is directly proportional to your rate r of
speed.

C. The number of books b that you read is directly proportional to the number
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of hours h that you spend reading.

Solution:

A. c=km
B. m=kr
C. b=kh

When the product of two quantities is a constant, the quantities are said to be
inversely proportional. The number of tickets to a play t that you get for $100 is
inversely proportional to the cost c of a ticket to the play. So tc = $100. The
number of workers w needed to finish a job in 6 days is inversely proportional to
the rate r of work done per day by a worker. So wr = 6.

Example:
Write the proportion for each problem.

A. The number n of cookies in a box with volume 100 in® is inversely
proportional to the size s of the cookies.

B. The number n of mowers it takes to mow a field in 10 hours is inversely
proportional to the area a that each mower cuts per hour.

C. The number of movie tickets t that you can get for $50.00 is inversely
proportional to the price p of a ticket.

Solution:

A. ns =100
B. na=10
C. tp=50

Properties of Proportions

d &

For a proportion b d :
1. ad = bc

b d

2. C
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5. b d
a+b c+d
6. A—b €=

Each of these properties is a transformation of the given proportion.
Even if you do not know the amount of each quantity, sometimes you can still

find the ratio of the quantities. If you know that 3 of the students like carrots

1

and 8 of the students like turnips, the ratio of students who like carrots, C, to

students who like turnips, T, is 38,

c 13 1 1 1 8 8

T 1/8 3°8 31 3

Thus, there are 8 students who like carrots for every 3 who like turnips.
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9.24 PRACTICE PROBLEMS

1. Write the ratio requested.

A.
B.
C.
D.

Ratio of 5 days to a week

Ratio of girls to boys in a class of 35 students with 18 boys
Ratio of a dime to a quarter

Ratio of a foot to a yard

2 . Find the values requested.

A.

B.

C.

If a foot-long hotdog was cut into two parts that have a ratio of 1 : 2,
how long is each part?

If a collection of 54 coins, only nickels and dimes, has the ratio of
nickels to dimes of 4 : 5, how many of each coin are there?

If a collection of 1,000 nickels, dimes, and quarters has the ratio of
nickels to dimes to quarters being 5 : 3 : 2, how many of each coin are in
the collection?

3 . Write each as a proportion.

A.
B.
C.

50 is to 12 as 150 is to 36
14 to 12 is the same as 42 to 36
45 is to 90 as 225 is to 450

4 . Solve these proportions.

A.

B.

C.
D.

A recipe calls for 1 cup of flour to 2 cups of sugar. If the next batch uses
3 cups of flour, how much sugar is needed?

A chili recipe calls for 4 cups of beans to 2 cups of tomatoes. If you use
5 cups of tomatoes, how many cups of beans are needed?

If 5 stamps cost $1.95, how much would 20 stamps cost?

If you get 3 oranges for 70 cents, how many oranges can you get for
$3.50?

5. Write the proportion.

A.

The number of dollars d in your pay is directly proportional to the
number of hours h that you work.
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B. The number of meals m that you eat on a trip is directly proportional to
the number of days d in the trip.

C. The number of pages p copied is directly proportional to the number of
minutes m that the copier runs.

D. The number of lunches I that you get for $50 is inversely proportional to
the cost c of a meal.

E. The number of candy bars c that you can get for $20 is inversely
proportional to the price p of the candy bar.

6. Find the ratioof ato b .

2 1
A. In a sentence, 5 of the letters are a ’s and 20 of the letters are b ’s.
a—b 17
B. b 2
b 3
ca 10
3 5 girls

4
b boys

D. 8 of a class are girls and 8 of the class are boys and

9.25 SOLUTIONS

1. A. One week =7 days
ratio of 5 days to one week is 5 : 7

B. 35 students with 18 boys so 35 — 18 = 17 girls
ratio of girls to boys is 17 : 18

C. dime = 10 cents quarter = 25 cents
ratio of dime to quarteris 10 : 250r2:5

D. one foot = 1 ft one yard = 3ft
ratio of one foot to one yard is 1 : 3

2. A. ratio 1: 2, total length is 12 inches
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n+2n=12; 3n=12; n = 4 inches
The parts are 4 inches and 8 inches.
B. ratio 4 : 5, number of coins is 54
dn+5n=54;9n=54;n=6
4(6) = 24 nickels; 5(6) = 30 dimes
C. 1,000 coins, ratio 5 : 3 : 2 for nickels to dimes to quarters
5n + 3n + 2n = 1000; 10n = 1,000;
n=100
5(100) = 500 nickels; 3(100) = 300 dimes;
2(100) = 200 quarters

50 150
3. A, 50:12::150:36 0r 12 36
14 42
B.14:12::42:360r 12 36
45 225

C. 45:90::225:4500r 90 450
4. A. 1 cup flour to 2 cups sugar

1

2 1
]l =2 K3

n==~6

Six cups of sugar are needed.
B. 4 cups of beans to 2 cups of tomatoes

4_11
2 5
2n = 20
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Ten cups of beans are needed.
C. 5 stamps for $1.95

5 20
1.95 =n
51 = 39.00
n="17.80

Twenty stamps would cost $7.80.
D. Three oranges for 70 ¢, $3.50 = 350 ¢

S n
70 350
01 = 1; U0
n=lbd
Fifteen oranges can be bought for $3.50.
5. A. d=kh
B. m=kd
C. p=km
D. Ic=50

E. cp=20
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a 2 1
b =57 20
@ Z 20
b~ 571
a 40
b5
a 8
6.ab 1
a—b 17
B. b )

Use proportion property (4).
m—b+b 1712

b 2
a 19
b 2
b 3
ca 10
Use proportion property (2).

@ _ 10

b 3
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a  girls
b~ boys
@ © .9
b=8 " 8
a 3 8
b~ 8 5
a 3

b 5

9.26 MOTION AND WORK PROBLEMS

The motion formula d = rt states that the distance traveled is equal to the rate of
travel multiplied by time traveled. The rate is distance per unit of time, and the
unit of time must match the time units.

d
distance: d = rt rate:r = % time: t = —
T

If a bicycle travels at 8 miles per hour for 3 hours, then the bicycle has
traveled d = 8 miles/hour times 3 hours = 24 miles.

However, if a car traveled 50 miles per hour for 30 minutes, it did NOT travel
50 x 30 miles since 50 is in miles per hour and the time is in minutes. The
correct result is found by changing 30 minutes to 0.5 hour. d = 50 miles/hour x
0.5 hour = 25 miles.

Example:
Solve each of these motion problems.

A. A driver drove for 10 hours at the average rate of 53 miles per hour (mph) to
get from Memphis to Chicago. How far was it from Memphis to Chicago?
B. A plane traveled the 328 miles from Limestone to Lincoln in two hours.
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What was the plane’s average rate?
C. A boat traveled 120 miles from Wabash to Wilson at an average rate of 60
miles per hour. How many hours did the boat trip take?

Solution:

d =rit
d = 53(10)
A. d = 530 miles

It was 530 miles from Memphis to Chicago.

d
F=—
t

r =328 =2
s ' = 164 mph
r=328+2
r =164 mph
The average rate of the plane was 164 mph.

d
F=—

r
t =120 + 60

c.t = 2 hours
The boat trip took 2 hours.

On the GRE, you need to be able to convert one unit of measure to another.
The units will be in the same measurement system only. Also, only common
conversions will be used.
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U3, Customary

Time English System Unit Metric Units
00 minutes = 1 hour 12 inches =1 foot ( millmeters = cenfimeter
A0 seconds =  minute et =1 yerd 00 cenfimeters = | meter
Whows=1day 5,280 feet = 1 mile (00 meters = 1 kilometer
7 days =1 week 1760 yards = 1 mile 00 milligrams = 1 gram
D weeks = year 1000 grams = 1 kilogram
12 months = T year 1ounces =1 pound 1000 millers = 1 e

Work problems involve individuals or machines working together to
accomplish a task when you know how long it takes each to do the work1
individually. If a person can do a job in 5 h%urs, then that person ca?r; do g of the
work in one hour. Thus, the person can do 5 of the job in 2 hours, 5in3 hours,

-+

and D in 4 hours. There is an assumption that a person always works at a
constant rate.

The principle behind work problems is that the time worked ¢ times the rate of
work r gives the amount of work w done: w = tr . For each person working,
calculate the part of the work done and then add all of the parts together to get
one unit of work completed.

Example:

Solve these work problems.
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A. Sue can paint a room in 4 hours, and Sam can paint the same room in 5
hours. How long would it take them to paint the room together?

B. Abe and Ben, working together, can build a cabinet in 6 days. Abe works
twice as fast as Ben. How long would it take each of them to build an
identical cabinet on his own?

C. A holding tank can be filled by three pipes (A, B, and C) in 1 hour, 1.5 hours,
and 3 hours, respectively. In how many minutes can the tank be filled by the
three pipes together?

D. A copy machine makes 40 copies per minute. A second copy machine can
make 30 copies per minute. If the two machines work together, how long
would it take them to produce 1,400 copies?

Solution:
1

A. Sue paints the room in 4 hours, so she does 4 per hour.

1

Sam paints the room in 5 hours, so she does 5 per hour.
They work together for t hours.

t
N B |
4+5

ot + 4t = 20
9t =20

2
t=2-h
g hours

2
-

It takes Sue and Sam 9 hours to paint the room together.
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B.

C.

D.

t = time for Abe. 2t = time for Ben

6 6

st o =1

12+ 6 =2t
18 = 2t
9 =t

It would take Abe 9 hours working alone, and it would take Ben 18 hours
working alone.

t = the time, in minutes, it would take the pipes together to fill the tank

3 t t
60 90 " 180
3t+2t+t =180
6t = 180
{ =50

It takes the three pipes 30 minutes to fill the tank together.

t = the number of minutes together

40t + 30t = 1,400
70t = 1,400
t =20

It takes the two copiers 20 minutes to produce the 1,400 copies.

When it takes person A x hours to do a task alone and it takes person B y

hours to do the same task alone, then the time it will take them together will be
more than half of the faster time but less than half of the slower time. When you
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have a multiple-choice question that has two people or machines working
together, use the fact that one-half of the faster time < together time < one-half
of the slower time to eliminate some of the given answer choices.

—_

9.27 PRACTICE PROBLEMS

. A train left Los Angeles at 8 a.m. headed toward San Francisco. At the
same time, another train left San Francisco headed toward Los Angeles. The
first train travels at 60 mph, and the second train travels at 50 mph. If the
distance between Los Angeles and San Francisco is 440 miles, how long
would it take the trains to meet?

. Two planes left Chicago at the same time, one headed for New York and
the other headed in the opposite direction for Denver. The plane headed for
New York traveled at 600 mph, while the plane headed for Denver traveled
at 150 mph. How long did each plane fly before they were 900 miles apart?

. Two cars left Sioux Falls headed toward Fargo. The first car left at 7 a.m.,
traveling at 60 mph. The second car left at 8 a.m., traveling at 70 mph. How
long would it take the second car to overtake the first car?

. Carlos can run a mile in 6 minutes, and Kevin can run a mile in 8 minutes.
If Carlos gives Kevin a 1-minute head start, how far will Kevin run before
Carlos passes him?

. Bev can dig a ditch in 4 hours, and Jan can dig a ditch in 3 hours. If Bev
and Jan dig a ditch together, how long would it take?

. David can type a paper in 5 hours, but when he works with Jim it only
takes 2 hours. How long would it take Jim to type the paper alone?

. Kim can paint a barn in 5 days, and Alyssa can paint it in 8 days. Kim and
Alyssa start painting a barn together, but after 2 days Alyssa gets sick and
Kim finishes the work alone. How long did it take Kim to finish painting the
barn?

. Jay can prune an orchard in 50 hours, and Ray can prune the orchard in 40
hours. How long will it take them, working together, to prune the orchard?

9.28 SOLUTIONS



Telegram: @GRE346

1. LA train: 60 mph, t hours, traveled 60t miles SF train: 50 mph, t hours,
traveled 50t miles total miles traveled: 440 miles

60t 4 50t = 440
110t = 440

t = 4 hours

2 . NY plane: 600 mph, t hours, traveled 600t miles Denver plane: 150 mph, t
hours, traveled 150t miles

total miles traveled: 900 miles

600t 4+ 150t = 900
750t = 900
t = 1.2 hours

3. First car: 60 mph, t hours, traveled 60t miles Second car: 70 mph, (t —1)
hours, traveled 70(t —1) miles

Second car overtook first car, so distances are equal.

70(t — 1) = 60t

70t — 70 = 60t

10t = 70
t=7

t — 1 = 6 hours for second car to overtake
first car

t

4 . Carlos: 1 mile in 6 minutes, t minutes, 6 miles run
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Kevin: 1 mile in 8 minutes, t + 1 minutes,

t+1

8 miles run

Carlos overtakes Kevin so their distances are equal.

ot + 1
6 8
8(t)=6(+1)
8t =6t +6
2 =6
t = 3 minutes for Carlos to overtake Kevin
1
5. Bev: 4 hours, 4 per hour

1

Jan: 3 hours, 3 per hour

t = hours worked together

£t

A

4+3

3t +4t =12
i =12

5
t=1 - hours together



Telegram: @GRE346

1
6. David: 5 hours, D per hour
1

Jim: t hours, { per hour

together: 2 hours

2, 2

5 t

2t + 10 = 5¢
—3t =-10

1
f = 35 hours or 3 hours and

20 minutes
1

7 . Kim: 5 days, 9 per day
1
Alyssa: 8 days, 8 per day

2 days together, x more days for Kim alone

2+2—|—x_1

8 5
10 + 16 + 8x = 40
8x =14

x = 1.75 days
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1
8 . Jay: 50 hours, 50 per hour
1

Ray: 40 hours, 40 per hour
t = the time working together

AL

50 40

4t + 5t = 200
9t = 200

2
= 225 hours

9.29 PERCENTAGE

A percent means parts per hundred. The symbol for percent is %. Percentages
are used to indicate such things as tax rates, discount rates, and interest rates.

To convert from a percent to a decimal, drop the percent sign and move the
decimal point two places to the left. When necessary, add zeros on the left of the
percent to allow for the correct location of the decimal point.

To convert from a decimal to a percent, move the decimal point to the right,
then add the percent sign. When necessary, add zeros on the right of the decimal
to allow for the correct location of the decimal point.

When a percent is to be converted to a fraction, first convert the percent to a
decimal, then convert the decimal to a fraction. Similarly, to convert a fraction to
a percent, first change the fraction to a decimal, and then change the decimal to a
percent.

Example:

Convert these percentages to decimals.
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40.5%
3%
17%
7%
1.25%

mo0Ow»

Solution:

40.5% = 0.405
3% =0.03

17% = 0.17

7% = 0.07
1.25% = 0.0125

mo0Ow»

Example:
Convert these decimals to percentages.

0.28
0.4
1.2
0.354
1.32

Moo

Solution:

A. 0.28 = 28%

B. 0.4 =40%

C. 1.2=120%

D. 0.354 = 35.4%
E. 1.32=132%

Example:

Convert these fractions to percentages.

1
A 4
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4
B. 5
2
c. 3
7
p. 20
1
E 8
Solution:
1
— =0.25=25%
A4
4
- =0.8 =80%
B. D
2
— =0.666... =66.7%
c. 3
/ = 0.3b =.35%
p.20 ’
1 =0.125 = 12.5%
E 8
Example:

Convert these percentages to fractions.

A. 95%
B. 75%
C. 33.3%
D. 16%
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E. 50%
Solution:
) 95 19
N 95% = 0.95 = 100 = 20
75 5
75% =0.75 = — = -
B. 100 4
80.3% = 10.33& = 443 (abou‘c1
. 1,000
16 4
16% =0.16 = — = —
D. 100 25
) 50 1
. 50% = 0.50 = 100 = 2

9.30 PRACTICE PROBLEMS

1. Change each decimal to a percent.
A. 0.01
B. 0.28
C. 0.6
D. 1.39
E. 1.2
2 . Change each fraction to a percent.

1
A. 6
7
B. 100
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D.

27
50

11

25

67

E. 100

3. Change each percent to a decimal.

A.
B. 16%
C.
D
E

6%

27%

. 40%
. 134%

4 . Change each percent to a fraction.

>

Mo 0w

9%
38%
81%
148%
70%

9.31 SOLUTIONS
1. A. 0.01=1%

B.
C.

0.28 = 28%
0.6 = 60%

D. 1.39=139%

E.

1.2 =120%

= 0.1666 ... =16.7%

N =
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L 0.07 = 7
B 100 7
27 .54 — 549
c50 0
11
- = 0.44 = 44%
D. 25
67
—_ —0.67 = 67%
E. 100 °
3. A. 6% =0.06
B. 16% =0.16
C. 27% =0.27

D. 40% =0.40=0.4
E. 134% =1.34

9
‘A 906 =009 = @3 )
o 8% =10,96 = 18010 =33
. 81% = 0.81 = @8 .
5 148% = 1.48 :710@ =7£
N e = 170 = 100 = 10

9.32 PERCENTAGE WORD PROBLEMS

Basic percent problems relate these values: the number, N ; the part of the
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number, W ; and the percentage, P . You usually change the percentage to a
decimal.
Type 1: Find a percent of a number. PxXxN=W
Type 2: Find what percent one number is of another number. W+ N =P
Type 3: Find a number when a percent of it is known. W+P=N

Example:
Solve these Type 1 percentage problems.

A. What number is 24% of 527?
B. What number is 63% of 75?
C. What number is 4% of 462?
D. What number is 120% of 457?
E. What number is 2.5% of 8407

Solution:

A. PxN=W P=24%=0.24 N=52
0.24 x52=1248 W=12.48

B.PxN=W P=63%=063 N=75
0.63 x75=47.25 W=47.25

C. PXN=W P=4%=04 N=462
0.04 x 462 =18.48 W =18.48

D. PxN=W P=120%=12 N=45
1.2x45=54.0 W=54

E. PXN=WP=25%=0.025 N=2840
0.025 x 840 =21.000 W=21

Example:
Solve these Type 2 percentage problems.

A. 3is what percent of 5?
B. 36 is what percent of 96?
C. What percent of 8 is 5?
D. What percent of 90 is 817?
E. What percent of 24 is 547
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Solution:

A.W=-N=P W=3 N=5
3+5=0.6 P=0.6=60%
B. W=N=P W=36 N=96
36 +96 =0.375P =0.375=37.5%
C. W-N=P W=5 N=8
5+8=0.625P =0.625 = 62.5%
D. W=N=P W=81 N=90
81+90=0.9P=0.9=90%
E.W-N=P W=54 N=24
54 +24=225 P=225=225%

Example:
Solve these Type 3 percentage problems.

45% of what number is 907?
31% of what number is 279?
18 is 60% of what number?
175% of what number is 427?
78 is 156% of what number?

mo0Owp»

Solution:

A. W=P=N W=90 P=45%=0.45
90 +0.45=200 N =200

B. W+P=N W=279 P=31%=0.31
279 +0.31=900 N =900

C. W+-P=N W=18 P=60%=0.6
18+0.6=30 N=30

D. W=P=N W=42 P=175%=1.75
42+1.75=24 N=24

E. W+P=N W=78 P=156% =1.56
78 +1.56=50 N =50
Many consumer problems involve an add-on that is a percent of the price of a

purchase. An item that costs $100 when there is a 7% sales tax costs $100 +
0.07($100) = $107. For these types of problems, use the relationship: Price +
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Add-on = Total Cost. An add-on can be sales tax, a tip, a commission paid,
shipping cost, or luxury tax.

Example:
Solve these percent problems.

A. A store owner paid $60 for a hat and plans to mark up the price by 12%.
What would be the selling price for the hat?

B. Jane earns $10.50 per hour. Her boss gave her a 5% raise. What is Jane’s new
hourly rate of pay?

C. Ralph bought a coat for $39.95 and paid a sales tax of 6% of his purchase.
What was the total price of the coat?

Solution:

A. $60 + 0.12($60) = S
$60 + $7.20 =S
$67.20=S
The selling price of the hat is $67.20.

B. $10.50 + 0.05($10.50) =S
$10.50 + $0.525 =S
$11.025=S
$11.03=S rounded to the nearest cent
Jane’s new hourly wage is $11.03.

C. $39.95 + 0.06($39.95) = C
$39.95 + $2.397 = C
$42.347 =C
$42.35 = C rounded to the nearest cent
The total cost of the coat is $42.35.

Some consumer problems involve a reduction based on the selling price of an
item. These problems are often discount problems where the selling price is
based on the original price reduced by a percentage of itself.

Original Price — Discount = Selling Price

Example:

Solve these percent problems.
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A. A car has a sticker price of $26,410. The customer bargained for 5.5% off.
How much did the car sell for?

B. Alamp was usually sold for $60. It was discounted 20%. What was the sale
price of the lamp?

C. Atable was sold at a 40% discount sale for $150. What was the original price
of the table?

Solution:

A. Original price — discount = sale price

$26,410 — 0.055($26,410) = S
$26,410 — $1452.55 = S
$24,957.45 = S

The selling price of the car was $24,957.45.
$60 — 0.2($60) = S
$60 —$12 =S
B. $48 = S

The sale price of the lamp is $48.
C. Original price = 100% of P Discount = 40% of P

Sale price = 1.00P — 0.40P
0.6P = $150
P = $150 = 0.6
P = $250

The original price of the table is $250.

In some problems more than one percentage is used. These can be multiple
discounts, sales tax and a tip, and a mark-up and then a discount, among many
others.

Example:
Solve these percent problems.

A. A vase was purchased at a wholesale warehouse for $120. The vase was
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marked up 40% in a retail store. The store owner sold the vase at a 25%
discount sale. What was the selling price of the vase?

B. In a restaurant, a meal costs $32.75. There is a 6% tax to be added on before
you get the bill. If you leave the wait staff a 20% tip, what was the total cost
of a meal?

C. The workers at a company took a 15% cut in pay in 1999 and received a 15%
pay raise in 2000. If a worker made $19.40 per hour before the 1999 pay cut,
how much would this worker be earning after the 2000 pay raise?

Solution:

A. Cost = $120
Retail price = $120 + 0.4($120) = $120 + $48 = $168
Sale price = $168 — 0.25($168) = $168 — $42 = $126
The selling price of the vase is $126.

B. Cost of meal = $32.75
Meal with tax = $32.75 + 0.06($32.75) = $32.75 + $1.965 = $34.715 =
$34.72
Meal with tax and tip: = $34.72 + 0.2($34.72) = $34.72 + $6.944 = $41.664

$41.66.
The total cost of the meal is $41.66.

C. Original pay rate = $19.40
Pay after 1999 cut = $19.40 — 0.15($19.40) = $19.40 — $2.91 = $16.49
Pay after 2000 raise = $16.49 + 0.15($16.49) = $16.49 + $2.4735 =
$18.9635 = $18.96
The worker’s pay after the raise in 2000 would be $18.96.

9.33 PRACTICE PROBLEMS

1. Solve these percentage problems.
A. 16 is 40% of what number?

B. What percent of 1,032 is 645?
C. What number is 120% of 2167
D. 0.4% of what number is 2?
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E.

28 is what percent of 25?

2 . A. What would Sharon’ssalary be after a 4.5% pay raise, if she makes

B.

C.

E.

$25,000 per year now?

Jack weighed 65 kg in January and by July he had lost 13 kg. What
percent of his body weight did he lose?

Three hundred and ninety-six students in the freshman class at City
College are from Iowa. If 18% of the freshman class is from Iowa, how
large is the freshman class at City College?

. A real estate agent receives a 6% commission on the sale price of the

property. How much would the real estate agent earn on the sale of a lot
for $38,0007

Thrifty Mart marks up the price of greeting cards by 42%. If a card costs
Thrifty Mart $2, what would the selling price of the card be?

3. A. Deuce Hardware plans a Fourth of July sale in which all garden tools

B.

C.

D.

will be marked down 22%. What would be the sale price of a wheel-
barrow that regularly sells for $50?

A paring knife has a wholesale price of $1.20. If it is marked up 30%,
what would be the retail price for the knife?

A suit sold for $150 at a 25% off sale. What was the original price of the
suit?

You select items with a total price of $38.90. If the sales tax is 5%, what
is the total cost of these items?

. Atable has a list price of $1,200. The store discounted the table 30%, but

it did not sell. At a clearance sale, they took 20% off the discounted
price. What was the price of the table at the clearance sale?

You select a meal with a price of $35. There is a tax of 6% on the meal.
If you leave a 20% tip, what is the total cost of the meal?

. Jerry Smith was hired at an annual salary of $26,500. He receives a raise

of 11% in January, then another 6% raise in June. What is his salary
after the raise in June?

9.34 SOLUTIONS
1. A. 40%=0.4,16+0.4=40 N=40

B.

645 +~ 1,032 = 0.625, 0.625 =62.5% P = 62.5%
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C. 1.20(216) = 259.2 W =259.2
D. 2 +0.004 =500 N =500
E. 28+25=1.121.12=112% P = 112%
2. A. $25,000 + 0.045($25,000) =S
$25,000 + $1,125 =S
$26,125 = 5
Sharon’s salary after the raise is $26,125.
B. 13+65=20%
Jack lost 20% of his body weight.
C. 396 +0.18 = 2,200
There are 2,200 freshmen at City College.
D. 0.06($38,000) = $2,280
The real estate agent earned a commission of $2,280.
$2 +0.42($2) = S
$2 + $0.84 = S
E. $2.84 = S

Thrifty Mart would sell the card for $2.84.

3. A $50-0.22($50) =S
$50 —$11 =S
$39 = S
The sale price of the wheelbarrow is $39.
B. $1.20 + 0.3($1.20) =S
$1.204+0.36 =S5
$1.56 = S
The paring knife would sell for $1.56.
C. 100% — 25% = 75%. The sale price is 75% of the original price.
$150 + 0.75 = $200
The original price of the suit was $200.
D. $38.90 + 0.05($38.90) = C
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$38.90 + $1.945 = C
$40.845 = C
$40.85 = C

The total cost of the items is $40.85.

E. List price: $1,200
Discount price: $1,200 — 0.3($1,200) =
$1,200 — $360 = $840
Clearance price: $840 — 0.2($840) = $840 —
$168 = $672
At the clearance sale, the table has a price of
$672.

F. Meal = $35
Meal plus tax = $35 + 0.06($35) = $35 + $2.10
= $37.10
Meal plus tax and tip: $37.10 +
0.2($37.10) = $37.10 + $7.42 = $44.52
The total cost of the meal was $44.52.

G. Starting salary: $26,500
Salary after first raise: $26,500 +
0.11($26,500) = $26,500 + $2,915 =
$29,415
Salary after second raise: $29,415 +
0.06($29,415) = $29,415 + $1,764.90 =
$31,179.90
His salary after the raise in June was
$31,179.90.

9.35 TYPES OF AVERAGES

The average , also called the arithmetic mean , is the sum of a set of values
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divided by the number of values. The average (arithmetic mean) of the values 8,
16, 4, 12, and 10 is found by finding the SUM =8 + 16 + 4 + 12 + 10 = 50 and
dividing by the number of values, N = 5.

AVE =SUM + N. So AVE =50 + 5 = 10.

Example:
Find the average for each set of data.

104, 114, 124, 134

27,22,17, 37, 22

4, 2,24, 14, 34, 8, 10, 20

51,7,3,1
25,2,5,6,5,23,22,7,10, 15, 21, 23

moOw e

Solution:

A. SUM=104 + 114+ 124+ 134=476 N=4
AVE =SUM + N=476 +4 =119
B. SUM=27+22+17+37+22=125 N=5
AVE=SUM +N=125+5=25
C. SUM=4+2+24+14+34+8+10+20=116 N=8
AVE=SUM +N=116+8=145
D. SUM=5+1+7+3+1=17 N=5
AVE=SUM+N=17+5=34
E. SUM=25+2+5+6+5+23+22+7+10+15+21+23=164 N=12
AVE =SUM + N =164 + 12 =13.666 ... = 13.7
If all values but one are known and the average is also known, then the last
value can be determined precisely. Suppose that 8, 16, 4, and 10 are four of five
values that have an average of 10. If five values have a mean of 10, then the sum
of the values must be 5(10) = 50. The sum of the four known values is 8 + 16 + 4
+ 10 = 38. The missing value is 50 — 38 = 12.

Example:
Find the missing value.

A. If the average of six values is 28 and five of the six values are 29, 19, 23, 20,
and 43, what is the sixth value?
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B. If the average of five numbers is 41 and the numbers include 46, 35, 38, and
41, what is the missing number?

C. If Sara scored 77, 89, 98, 97, 99, and 91 on the first six tests, what does she
need to score on the seventh test to get an average of 93 for the seven tests?

D. If Joe scored 77, 80, and 81 on three quizzes, what does he need to score on
the next quiz to have an 82 average?

Solution:

A. 6(28)=16829 +19+23+20+43 =134
168 — 134 =34
The sixth number is 34.
B. 5(41) =20546 + 35+ 38 + 41 = 160
205 — 160 = 45
The missing number is 45.
C. 7(93)=65177+89+98 +97 + 99 + 91 = 551
651 — 551 =100
She needs to score 100 on the seventh test.
D. 4(82) =328 77 + 80 + 81 =238
328 — 238 =90
He needs to score 90 on the fourth quiz.

The mode of a set of values is the value that occurs most often. If all values
occur the same number of times, there is no mode. If two or more values occur
with the greatest frequency, then each of the values is a mode.

Example:

Find the mode for each set of values.

©

8,51
)6)5)7
1,3

Solution:

A. Because 8 occurs twice and all other values occur once, 8 is the mode.
B. Both 6 and 7 occur twice, so 6 and 7 are both modes.
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C. All the values occur once, so there is no mode.
D. Because 6 occurs three times and no other value occurs more than twice, 6 is
the mode.

The median is the middle value, or the average of the two middle values,
when the values are arranged in order from least to greatest. The median of 1, 3,
4,7, 10 is 4 since it is the middle value in the ordered values. The median of 1,
3,4, 7, 10, 20 is the average of the two middle values 4 and 7, (4 + 7) + 2 =5.5.

Example:
Find the median for each set of values.

24,6,7,23,13,12, 18

17, 15,9, 13, 21, 32, 41, 7, 12

147, 159, 132, 181, 174, 253

74, 81, 39, 74, 82, 74, 80, 100, 74, 42
11, 38, 73, 91, 16, 51, 39

mo0Ow»

Solution:

A. The ordered values are 6, 7, 12, 13, 18, 23, 24.
The middle value of the seven values is 13.
The median is 13.
B. The ordered values are 7, 9, 12, 13, 15, 17, 21, 32, 41.
The middle value of the nine values is 15.
The median is 15.
C. The ordered values are 132, 147, 159, 174, 181, 253.
The middle two values of the six values are 159 and 174.
The average of the two middle values is (159 + 174) + 2 = 166.5.
The median is 166.5.
D. The ordered values are 39, 42, 74, 74, 74, 74, 80, 81, 82, 100.
The middle two values of the 10 values are 74 and 74.
The median is 74 since the average of 74 and 74 is 74.
E. The ordered values are 11, 16, 38, 39, 51, 73, 91.
The middle value of the seven values is 39.
The median is 39.

When you want the average of two or more averages, you must weight each
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average with the number of values in the average and then divide the sum of the
weighted averages by the sum of the numbers for each of the averages. If A is
the average of h values, B is the average of i values, and C is the average of j
values, then the combined average is the sum of the weighted averages divided
by the sum of the weights. SUM =hA+iB+jCand N=h+i+j.AVE = (hA +
iB+jC)+(h+i+j).

Example:

Find the weighted averages.

A. The average score on a test for 400 students in Crawford County is 650. The
average score on the same test for 600 students in Edwards County is 680.
What would be the combined average for the students in Crawford and
Edwards Counties?

B. Miss Jackson has 30 students in first period who averaged 85 on the State
Algebra Test, 24 students in second period who averaged 90 on the Algebra
Test, and 22 students in fifth period who averaged 82 on the Algebra Test.
What was the average for these three classes?

C. The average traffic fine was $90 on Monday for the 18 people ticketed, the
average fine was $76 on Tuesday for the 20 people ticketed, and the average
fine was $80 on Wednesday for the 24 people ticketed. What was the average
fine for the 3 days?

Solution:

A. SUM = 400(650) + 600(680) = 260,000 + 408,000 = 668,000
N = 400 + 600 = 1,000
AVE = 668,000 + 1,000 = 668

B. SUM = 30(85) + 24(90) + 22(82) = 2,550 + 2,160 + 1,804 = 6,514
N=30+24+22=76
AVE = 6,514 + 76 = 85.7105 = 85.7

C. SUM = 18($90) + 20($76) + 24($80) = $1,620 + $1,520 + $1,920 = $5,060
N=18+20+24=62
AVE = $5,060 = 62 = $81.6129 = $81.61

When consecutive integers are averaged, the average will always equal the
average of the first and last numbers in the sequence. The average of 5, 6, 7, 8,
and 9 is 35 + 5 = 7 in the traditional way and (5 + 9) + 2 = 7 in the way for
consecutive integers.
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Example:
Find the average of these sequences of consecutive integers.

A.1,2,3,4,5/6,7,8
B. 7,8,9,10, 11, 12
C. 25, 26, 27, 28, 29

Solution:

A. AVE=(1+8)+2=9+2=45
B. AVE=(7+12)+2=19+2=95
C. AVE = (25+29)+2=54+2=27

The range is the easiest way to describe how a set of data spreads out. To
compute the range, R, subtract the smallest value, Min, from the greatest value,
Max. Thus, R = Max — Min.

Example:

Find the range for each set of values.

A. 2,8,7,6,4,3,8,5, 1

B. 3,7,2,6,4,7,6,5,7,9

C. 8,7,6,5,12,4,5,3

D. 8,7,6,9,4,18,6, 3, 2,6, 7

Solutions:

A. Max=8and Min=1,soR=Max-Min=8-1=7.

B. Max=9and Min=2,soR=Max -Min=9-2=7.

C. Max=12and Min=3,soR=Max - Min=12-3=09.
D. Max =18 and Min = 2, so R = Max — Min =18 — 2 = 16.

9.36 PRACTICE PROBLEMS

1. Find the average for each set of values. Round approximate answers to the
nearest tenth.
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12, 18, 16, 10, 6, 14, 17, 18, 20, 13
11, 14, 28, 36, 10, 16, 20

40, 32, 17, 38, 16, 40, 53, 70
22,29, 30, 21, 20, 24, 25, 20, 22
120, 130, 70, 90, 50

moowe

2 . Find the weighted average.

A. Class A had 40 students and an average of 78. Class B had 25 students
with an average of 72. What is the average for these two classes
together?

B. In January, 32 people bought car tags at an average cost of $97.40, and
in February, 48 people bought car tags at an average cost of $87.20.
What was the average cost of car tags for these 2 months?

C. Last month Paul’s five grocery bills averaged $52.70. This month Paul’s

four grocery bills averaged $67.50. What was Paul’s average grocery
bill for the last 2 months?

3. Find the median for each set of values.
A. 7,18, 26, 43, 76, 10, 26, 40
B. 9, 36, 24, 85, 72, 500
C. 29, 37,14, 65,71, 13, 24
D. 48, 10, 17, 46, 97, 3, 5, 81, 140
4 . Find the missing value.

A. John is trying to average 300 miles each day on his trip. If he traveled
306 miles the first day, 284 miles the second day, and 292 miles the third
day, how many miles must he travel the next day to reach his average for
the 4 days?

B. Larry has to have an average bowling score of 240 to maintain his rank
on the bowling team. If he has scores of 260, 210, 250, and 230, what
must he score on his next game to be able to keep his rank?

C. Susan has scored 90, 78, 96, 94, 88, and 100 on her first six tests of the
semester. If she wants to earn a 90 average for the seven tests in the
semester, what does she need to score on the last test?

5. Find the average of these sequences of consecutive integers.

A.1,2,3,4,5,6,7,8,9
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B. 501, 502, 503, 504, 505, 506

C. 298, 299, 300, 301, 302, 303, 304, 305, 306
D. 37, 38, 39, 40, 41, 42, 43, 44, 45, 46

E. 632, 633, 634, 635, 636, 637, 638

6 . Find the mode for each set of data.
A. 2,8,6,3,9,4,6,5,9
B. 4,3,7,2,8,9,4,6, 4
C. 3,9,4,11,17,41, 11
D. 2,8,7,13,15,19, 4,21

7 . Find the range for each set of data.
A. 3,8,9,16,8,12,4,11,17,9
B. 16, 18, 12, 14, 16, 13, 21, 91, 21, 72

9.37 SOLUTIONS

1. A. SUM=144 N=10
AVE =144 +10=14.4
B. SUM=135 N=7
AVE =135 +7=19.2857 = 19.3
C. SUM=306 N=8
AVE = 306 + 8 = 38.25 = 38.3
D. SUM=213 N=9
AVE =213 +9 = 23.666 = 23.7
E. SUM =460 N=5
AVE =460 +5=92
2. A. Class A: 40, AVE = 78 Class B: 25,
AVE =72
SUM = 40(78) + 25(72) = 3,120 + 1,800 =
4,920
N=40+25=65
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AVE =4,920 + 65 = 75.6923 = 75.7

B. January: 32, AVE = $97.40 February: 48,
AVE = $87.20
SUM = 32($97.40) + 48($87.20) = $3,116.80 +
$4,185.60 = $7,302.40
N=232+48 =80
AVE = $7,302.40 +~ 80 = $91.28

C. Last month: 5, AVE = $52.70 This month: 4,
AVE = $67.50
SUM = 5($52.70) + 4($67.50) = $263.50 +
$270.00 = $533.50
N=5+4=9
AVE = $533.50 + 9 = $59.27777 = $59.28

3. A. Ordered values: 7, 10, 18, 26, 26, 40, 43, 76
The middle two values of the 8 values are 26

and 26.
The median is 26.

B. Ordered values: 9, 24, 36, 72, 85, 500
The middle two values are 36 and 72.
(36 +72)+2=54
The median is 54.

C. Ordered values: 13, 14, 24, 29, 37, 65, 71
The middle value of the 7 values is 29.
The median is 29.

D. Ordered values: 3, 5, 10, 17, 46, 48, 81,
97, 140
The middle value of the 9 values is 46.
The median is 46.

4. A. AVE=300 N=4
SUM = 300(4) = 1, 200. Given values: 306 +
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284 + 292 =882
missing value = 1, 200 — 882 = 318
John needs to travel 318 miles on day 4.
B. AVE=240 N=5
SUM = 240(5) = 1, 200. Given values: 260 +
210 + 250 + 230 = 950
missing value = 1, 200 — 950 = 250
Larry needs to bowl a 250 on his next game.
C. AVE=90 N=7
SUM = 90(7) = 630. Given values: 90 + 78 +
96 + 94 + 88 + 100 = 546
missing value = 630 — 546 = 84
She needs to score an 84 on the last test.
.AVE=(1+9)+2=5
AVE = (501 + 506) ~ 2 =503.5
AVE = (298 + 306) + 2 = 302
AVE = (37 +46) ~+2=41.5
AVE = (632 + 638) ~ 2 = 635
. Because 6 occurs twice and 9 occurs twice, the modes are 6 and 9.
Because 4 occurs three times, the mode is 4.
Because 11 occurs twice, the mode is 11.
Because every value occurs the same number of times, there is no mode.
. Max =17 and Min =3, s0o R =Max - Min=17 - 3 = 14.
Max =91 and Min = 12, so R = Max - Min =91 - 12 = 79.

(@)]
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9.38 POWERS AND ROOTS

A term such as 5x % has three parts: the 5 is the coefficient of x %, the x is the
base , and the 2 is the exponent . The coefficient 5 tells you that five x ? ’s have
been added together. The 2 tells you that two factors of x were multiplied to get
the x 2.
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x*=x-x-x, 5*=5-5-5-5 5x?=5-x-x, x3’y?=x-x-x-y-y
When the exponent is 1 it is not necessary to write it, so 3x ' = 3x . Also, when
the coefficient is 1 you do not write it, so 1x > = x > . Read x ? as “x squared,” x *
as “x cubed,” x # as “x to the fourth,” x > as “x to the fifth,” etc. When you write
nx =x + x + x +---+ x, there are n terms of x added together. When you write x"
=X*X-X-..-X,there are n factors of x multiplied together.

Laws of Exponents

If x, a, and b are real numbers, then the following laws hold.

1. x2-x*=x"+b
2. (x2)b=x®

x°

— Aa—b

— = x #0
3. X
4. (xy) =x1xy

bk T

6. X
7.x%°=1 x#0

Example:
Use the laws of exponents to simplify each expression.

A. (3x)?
B. (-4y )
C. 2¢
D. 5°
3
2

B \3
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Solution:

A. 3x)*=3x-3x=3-3-x-x=9x? or 3x)*=3?x%2=9x"?
B. (-4y )’ =(4y)(~4y) = (-4)(-4)y - y = 16y
C. 24=2-2-2-2=16
D. 5°=1
3
2 2 8

\3/) 3B 27
Example:

X—2 % X°
X2« x°
34 « 39
2—2

(X2)3

Solution:

mo0Owp»

A x?2-x>=x"=x3
B. x2-x°=x2*""=x"
C. 34,39:34+9:3l3
L1 1
@7 ==
D. 22 4
E. (x?)»=x?-3=x°% or (x?)=x%?-x%?-x?=x°¢

Scientific notation is a way to write very large or very small numbers by
rewriting them as numbers between 1 and 10 times a power of 10. 265,000 is
written as 2.65 % 10° and 0.000148 is written as 1.48 x 107 .

Example:
Write each number in scientific notation.

A. 2,541,000
B. 360,000
C. 0.00045



Telegram: @GRE346

D. 0.0000157

Solution:

A. 2,541,000 = 2, 541000 = 2.541 x 10°
B. 360,000 =3, 60000 = 3.6 x 10°

C. 0.00045=0.0004, 5=4.5x 10"

D. 0.0000157 = 0.00001, 57 =1.57 x 10™

Use exponents to write numbers in expanded notation. 265 = 2 x 10% + 6 X
10'+5x10°,0.45=4x10"'+5%x1072,243=2x10'+4x10°+ 3 x 107"

Example:
Write each number in expanded notation.

A. 3,472
B. 0.742
C. 21.45
D. 3.568

Solution:

A. 3,472=3x10°+4 x 10>+ 7 x 10* + 2 x 10°
B. 0.742=7x 107"+ 4 x107% + 2 x1073

C. 21.45=2x10"+1x10°+4x 107" +5x 1072
D. 3.568=3%x10°+5x10"'+6x 102 +8x 107

If n is a positive integer, and if a and b are such that @" = b, then a is the n th

n - 3
root of b. \/E = 4a. \/E is the square root of a and \/E is the cube root
a2 3 . w143
of a . Fractional exponents can indicate roots. \/a = 4a , \/‘57 = a ,

W — al/n

Example:

Simplify these radicals.

AV X2
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R

B.

2
c v/ 16x
D. /X
3
. /125
Solution:

>

2%

=

@) vy
—
?
=
(R
1
i~
(R
2
(R
1
Fo=g
W
1
g
(R
1
=
Y

Table of Squares and Cubes
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Number Square Cube
1 1 1
2 1 8
3 9 27
- 16 64
5 25 125
6 36 216
/ 49 343
8 o4 512
9 81 729

10 100 1,000

11 121

12 144

13 169

14 196

15 225

16 256

17 289

18 324

19 361

ro
]

400
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n \/_

In \/E , nis the index , a is the radicand , and is the radical sign .
When radical expressions are to be added, they must have the same index and
the same radicand. Radical expressions with the same index and the same
radicand are said to be like expressions and can be added or subtracted by adding
or subtracting their coefficients.

Example:

Add or subtract as indicated.

L3575
B VX + 7%

c 84/3x +5./3x
p. 28X —2/x

. 11,/5x — 15, /5x

Solution:

A 3v/5+7/5=03B+7)/5=10./5

B VX+7/x=1/x+7/x=(1+7)/x=8x
¢ 84/3x +5./3x = (8 +5)/3x = 13,/3x

p. 28/X —2/x = (28 — 2)/x = 26 /x

. 11,/5x — 15,/5x = (11 — 15),/5x = —4,/5x

You can multiply radicals if they have the same index.

W \”/E = Vn a- b when a and b are positive.
V2 X \/_:\/ﬁ;\/ﬁx\/ﬁ:a,po;
Vix\2=2
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i _W_{/ﬁ B g ¥B B
\/57\/5—%— B,a>0,b>0, \/ET\/E—\/:;— 3—\5

Example:

Multiply or divide these radicals.

&3
—
-
=

E
=

A /DX /7y = /5x -7y = /35xy
" 0z = /3xy - 10z = /30xyz
. \/7a - \/15b = \/7a - 15b = \/105ab

NV A N BN

I

=
<

ol

Radical expressions can be simplified by finding the roots of factors.
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Jl= i3= i \A=2,3
V528 = \/xtxytz2z = \/xtyrxz = xPyPz/xz

In square roots, look for the greatest factor that is a perfect square, and then
rewrite the radicand as the product of the perfect square factor and the non-
perfect square factor.

Example:

Simplify these radicals.

>
E
-]

ey

£/ 9bc3
+/169a°
125a2b2

Solution:

o 0O W

3

<

&5,

>
%
-

=./16-5=,/16-/5=14./5

o VY = VXY = N - JTY = 277

o V/94c® = \/9b%c? . ¢ = \/9b4c? . /o = 3b%c/C
5 v/169a° = \/132a* .a = /13%* . \/a = 13a%/a
- /125a%b? = /52a%b? .5 = \/5%a?b? . \ /5 = 5ab/5

A radical is simplified if it does not contain any perfect square factors or any
factors that are fractions or decimals. To eliminate a fraction under the radical
sign, make the denominator a perfect square.

|

)
o}
]

<

:
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112 2 2 2
2 VA2 2 \[4 2

Example:

Simplify each radical expression.

9
16
A.
2
3
B.
D
6
C.
3
8
D.
/| 6
50
E.
Solution:
9 9 3
N 16 /16 4

S E

V2
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2_[23_ [6_V6_ 6
L |3 3 3 9 9 3
5_ [56_ [0 _ a0 _ /3
6 6 6 36 /36 6
3_[3.2_ |6 _ V6 _ V6
S\ 8 8 2 16 /16 4
[6 _ 3 _ V3 _ W3
|/ 50 25 /25 5

Example:

Simplify and combine like terms.

N2+ /B T2
B. 5\/§ - 3\/E
c 24/150 — 4,/54 + 6,/48

o VT4 B = B34 6 3 1,5 =3,544,3-2,3 =5,
o, SY8-3B=512-38,=5.0-2-33- 1= 10,2-9y1=

20— 43+ 6,8 = 25,6 - 4,9,/6+ 6,163 = 2.5 b-
o 43 /646-4.3=10,/6-12,/6+24,3=-2/6+24,/3
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9.39 STANDARD DEVIATION

The standard deviation is another way to look at how values spread out. It
focuses on how much the values differ from the mean. To compute the standard
deviation, SD, find the difference between each score and the mean (AVE), and
square the difference. Then compute the sum of all these squared differences
(Sum Sq), divide that by the number (NUM) of values, and, finally, find the
square root of that quotient.

SumSq  [sum (X — AVE)

SD=\Num = NUM

Example:

Find the standard deviation for each set of values.

A. 0,5,5, 10
B. 1, 6,13, 20
C. 12,12,12,12
Solutions:
0+54+54+10 20
AVE = TIToT =—=9
4 4
cpo [0=5+6-5+6-5 +(10-5" _ [540+0+25

4 4
0BT
4 \/KI_ ) T T

~
Note: 7% = 49 ~ 50, so estimate V 50~ 7
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14 6413420 40
AVE = 10+ 0+8 2 40
4 i
\/(1—10)2+(6—10)2+(13—10)2—|—(20—10)2
1

SD

+ \/_ T2

Note: 14°? = 196, so estimate V 206 ~ 14

1 1
AVE — 2+121—12-|— 2:%212

\/(12 122+ (12-127+ (12-127+ (12-12)

-
(i

Note Only when all the values are the same will the standard deviation be 0.

_\/81+16+9-|—100 V206 14 _

B.

9.40 PRACTICE PROBLEMS

1. Simplify these exponential expressions.

A x°-x’7
B. 11°

-5 11

C. x7-x
D. (2ab)(5a?*b?)
E. —3(x)?
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2 . Write each number in scientific notation.

A.
B. 1,768
C.
D
E

26,150,000

0.00247

. 0.0286
. 12.14

3 . Write each number in expanded notation.

>

384

B. 124
C.
D
E

1,050

. 0.014
. 0.15

4 . Simplify these radicals.

A.

B.

C.

D.
E

e

25x2
wail |

3

o O

yl

5. Add or subtract as indicated.

\ V35 + /80

B.

C.

D.

4x + /49x
\/192x — /48x
+/605x — +/45x
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¢ 1/8ab + /50ab
6 . Multiply or divide as indicated.
A /10x - \/6x
B. V/OXY - \/2XY
c \/7a - +/14ab
p. V48 /27
g V/125x% +  /5x

7 . Simplify these radicals.

5

2
A.

16

5
B.

25

20
c. |

5

8
D. |

3

o
E.

8 . Find the standard deviation for each set of values.
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A. 8,10,12,6,4,7,9,4,3
B. 14, 10, 18, 22

9.41 SOLUTIONS

1. A x°-x"=x>""=x1
11°=1
x5 x 1=y 511 = 5 6
(2ab)(5a*b3*)=2-5-a-a*-b-b*=10a°b*
—-3(x )* = -3x?
. 26,150,000 = 2, 6150000 = 2.615 x 10’
1,768 =1, 768 = 1.768 x 10°
0.00247 = 0.002 , 47 =2.47 x 1073
0.0286 = 0.02, 86 =2.86 x 1072

12.14=1, 2.14 = 1.214 x 10"

. 384=3x10>+8 x 10" + 4 x 10°
12.4=1x10'+2x10°+ 4 x 10~
1050 = 1 x 10° + 5 x 10
0.014=1x 102+ 4 x 1073
0.15=1x 10"+ 5 x 107

MU0 Wy MU0 WeEUOO D
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V45 + /80 = 1/9/5 + /16,/5 = 3,/5 +
5.A4\/5:7\/5

¢4?+¢@_ff+ff_2f+
B. 7v/X =

\/192x—\/m_ V644/3x — /16,/3x =
c 8v/3x —4,/3x = 4,/3x

/605x — \/45x = /121,/5x — 1/9,/5x =
o 114/5x —3,/5x = 8,/5x

V/8ab + /50ab = \/4./2ab + \/25\/2ab =
¢ 2+/2ab +5,/2ab =7./2ab

V10x - \/6x = /10x-6x = /60x2 =
. a VA5 = 2x,/T5

VEry - /Iy = IO = ayE /10 =
p. Xy+/10

V74 - \/l4ab = /98a%b = /49a%\/2b =
a+/2b

| 4 48
‘ 27

N

C.

E\E

EEl-
W =~ é
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8+ 101124644 +7 49 418

AVE =
9
& _,
9
2 2 5
SD:\/(S 72 + (10 —7)2 + (12 — 7)
9
6-7 +@—=7P+T -7 +©9—=7)
_|_
9
4 — 7 3 [(B—TF
+( )"+ ( )
9
_\/1+9+25+1+9+0+4—|—9+16
- 9

=0

74 \/7TA T4 _
8. A. 2 \[9 S

W[ \O
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14 +1 18 + 22 4
AVE = +OZ St =64=16

(14 — 16)* + (10 — 16)*
4
o (18 — 16)? + (22 — 16)°

SD=

4-|—36+4-|-36 80 @
/4

"z =

oo
N |

= 45

9.42 SIMPLE PROBABILITY

Probability is the likelihood of an event happening by chance alone. The
probability of an event is the ratio of the number of times in which the event
occurs (favorable outcomes) to the number of possible outcomes (total
outcomes). The probability of an event, E , is the ratio of the number of

favorable outcomes, f, to the total number of outcomes, t, so
Examples:

A. What is the probability of rolling a 4 when a six-sided die is rolled?

B. What is the probability of getting heads when a coin is tossed?

C. What is the probability of guessing the correct answer on a multiple-choice
question with five answer choices?

Solutions:
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A. Because a die is a number cube with the numbers (or dots for the numbers) 1,
2, 3,4, 5, and 6 on its six faces, there is one favorable outcome, 4, f= 1,
there are 6 total outcomes, and ¢ = 6.

P(4):é

1
P (heads) = -
B. Because a coin has two sides, 2

C. Because there is only one correct answer among five answer choices,

1
P (correct) = 5

Because the least number of times something can happen is 0, the smallest
probability is 0. The maximum number of times something can occur is every
time, so it would be the same as the total outcomes, and the greatest probability
is 1. Thus, the probability of an event is between 0 and 1 inclusive, so 0 < P(E) <
1.

Examples:

A. What is the probability of getting a number less than 7 when rolling a six-
sided die?
B. What is the probability of getting a 6 when tossing a coin?

Solutions:

A. Because all of the outcomes for rolling a die are less than 7,

P(less than?7) :2 =1

B. Because the only outcomes for tossing a coin are heads and tails, getting a 6 is

P(6) =2 =0

impossible, 2

To determine the number of outcomes for an event, a counting technique is
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often used that says if the first part of an event can be done in a ways, the second
part of the event can be done in b ways, and the third part of the event can be
done in ¢ ways, the event can be done in a times b times ¢ ways. Thus, the
number of ways the event can happen is a - b - ¢ ways. This counting technique
can be used with events with any number of parts.

Examples:

A. A dessert is made up of a scoop of ice cream, a topping, and one kind of nut.
The restaurant has five flavors of ice cream, three toppings, and two kinds of
nuts available. How many different desserts can the restaurant make?

B. In how many ways can the coins come up when five coins are tossed?
C. How many outcomes are possible when a pair of six-sided dice is rolled?

Solutions:

A. A dessert is ice cream, topping and nuts, so 5 x 3 x 2 = 30 ways to make a
dessert. There are 30 desserts possible.

B. The event is that five coins are tossed, so there are 2 x 2 X 2 x 2 x 2 = 32
ways. Thus, there are 32 possible outcomes when five coins are tossed.

C. The event is that a pair of dice is rolled, so there are 6 x 6 = 36 ways to get a
result. Thus, there are 36 possible outcomes when a pair of dice is rolled.

Finding the probability of an event, E , is a three-part activity. First, determine
the number of favorable outcomes for the event. Second, determine the total
number of possible outcomes for the event. Third, compute the ratio of the
number of favorable outcomes to the total number of outcomes.

Examples:

A. What is the probability of getting exactly one heads when three coins are
tossed?

B. What is the probability of getting a sum of 4 when a pair of six-sided dice is
rolled?

C. A bag contains 7 red marbles and 5 green marbles. What is the probability
that a marble selected at random from the bag will be green?

D. A bag contains 8 blue marbles and 10 yellow marbles. What is the
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probability that two marbles selected at random from the bag will both be
yellow?

E. A bag contains 5 orange marbles and 8 white marbles. A marble is selected at
random, its color is noted, and it is then returned to the bag before a second
marble is selected at random from the bag. What is the probability that both
marbles selected will be orange?

Solutions:

A. The one heads could be on the first coin or on the second coin or on the third
coin, so there are three favorable outcomes. Each coin can come up in two
ways, so there are 2 x 2 x 2 = 8 ways the three coins can come up.

3
P (exactly one heads) = P (1 H) = -

B. The outcomes for a sum of 4 on a pair of dice are 1 and 3, 2 and 2, and 3 and
1.

The total number of outcomes is 6 x 6 = 36.

P (sumof4) = P (4) = ;—6 = 11—2

C. There are 5 green marbles in the bag. There are 7 + 5 = 12 marbles in the

P (green)
bag. (g 1 2.

D. There are 10 yellow marbles in the bag, so there are 10 ways to get the first
yellow marble. Since the first yellow marble is no longer available, there are
only 9 choices for the second yellow marble. Thus, there are 10x9 = 90 ways
to get 2 yellow marbles. There are 8 + 10 = 18 marbles that can be selected
first, and 18 — 1 = 17 marbles available for the second marble. Thus, there
are 18 x 17 = 306 ways to select 2 marbles.

90 &
306 17.

E. There are 5 orange marbles for the first selection, and since the first marble is
returned to the bag, there are 5 orange marbles available for the second
selection. Thus, there are 5 x 5 = 25 ways to select 2 orange marbles. There
are 5 + 8 = 13 choices for the first marble and still 13 choices for the second.

P (2 yellow) =
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A W N -

So there are 13 x 13 = 169 choices for selecting two marbles from the bag.

29

P(2orange) = 169

9.43 PRACTICE PROBLEMS

. If a six-sided die is rolled, what is the probability of getting a multiple of 3?
. Two coins are tossed. What is the probability of getting at least one heads?
. If four coins are tossed, what is the probability of getting exactly one tails?
. A club consists of 10 males and 15 females. One of the club members is to

be selected at random. What is the probability that the person selected will
be a female?

. A club consists of 15 males and 6 females. If two members of the club are

selected at random, what is the probability that they both will be females?

. A pair of six-sided dice is rolled. What is the probability that the result will

be a double (both dice have the same number)?

. A pair of six-sided dice is rolled. What is the probability of getting a sum of

5or 107?

. A bag contains 12 red marbles and 18 blue marbles. Two marbles are

selected at random from the bag. What is the probability that neither marble
will be blue?

9.44 SOLUTIONS

. Because 3 and 6 are both multiples of 3 and there are 6 total outcomes on

2 1
P ltiple of 3) = — = —
the die, (mu lp ¢ Of ) 6 3

. The outcomes for tossing two coins are HH, HT, TH, and TT.

3
P (at least one heads) = 1

. Four coins are tossed, so there are 2 x 2 x 2 x 2 = 16 possible outcomes.

There are exactly four outcomes with exactly one tails: THHH, HTHH,



Telegram: @GRE346

4 1
P (exactlyoneT) = — = -
HHTH, and HHHT. 16 4.
4 . There are 15 femalesla%d 10+§5 = 25 members of the club.
P (female) = — = =
25 BD.

5. There are 15+6 = 21 members of the club. There are 6 X 5 = 30 ways to
select 2 of the 6 females from the club. There are 21 % 20 = 420 ways to
select 2 members of the 30 members of the club.

30 i|
PEE)—
420 14.
6. The doubles are 1 and 1, 2 and 2, 3 and 3, 4 and 4, 5 and 5, 6 and 6, so there
are 6 favorable outcomes. There are 6 x 6 = 36 possible outcomes.

P (double) = o — 1
36 6.

7 . There are four ways to get a sum of 5: 1 and 4, 2 and 3, 3 and 2, 4 and 1.
There are three ways to get a 10: 4 and 6, 5 and 5, 6 and 4. There are 4 + 3 =
7 ways to get a 5 or a 10. There are 6 x 6 = 36 total outcomes.

7
P(5orl10) = —
36 .

8. There are 12 + 18 = 30 marbles in the bag. There are 12 x 11 = 132 ways to
get 2 red (not blue) marbles. There are 30 x 29 = 870 ways to get 2 marbles

132 22
P(not blue) = — = —
from the bag. 870 145 .

9.45 ARITHMETIC COMPUTATION TEST 2

Use the following test to assess how well you have mastered the material in this
chapter. Mark your answers by blackening the corresponding answer oval in
each question. An answer key and solutions are provided at the end of the test.

1. Abook that regularly sold for $36.29 was given a $3.55 reduction. How



Telegram: @GRE346

much did the book sell for after the price reduction?
(&) g355

B
L8

() 53274

$10.22

(D) $39.84
(E) $139.48

2 . The angles of a triangle have a sum of 180°. If the angles have a ratio of
1:2:6, what is the measure of the largest angle?

(&) 2
(B)
(€ goe
(D) oo
(E) 1200

3. Which ratio is the same as 45 to 807 Select all that apply.

40°

Al 916

Bl 6310112
C | 9910176
D] 90 10 180
E] 10810192

4 . If three oranges sell for 80 cents, what would 12 oranges cost?

(A) s9.60
(B) 4480
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l-.-_-
|’j
L

$3.20

g,
L~

$2.40

)

[__f $1.60

. A car traveled 60 mph from Belnap to Lincoln and 50 mph from Lincoln to
Belnap. If the whole trip was 660 miles, how long did the round trip take?

./ 6 hours
«/ 11 hours

—. 12.1 hours
Iiliﬁ 13.2 hours

L_E;I 24.2 hours

. One copy machine can make 20 copies a minute and a second copy
machine makes 15 copies a minute. If the two copiers work together, how
long would it take them to make 2,100 copies?

Lﬁﬁ

_/ 60 minutes
(B

.~/ 105 minutes
C
L_,-' 122.5 minutes
Iiliﬁ 140 minutes
L_Ef 225 minutes

. What number is 60% of 457?
A
A oy
(B

Bl s
oy
C) 18
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(D) 57
(E) 75

8 . James bought a sweater for $29.95 and paid 7% tax on it. What was the
total cost of the sweater?

(&) 5210
(B)
©

$20.97

$27.85
ICIE] $32.05
L_E $50.92

9. What is the average of 8, 6, 12, 9, 16, 14, 20, and 3?
OF
(B)
(©) o5
ICIE] 11
L_E 12

10 . What is the median of 6, 9, 4, 21, 27, 8, 3, and 27?
oOF
(B)
© s
ICIE] 21

(E) 24

9

7
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11 . Which shows 2,540,000 written in scientific notation?

@&

.+ 0.254 x 107
@ 2.54 x 10°
@ 25.4 x 10°
@ 25.4 x 107
@ 2.54 x107°

12 . Which is equal to (—=4x 3 )*?
@ —16x ¢
@ —4x ®
@ —8x °
@ 4x ©
@ 16x ©

3h4 -9
13 . Which shows \/965! b ¢ simplified completely?
dab?c*/6ac
2ab*c*\/6ac

4ab?c®./6a
2ab*c*\/24ac
4b? .\ /6a3c?

©06EHE

©
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7
12
14 . Which shows simplified completely?

\/7

@A) 12
/2
®) 12
/21
© 6
/14
@ 12
11
@ 4
15. Which shows\/43 + \% 245 — \% 320 simplified completely?
® 122
® -12,/5
© 215
© 52
©) 18,5

Quantity A Quantity B
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16

17 .

18.

19.

. The percent increase from 2to 3  The percent decrease from 3 to 2

[._E Quantity A is greater.
(B

- Quantity B is greater.

]
L_,-' The two quantities are equal.

5} . . : o .
I':lir The relationship cannot be determined from the given information.

What is the mode of the values 11, 38, 16, 81, 38, 16, 11, and 38?

[..E 11
(B

- 16

oy
&) 2

I':|i1| 30
\E) 33
What is the standard deviation for 2, 7, 14, and 21?

(A) 5,
(B

- 11

oy
&)

(D) 515
(E) 206

If 30% of the five-year-olds surveyed liked butterscotch candy, and 98 of
the five-year-olds surveyed did NOT like butterscotch candy, how many
five-year-olds were surveyed?

A
A 30
(B

e+ 42
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20 .

21.

22.

©

+ 70
ICL:I 98
L_E 140

What is the range of 10, 5, 4, 3, 1, 2, 3, and 11?
@A) 3
(B)
© s
@ ,
(E) 10

Wendy’s Warehouse purchased a table for $200 for resale. If Wendy’s
marks up the table price by 60%, what is the selling price of the table?

(A) s
(B)
@ $260
(D) 280

(EJ $320

.5

5)

80

$120

A recipe calls for 3 ounces of butter for each 4 cups of flour used. If 12
ounces of butter are used, how many cups of flour are needed?

(A)
(B)
[F‘l

6
13

49
(D) 4
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(E) 1

23 . Randy tosses five coins. What is the probability that only one coin will
come up heads?

1
® 2

o

16
1
5
5

(D) 32

o

(E) 64

24 . The Central High glee club has 5 girls and 4 boys as members. If a member
is selected at random, what is the probability that a girl will be selected?

1
®5
1
® 3
4
©9
5
ok
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4
® 5

25 . Cassie rolls a six-sided die three times. What is the probability that she will
roll exactly two fives?

2
@A) 3
1
(B) 2
1
(©) 3
1
(D) 6
5
(E) 72

ARITHMETIC COMPUTATION TEST 2

Answer Key

,B,C, and E

© ©ND U A WN
oo 00MH0H0
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10.
11.
12.
13.
14 .
15.
16.
17 .
18.
19.
20 .
21.
22.
23.
24 .
25.

Mg oO0MHHP>MHE>OO0PMHEE

9.46 SOLUTIONS

. C $32.74
$36.29 — $3.55 = $32.74

2. E 120°
1:2:6andsum 180° n+ 2n + 6n=180° 9n = 180° n = 20°
The angles are 20°, 40°, and 120°, so the largest is 120°.

—_

3. A, B, G, and E 90 to 180 is the only one not equal.

45 63 99 108 9 90 1

80 112 176 ~ 192 167 180 ~ 2

4. C $3.20
3 for 80 cents 12 =4 x 3 12 for 4 x 80 = 320 cents = $3.20

Ul

. C 12.1 hours
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330 miles at each rate 330 + 50 = 6.6 hours 330 + 60 = 5.5 hours
5.5 hours + 6.6 hours = 12.1 hours

6. A 60 minutes
20t + 15t = 2100, 35t = 2100, t = 60 minutes

7.D 27
60% of 45 =0.6 x 45 =27.0 = 27

8.D
$32.05 $29.95 + 0.07($29.95) = $29.95 + $2.0965 = $32.0465 = $32.05 to
the nearest cent.

9.D 11
SUM=8+6+12+9+16+14+20+3=88, N=38
AVE=SUM~+N=88+8=11

10. B 7
Ordered values are: 2, 3, 4, 6, 8, 9, 21, 27.
The middle values of the 8 values are 6and 8. (6 +8) +2=14+2=7
The median is 7.

11. B 2.54x10°
2,540,000 = 2.54 x 10°

12. E 16x°
(~4x3 )2 =(-92(*3)2 =166

3 A 4ab’cty/6ac
V96a3h*c? = /166020 - bt 8- ¢ = \[16a2b*E, fbac = dabic fbac

V21

4.c 6
7_[7s_ [a_ya_ o
12 /12 3 \/[36 36 6

1
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15

16

17 .

18.

19.

<25

B+ /BB I = 5,5+ B 5~ 65 =3,547,5-
8,5=2,5

. A Quantity A is greater.

In Quantity A, the difference between 2 and 3 is 1, so the percent increase is
1 divided by the original number, 2. The percent increase is 50%. In
Quantity B, the difference between 3 and 2 is also 1, but the original number
is 3, so the percent decrease is 33.3%.

E 38
Because 38 occurs three times, the mode is 38.
A 72

24+7+14+21 44
AVE = Lkitek =—=11

-
op_ [@=11P+ (7117 +(14 - 117 + (1 - 11’
- 4
206
4

Since 7% = 49, V 51.5 is approximately equal to 7.
E 140

If 30% liked the candy, then 70% did not. 70% of what number is equal to
98?
0.70 - x =98. x = 140.
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20

21.

22.

23.

24 .

25.

. E 10

Range = Maximum — Minimum = 11 — 1 = 10.

E 320
The amount of mark-up is 60% of $200, so the mark-up is 0.60 x 200 = 120.

The selling price is cost plus mark-up, so the selling price is $200 + $120 =
$320.

A 16

The ratio is 3 ounces of butter to 4 cups of flour. Because 12 ounce of butter
was used, the recipe has been multiplied by 4. Thus, 4 times the flour is
needed and 4(4) = 16 cups of flour.

O
p 32
There are 2 x 2 x 2 x 2 x 2 = 32 ways for five coins to turn up. The one

PAH) = —

heads could be on any of the five tosses. 52 .

5
p 9
There are 5 females in the club, and 4 + 5 = 9 members in the club.

5
P(female) = —
9.
5
E 72
There are 6 x 6 x 6 = 216 outcomes for rolling a die three times. There are
five “non-5” outcomes, and the non-5 can be in any one of the three rolls, so

15 5

there are 15 favorable outcomes. 21 6 72 )

9.47 SOLVED GRE PROBLEMS



Telegram: @GRE346

For each question, select the best answer unless otherwise instructed.

1. Noah has 8 A’s, 2 B’s, 6 C’s, 1 D, and 3 F’s on homework in a physics
class. What percentage of his homework grades are B’s?

(A) 10%
(B

- 12%
S 130
=
('_3{: 20%
LE) 40%
Data Set: 12, 4, 6, 3, 16, 10, 17,9, 4

Quantity A Quantity B

2 . The mean for the data set The median for the data set

[._E Quantity A is greater.
(B

- Quantity B is greater.
L_,-' The two quantities are equal.

Y
(.-I_;',r' The relationship cannot be determined from the given information.

A class has 12 boys and 18 girls.

Quantity A Quantity B

3. The ratio of boys to girls The ratio of girls to the class
A

[._‘13 Quantity A is greater.
(B

- Quantity B is greater.

L_,-' The two quantities are equal.
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Y
(.-I_;',r The relationship cannot be determined from the given information.

For this question, enter your answer in the box.
4 . Ben can paint a room in 6 hours and Carol can paint the same room in
4 hours. How many hours would it take them together to paint the
room?

5. Which shows simplified completely?

® VT2

.‘_‘-\.hl r
(B ]

N
% U1l O
w

o
(C)

25

@

—
N
5]

T ——

(E) 10

9.48 SOLUTIONS
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1. A 10%
There are two grades of Band 8 + 2 + 6 + 1 + 3 = 20 grades. The percentage

3 = i = 0.1 =10%
of Bs is 20 10 .

2. C The two quantities are equal.

SUM 81
AVE=—— = — =9
The mean is NUM 9 . The data values
arranged in order are: 3, 3, 4, 6, 9, 10, 12, 16, 17. The median is 9.

3. A Quantity A is greater.

12

The ratio of boys to girls is 18

18 3

—

2
3 . The ratio of girls to the class

is% 5 .
2.4

Let H be the number of hours it takes them to paint the room together. Ben

1 H

can paint the room in 6 hours, so he paints 6 of the room per hour and 6

1

in H hours. Carol can paint the room in 4 hours, so she does 4 of the room

H

per hour and 4 in H hours. Together they paint 100% of the room and
H H
+ = |
100% = 1. So, 6 4 . Thus, 2H + 3H = 12 and H = 2.4 hours.
Type 2.4 in the box.
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9.49 GRE PRACTICE PROBLEMS

For each question, select the best answer unless otherwise instructed.

1. On a rent-to-own plan, Jack bought a television that had a cash price
of $245. He paid $10.50 a week for 36 weeks to buy the television using
the plan. How much would Jack have saved if he had paid cash for the
television?

T
(A)

(B

$3.69

. $6.81

.‘F'\.hi

&) s133

(D) g250

(E) $378
Apples are 6 for $1.95 and oranges are 8 for $2.05.
Quantity A Quantity B

2. The cost of 4 apples The cost of 5 oranges
e
(&)

(B

Quantity A is greater.
ity Quantity B is greater.
L_,-' The two quantities are equal.

Y
(.-I_;',r The relationship cannot be determined from the given information.
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3. Maria drove 572 miles at an average speed of 48 miles per hour. To the
nearest minute, how long did the trip take?

T
(A)

(B

11 hours

e 11 hours, 9 minutes
"
U:_,-: 11 hours, 55 minutes
©

— ./ 12 hours
(E)

12 hours, 9 minutes

4 . For which number is 175% of it equal to 357?

4 89.25
.+ 204

&) 26775
(D) 476

(E) 62475

Data Set: 8,2,4,9,1,8,7,4,3,7,9,8,4,5,2,9,5
Quantity A Quantity B
5. Mode of the data set Range of the data set
T
(&)

(B

Quantity A is greater.
ik Quantity B is greater.
L_,-' The two quantities are equal.
=5
(.-I_;',r The relationship cannot be determined from the given information.

For this question, enter your answer in the box.

6 . What is the median for the dataset 8,4,5,8,2,7,6,4, 8,1, 3, and 6?
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7 . Which expression is equal to (5x 2y 3)*?
A
[._‘13 5x6y7
B
(B)

ﬂ 625x 6y 7

5X8y12

[Ii] 625x 8y 12
LEJ gasx 16y
8 . Which number shows 0.00008724 written in scientific notation?

(A) g724 % 107
(B)

ﬂ 8.724 x 107°

8.724 x 10™

[Ii] 87.24 x 107

(E) g724x 107

Quantity A Quantity B

27 49

3

125 121

A
[._‘13 Quantity A is greater.

B
[-,E,H Quantity B is greater.
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L_,-' The two quantities are equal.

Y
(.-I_;',r' The relationship cannot be determined from the given information.

10 . Which expression shows V 98 — 2 V 72 + 128 simplified

completely?
(&) —672,/2
(B) —3364/2

© 3v2
® 9V2
(E) —5/2+4,/32

ANSWER KEY

u N W N =
O @O > 0O

9.9

© N D
O m® @ O

10.
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CHAPTER 10

ALGEBRA

10.1 ALGEBRAIC EXPRESSIONS

An algebraic expression is a combination of letters and numbers that are used to
represent numbers; thus,

dey + 2ab

5% — 2i°

A term consists of products and quotients of letters and numbers. Thus, 2xy ,
5x?/3y?, and —4a ° are terms. The algebraic expression 3x * y — 4xy consists of
two terms.

A monomial is a one-term algebraic expression. Example of monomials are
3x,7,x%ly,7y.

A binomial is a two-term algebraic expression. Examples of binomials are x
+2,5x+3y,7x?y?+3ab.

A trinomial is a three-term algebraic expression. Examples of trinomials are
3x +2y+3,x?+5xy—y?,x*—ab+xy.

The term polynomial is used when talking about an algebraic expression
without stating a specific number of terms.

In the term 7x 2y, the 7 is the coefficient of x 2 y * . Like terms are terms
that have the same variable parts. For example, 7x 2 y 3 and —2x ? y * are like
terms, but 7x 2 y ? and 3xy * are unlike terms. You combine like terms by adding
their coefficients. Unlike terms cannot be combined.

x3—=5xy+2x—3y*,2ab?c®an are algebraic expressions.

Example:

Simplify each expression by combining like terms.
A. 7x+3y3-3x+xy+5y?3
B. 3x —2y3+ 7xy +2xy - 5x — 6y ?

Solution:

A. 7x+3y3-3x+xy+5y3=7x-3x+3y3+5y3+xy=4x+8y3+xy
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B. 3x—2y3+7xy+2xy - 5x—6y3=3x—-5x -2y -6y 3+ 7xy + 2xy = —2x —
8y 3 + 9xy

10.2 EXPONENTS REVISITED

If n is a positive integer, then a" represents the product of n factors of a .
Thus,a’>=a-a-a-a-aandb®*=b-b-b.Ina", ais the base, and n is
the exponent .
If n=2, a?isread “a squared,” and if n = 3, a * is read “a cubed.” a" is read
“a to the n th power.”

Example:

Show the meaning of each expression.
A. x3

B. 3¢

C. (-2)

Solution:

A. x3=x-x-x

B. 3=3-3-3-3

C. (2P =(-2 (- (2 (- (- =32

If n is a positive integer, then 7 =" — —_ 7& 0
a’ 7

Example:

Show the meaning of each expression.
A. 3™

B. 273

C. -5y 73

D. (x+y)!

Solution:



Telegram: @GRE346

A 34 = —

B. 273 — _

C. —5]/_3 — ?

_ 1
D(x—]—y) 1:

X+Y

10.3 ROOTS REVISITED

If n is a positive integer and if a and b are such that a” = b, then n is called the n
th root of b . If b is positive, there is only one positive number a such that a" = b

. You write this positive number as \’VE and call it the principal n th root of b .

If b is negative and n is even, there is no positive n th root of b . However, if n is
odd, there is a negative n th root of b .

Example:

Simplify each of these roots.

)

EE

4

/—8
/=16

p—
@)

m o 0O w p»

Solution:

A 3/ :.\2/??:3

E
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/52 =5
.416=\4/2_4=2
8 = /(=2 =

— 16 is not a real number since n is even and b is negative.

¥

m g 0 W
jﬁ

10.4 GENERAL LAWS OF EXPONENTS

If m and n are real numbers, then the following laws hold.

1. a"-a"=a"+n
2. (@")"=am™
a™
3— =a"", ifa #0
a
4. (ab)m™=a" b™
a\m a™
s (7)) =1 ifb#0
m
L
S an =.Jam, ifa >0
7.a’=1,ifaz0
Example:

Simplify these expressions by using the laws of exponents.
A x®+x*?

B. (x2-y®)

C. (xB)
D. 5°

E. (x2)™*

Solution:

A xb+x4=x64=x"?
B. (XZ,y5)3:(X2)3(yS)3:XGy15
C. xB)pP=xP=xl=x
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0

9]}

1

D. =
E. (x 3)4=x39=x1

eun)

Example:

Simplify these expressions using the laws of exponents, for a # 0, x # 0.
x5

A
x8

B. 8723

C. X —-5/2

x T X0

B. §2/3 — (82/3)—1 s (3 82)—1 _ (3 64:)_ Y [
1|

o

ﬁ x1/2
D _ — y1/2-1/3 _ 43/6-2/6 _ 41/6 _ \6/§

'ﬁ_xl/s

E. 43/2 — (41/2 )3 — (2)3 =8

C. x_5/2 —

10.5 PRACTICE PROBLEMS

1. Simplify these algebraic expressions.
A. 17x =18y + 2xy — 15x + 11y — 8xy
B. 5x?-3x+6-2x?+18x—-1
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C. 15x%-3y?+4z2-8z%+5y %+ 6x?

2 . Simplify these exponential expressions.
A x7
B. (-2)
C. (3x)°
D. (—2x)?

3 . Simplify each of the roots.
A /8

. v/—125

. af 121

NG

4 . Simplify these expressions.
A x3-x°
B. (X 1/4 )8

C 0O W
o))\
Q1

td
—_

C. (x3-y°)
D. 73.-78.772
E. x19+x?

5. Simplify these expressions.

10.6 SOLUTIONS
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1. A. 17x—-18y + 2xy — 15x + 11y — 8xy = 17x — 15x — 18y + 11y + 2xy — 8xy
=2x — 7y — 6xy
B. 5x?2-3x+6-2x?+18x—-1=5x2-2x2-3x+18x+6—-1=3x?+
15x + 5
C. 15x2—-3y?+4z2-822+5y?+6x?=15x2+6x2—-3y?+5y?+4z?% -
8z2=21x?+2y?—-4z?
1
x3
B. (=2)’=(-2)(-2)(-2) =-8
C. (3x)* = (3x)(3x)(3x ) = 27x
D. (- 2x)2 (—2x)(- 2x) 4x 2

Vo

w
>
W%
|
m
“‘“c.’o
I
I
Qn

W
=] O\
N DN
| U1
Il
W
—_] Q1
p— W=
N
I 1
R
el
[

Cx5=x35=yx8

14 Y8 = x 84 = y 2

3. )3—(X )3(),5)3:X3~3y5-3:X9y15

~
~

N
HOOWwWy, @ O O W
125 x

7. 78 72=732=73=7.7.7=343
x10 2 32 = 5102 = 8
T
s AX _ 79 _ .o _ 1
— X — X ¢ =
x? x2
1 1
B. x 23 = —_ —
x2/3 3962
C.
1/6
X — oy 1/6-1/2 — (1/6-3/6 _ 5=2/6 _ 4—1/3 _ L
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> i= @) = @) =2 =2 = 2

10.7 TABLES OF POWERS AND ROOTS

Number Square Cube Sauare Root Cube Root

1 1 1 | 1

] - 8 1414 1240
J j ] 1731 |42
! 1o b ] K
J D 1 1236 T
b % o L4 87
! ¥ M 1646 3
b b ol 288 !

9 il Y j 2080
10 100 1000 3o 11
i 1 R 317 LM

Additional Squares
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Number Square

Number

12 1
13 1
14 1

19
]
ll
1
B
A
b

10.8 RADICAL EXPRESSIONS

A radical W has three parts: the index n , the radical sign \/_ , and the

radicand a . To simplify a radical expression, make the index as small as

possible and have no factors that are n th powers, no fractions in the radicand,

and no radical expressions in the denominator.

Example:

Which radical expression needs to be simplified?

A /9x
B. /3x°

1

C. —

-+

ﬁ
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3
D. ——
W%
5
E. —
8
Solution:

A. Ox Has a perfect square factor of 9

B. 3 x> Has a perfect square factor of x *

ﬁ‘

C. — Has a perfect square factor of

-

Tt

D. Has a radical in the denominator of the fraction
E. g Has a common fraction in the radicand
Reducing the Index
) ) i a
A radical can be written with a fractional exponent, 7/ xi = xn-

whenever GCD(q, n ) > 1. To simplify the index, reduce the fractional exponent.
If GCD(a, n ) = 1, the index is as small as it can get.

Example:

Reduce the index wherever possible.
A Fg2

B. ,6/a4b2
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D. \/cﬁ
E. -5/a2b3

Solution:
A 4/_
2/6 1/3 2
B. J/a'h? = (azz; 2b " = (a%)"" = Va?b
C. Ja </ 3 s since GCD(2, 3) =1, so the index cannot be reduced.

D. . /a4 — a4/2 — (12 , s0 no radical in answer.

E. ‘5/01 2b3 — (ﬂ 2b3)1 , since GCD(1, 5) = 1, so the index cannot be

reduced.

Removing the Perfect Square Factors in the Radicand

If the radicand has a factor with an exponent greater than or equal to the index,

then the radicand can be simplified. \/72p — A/ 512\/5 — g\/g ;
and \/a3h = ~/a*vab =a~/ab-

Example:

Simplify each radicand.

m O 0O
H—
N
<
[N}
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Solution:

/75 =+/3-52=,/52,/3=5,/3
27a = \/3a = /3%/3a =3,/3a

A.
B.
C. /12xy = /22 - 3xy = /22, /3xy = 2,/3xy
D.
E

4dxy? = \/2%xy? = /\/22 2% = 2%
200x° = /(2-102 - x* \/102 x)y/2x = 10x%,/2x

Fractions in the Radicand

If there is a decimal in the radicand, write the decimal factor as a common
fraction. When there is a common fraction in the radicand, multiply the
numerator and denominator by a common factor that makes the denominator a
perfect square. For example,

1 2
2 2

N[ —

Example:

Simplify each radicand.

A.

o8]
| W| WIN| ©|
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3
D. —
10
E. /0.2
Solution:
9 9 3 3
3 \3'37 {9~ o 3
B 2_[e_ e _ e
/s /s 2 {16 16 4
o [3_ 310 [0 _ & _/m
V10 10 \/100 /100 10

Radicals in the Denominator of a Fraction

If a fraction has a radical in the denominator, multiply the numerator and
denominator of the fraction by the radical expression that will make the
denominator a perfect n th root. For example,
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5 _ 5 V2_5/2_
vVZov2 2o A
Example:
Simplify these radical expressions.
-
A ——
7
3
B. —=
/2
3
C. ——=
/3
o, V2
/15
Solution:
N AN AN AN I
3 _ 3 V2 _3y2 32
V2 V2 v2o A 2
5 _ 5 4B _5y/3_ 58
RVEEIRVERRVANERVCRN
V2 _ 2 /30

o
|

E
EE



Telegram: @GRE346

10.9 PRACTICE PROBLEMS

. Simplify these radical expressions.
A /18
B. J/40

C. J/8

—_

EE

2 . Simplify these radical expressions.
A. /942
B. ¢/125a3b3
C. /g3
9
D. /a3
3. Simplify these expressions.
A. \/7a3 yz
B. \/8b*x3
C. 4/25x6
D. \/8x° y7

4 . Simplify these radical expressions.

>
p—
)

=

' 5\/5
3
B. —=
/5
5
c .| =
16
i
D. —_
18
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10.10 SOLUTIONS
1A\/1_:\/§\/_:3\/§
B. /40 = /8- /5=2-3/5

D.
V68 = /(2.3 = /(22.3%),/2=2-3%,/2=18,/2

2. A.
Voa2 = {/Ga) = (Gat = (o) =4/(Ba)= /3

B

.\6/125a3b3 ¢/ (5ab)® = (5ab)>® = (5ab)/? = \/5ab
CVad=vatJa=aya

D.Vad=@)p° =a'®=a

A /7a%y? = 1/ (a%y?)\/7a = ay~/7a

B. /8b4x3 = \/4b4x2\/2x — 2b%x.\/2x

C. \/25x6 = \/52(363)2 = 5x°

D. \/8x%y” = \/4x*y®\/2xy = 2xy°/2xy

10\[ 10 /6 6
5,/2 5{2' 7 =23
3 8 /8 By
VR

5 _ 5 _ /5

16 \/E 4
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o 7 _ |7 2_ 14 1A
18 18 2 36 /36

10.11 OPERATIONS WITH RADICALS

When adding or subtracting radicals, you can combine them if they are like
radicals : they have the same index and the same radicand. Like radicals are
combined by combining their coefficients.

Example:

Simplify and combine these radical expressions.

A y/5h— /24 + /%

B. 5,/40 — 3,/90

c.15,/10 — /250 + 8,/90

D. J/16a3 — 3v/a3

E. 2,/108y — /27y + /363y

N Y NV NN N NN

B. 50330 = 54103910 = 5110 - 36, 10 = 10,09, /0= 0
15[ V/250+8,/%0=15,/10- /15,/10+8,/9,/10 = 15,/10-5,/10+

83)y/10 =10,/10+ 24,/10 = 34,/10

D. «3/16a3 3v/a3 = /8a% - /2 —3a =2a¢/2 — 3a
o 2108y 2Ty /368y =2y/36,/3y - \/9/By+/121/3y = 26), 3y -
"3 Ay + 11 By = 12,3y 4+ 83y = 20,3y
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When n is a positive integer, and a and b are positive real numbers,

Jailb = Jab

Forexample,\/i\/_ — /2 . 3 — \/6,

V2x - 4/5Yy = /2x - 5y = 1/10xy
N7 Ja

Also, — \/7
70 Vb

Example:

Multiply these radical expressions.

A. \/g \/6

B (51/3)(4+/5)

¢ \/53/7 —2,/5)

. \/5(,/T5 + /10)

E. (3,/5x)(5,/10x)

Solution:

A /B (/6= /8= /16-3=/16,/3=4,/3
B. (5,/3)(4,/5)=5-4-,/3-,/5=20,/15

c. /537-25) = 5By7) +/5(-2/5) =335 - 2,/55=3,/35- 10
0. By 5+ M= BBt 5y T0= B 8= 8,54 By 1= 5,543
E. (3,/5)5y/10r) =35 iy 10x = 15,502 = 15,/ 1522, 2 = 155x), /2 = Ty .

Example:

Divide the radical expressions.
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S

J

Jegle”

aZ LK

Solution:

N
i

S |18
)
79
|| = |
(]
) | ND
& I (& e
N D~ I DN
€1 — | DN ||
| [ © 1o
ﬂ iy I .
0| D]~ IO\
03
| —
o0 I
JIN o
I ESE
S
0 || = | |
D Iy [© [ —
NERNES SR
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8 8 VIlx  8,/11x  8,/1Ix
3. /11x  3./11x /11x 3(1lx)  33«x

10.12 PRACTICE PROBLEMS

1. Simplify each expression by combining like terms.

A. 5,/11 4 3,/11
B. 3,/54 +4,/6
C. 4./72 —5./8 + /50
. \/75y = \/3y — /12y
E. 5,/108x — /27y
2 . Find each product and simplify.
A /50 \/6
B (2/X)(=7/7)
c. 3/9¢/18
D. (y/x + 1)(=3/x + 1)
£ V375~ /T5Y)

3. Simplify each expression completely.
3
A ——=
/6
6

B.

9:|~§
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o5
0 Ve
Y

t /27

10.13 SOLUTIONS

1. A 5,/1143,/11 =8,/11
L 3v/54+4./6 =3,/9\/6+4./6 = 3(3)\/6 +
4,/6 =9,/6 +4,/6 =13,/6
472 = 5\/B+ /50 = 4,/36,/2 - 5,/4,/2 +
C. 1/251/2 = 4(6)\/2-5(2)/2+5+/2 = 24,/2 -
104/2 +5,/2 =19,/2
o VT5Y = /3y = /125 = \/B5/3y — /3y -
T VA3 =5\/3y — \/3y - 2,/3y = 2,/3y
g 5V/108x — /27x = 5./361/3x — 1/9,/3x =
5(6)\/3_36 34/3x = 304/3x — 3,/3x = 27,/3x
2. A./50 - /6 = /300 = /100,/3 = 10,/3
B. (23%) (— 7/9) = —14/37
C-V@é/l_=€/@=€/2_7€f=3%
D.(/x+1)(=3/x+1) = -3(x+1) = —3x—3
\f\}\/_ VI5y) = /212~ /By = /2Tx~
3
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a3 3 VB 36\
Ve Ve Ve 6 2
L 6 6 21 6y21 221
V21 /21 /21 21 7
1

10.14 ALGEBRATEST 1

Use the following test to assess how well you have mastered the material in this
chapter so far. Mark your answers by blackening the corresponding answer oval
in each question. An answer key and solutions are provided at the end of the test.
1. Whichisequalto (x?+2x+3)-(2x?+x—-5) - (-x?—-3x + 1)?

A

[__:13 4x + 7

(B) 4x-1

[JT} —2x%2+4x+7
(D) 2x2+4x-1
By _9y2
L_Ef 2x*+9

2 . Which is equal to (x * )* + 5 (5*)?
“A Y 94 7
(&) x5
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(B) x°+25
(C) xo+25
(D) x°+250
@ x°%+5’

3. Which is \/ 300x° y9 completely simplified?

(A 10x%y*/3xy
(B) 10x%y*\/3xy
(©) 10x2°/3x
(©) 3x%y*\/10xy
(B) 5xy/8x%

4. Whichis 2 , /]_08y — 27]/ ~+ A /363y completely

simplified?
(A) 14./3y

(B) 14,/3

(© 94/3y + /363y
(D) 20,/3y

® 20y

5. Which number is equal to —3*?
(B -12

1
o) —
@81
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© —
12
| E_J 81
6 . Which number is equal to 57 ?

@ -125

@ -15

1
C]
@ 125
@

1
15
(E) 125
7 . Which number is equal to {’/27 ?
(A) 3

(B) 5
©) 33
© 93
8 . Which number is equal to 23 x 3% ?
36
72
55
65
66

EHEOEE
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9 . Which expression is equal to (x )™, for x # 0?
7
(A) «
[ﬁ x 10

s —

. . . 3
10 . Which expression is equivalent to xi1,X> 0?

(&) xJ/x
(B) /x4
=y 4
(C) V8
D) &
(B) ety
11 . Which expression is equivalent to (5ax )°, a # 0, x # 0?
(A) o
® 1
(©)
@ S ax
(B) —
S5a x
12 . Which number is equal to */ 25 ?
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® 5
® /5
© V25
(D) 5
(E) 25

13 . Which number is equal to (—4)° ?
—4
-1

—_

EHEOEE

N

14 . Which expression is equivalent to >/ x4 yz ?

3
<

N
N
S

ﬁ
AN
<

=5

GICIGICIC

N
)]
<

15 . Which expression is equivalent to , /18 xy ?
(A) 24/14xy

(B) 4,/14xy
© 377
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21
A Y-

9
@) 321

21
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® 5%
5 VD

® 2v10

10
64

m ‘

L

\/i
/30

18 . Which shows written in simplest form?

©@ 0B @ ©&

SRk s e
S| o U1l O S| ro

-~ /6
O

19 . Which shows 3/ 648 written in simplest form?

@ 18,/2
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® 613
© 3y/%
©) 2/81
® 643

20 . Which shows\/ﬁ X \/6 in simplest form?
®) 3\/6
® 6y/3
© 3,12
© 108
(B) 34/2 x /6
21 . Which shows 5\/ﬁ + 3\/E in simplest form?

@ 15,/169
@ 195

(C) 104
©) 8,76
(®) 8/13
22 . Which shows\/@ X \/6 simplified completely?
® V68
® 6,10
© 6y
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© 10,/6
(E) 60
23 . Which shows 4\/\% — Sm + 3\/7_2 simplified

completely?
(A) —60ﬁ
® 2,2
© 842
(D) 10\/§
(B) 23,/2
24 . Which shows \/@ X \/ﬁ simplified completely?
(A) 12\6
(B) 15,/20
() 10,/60
(©) 20,/15
© /6000
25 . Which shows, /573 -+ \/@ simplified completely?

® a(y/5+ B
(B) a+/50
(© 4a./5a

@ 20a 2
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10a

(E) 4a

ALGEBRA TEST 1

Answer Key

<Ao< MOUOUMmMAODAA< O MMEPpMMEaAoQ

— N N < 1N © N0 OO 4 NN <IN © N0 0O 9 AN M oW
— o = = = =~ = —H — A& NN A AN
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10.15 SOLUTIONS

1. A 4x+7
(x 2 +2x +3)—(2x > +x =5)—(-x ? —3x +1) = x > +2x +3-2x * —x +5+x > +3x -1
=0x?+4x+7=4x+7,

2. E x%+5
X3 2+53,54:X3-2+53+4:X6+57.
(x*)

3.A 10x%y*\/3xy
\/300x5 = /3100 2 x4 - y = /1003, 3xy = 1064 Bxy

4.D 20\/7/
208y~ 2+ 383y =236, 35~ O By + T 3= 26 -
33y +114/3y =123y - 3,3y + 11,/3y = 20,3y,

5.A -81
3= -3x-3x-3x-3= -8l
1
6.C
125 , i
Fé¥=— = :
5 125
7.

A 3 _
Y2 =/F =3 =3 =3

2-32=8-9=72.

9.B x"
2 Yy-5 — y, =2x-5 — ,, 10
x7)>=x x .
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gﬁ—{/&s_ (537 =51 =52 = /5.

13.D 1
(-4 =1

14. E f’/xzy

i = {fucnf = () =

15. D 3, /ny

A LAOXY = \/§ dolt 2K =
16. D \/§T

3v/2xy.
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A

19. E 64 3

/648 = \3/878_3/827 =/8.27-3/3=2-3-{/3=63/3.
20. B 6\5

J18-1/6=1/18-6=/6-6-3=1/6-6-1/3=6,/3.
21. E 8\/ﬁ

5,/13 +3,/13 = (5+3) /13 = 8,/13.

18.

23. E 23\/§
4\/\%—5\/ﬁ+3\/ﬁ:4\/ﬁX\/§—5\/§X\/§+3\/%x[:
$x5%2-5x3x /243 x6x /2=20/2-15,/2+18,/2=23,/2.

24. D 20\/ﬁ
= o By =45 5,5=40, 531,
25. C 4{1\/571

3%+ \/850% = a2, 5 + /92 5a = a\/5a + 3 /5 = 4a\ ou.
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10.16 SOLVED GRE PROBLEMS

For each question, select the best answer unless otherwise
instructed.

Quantity A Quantity B

/6l /3

[__:13 Quantity A is greater.

(B Quantity B is greater.

S

LE' ) The two quantities are equal.

D The relationship cannot be determined from the given information.
P, p g

2 . Which shows 2 , /54() written in simplest form?

@ 64/15
(B) 84/15
© 124/15
() 64/60
(E) 4,/135

For this question, enter your answer in the box.

3. What is the value of (x ® )*> when x = 3?
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4 . Which is equal to 3* x 4*?
(A) 96
(B) 1,296

©

© 1

Quantity A Quantity B

V/16x° §/.8°

e : :
[__:13 Quantity A is greater.

.'_\ﬂ1 . .
(B ] Quantity B is greater.

Ul' ) The two quantities are equal.

(:I?] The relationship cannot be determined from the given information.

10.17 SOLUTIONS

1. B Quantity B is greater.

Vo= /8B =4 /36=6. 6>4,50/36> /64

2. C 12\/ﬁ
2./540 = 2,/36 x 15 =2 x 6 x /15 = 12,/15.

3. 1729
When x = 3, (x*)*=(3*)*=27*=7209.

4. B 1,296
3*x42=81x%16 =1, 296.

5. D The relationship cannot be determined from the given information.

1fx=0,3/16x6 = () and3/8x3 = () .So
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\3/ 16x 6 — 3/ 8 x3 . If x does not equal zero, the quantities will not

be equal.

10.18 GRE PRACTICE PROBLEMS

For each question, select the best answer unless otherwise instructed.
1. What is the value of (-5)* ?

(Fﬁ -125
(B -25

Quantity A Quantity B
B¢ 2 4% x 33

Quantity A is greater.

3

Quantity B is greater.

A=

The two quantities are equal.

|
L
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ICG] The relationship cannot be determined from the given information.

For this question, enter your answer in the box.

4 . What is the value of (-5 x 4*)° ?

5. Which number is equal to \°/ x4 yZ

Quantity A Quantity B

) —2
(16)* (—278)
@ Quantity A is greater.
[E Quantity B is greater.

Ul' ) The two quantities are equal.

ICG] The relationship cannot be determined from the given information.

Quantity A Quantity B

(32 (4)°
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@ Quantity A is greater.
[E Quantity B is greater.

Ul' ) The two quantities are equal.

ICG] The relationship cannot be determined from the given information.

8 . Which expression is equal to \/@ ?
(A) 3x*,/2x
(B) 9x8,/2x
© ©\/T8
©) 3:°\/2
® 9v2x°
Quantity A Quantity B

/45 x 33 /28 x 54

e : :
[__:13 Quantity A is greater.

[E Quantity B is greater.
m The two quantities are equal.

r
ICI_] The relationship cannot be determined from the given information.

3
10 . Which shows , /| — written in simplest form?
5
9
A
(A) —

25
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1=

)

."-'_H".
=)
< @rw
% WO ﬁo %
U1 al 7| S

i
I.l"".

()

ANSWER KEY
1. A
2. B
3. B
4. [1
5. C
6. B
7.C
8. A
9. A
10. D

10.19 TRANSLATING VERBAL
EXPRESSIONS INTO ALGEBRAIC
EXPRESSIONS

Algebra frequently involves translating English expressions and statements into
algebraic expressions and statements.
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Keywords for Operations
Operations ~ Keywords

Addition, + ~ Sum, total, plus, combined, joined, more than, all ogether,
added fo

Subtraction,  Difference, less than, subtracted from, reduced by, decreased by,

- minus

Multiplication,  Times, product, twice, double, trple, of, multiptied by

X

Division, + ~ Divided by, ratio of

Example:

Translate each into an algebraic expression.

The sum of x and 2 is less than 10.

The product of 3 and x is greater than 15.

Two less than the product of 10 and x does not equal 100.
The product of 5 and y increased by 1 equals 7.

Three more than the quotient of w and 4 equals 13.

mo0Ow»

Solution:

x+2<10
3x>15
10x — 2 # 100
Sy+1=7

w
. —+g=710
4+

oSCOwp

&5,
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10.20 EVALUATING ALGEBRAIC
EXPRESSIONS

Evaluate an algebraic expression by replacing each variable by its value, and
then use the order of operations to find the value of the expression.

Example:

Evaluate each expression.

A. 40 -9x?, forx=-3

B. 9y - 16y ?, fory =2

C. x2-3xy-y+4,forx=2andy=-2

D. 5xy —2x?y+7,forx=-1andy=3

E. w2-w+8,forw=4

Solution:

A. 40 —9x2=40-9(-3)* =40 -9(9) =40 - 81 =—41

B. 9y — 16y 2= 9(2) - 16(2)? = 18 — 16(4) = 18 — 64 =—46
C.x*=3xy—y+4=(Q2¢-32)(3)-(3) +4=4-18 -3 +4=-13
D. 5xy - 2x2y+7=5(-1)(=2) = 2(-1)2 (-2) + 7= 10+ 4 + 7 =21
E. w>-w+8=4-4+8=64-4+8=68

10.21 EVALUATING FORMULAS

A formula is a special equation in which the left side tells what you are finding,
and the right side tells you how to determine the value of the quantity.

5
To evaluate (' — — (F — 32) when F = 95, replace F by 95 to get:

5 5
C = 5(95-32) = ;(63) = 5(7) = 35

Example:

Evaluate each formula.
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A. P=2(I+w)whenl=20and w = 15.

B. S=P (1 +rt)when P =%$4,000, r = 7%, and t = 5 years.
C. A=s?,whens =15 ft.

D. P =6s,whens =10 cm.

E. A=Ilw,whenl=7andw = 5.

Solution:

A. P=2(l+w)=2(20+ 15)=2(35) =70

B. S=P(l+rt)=3%4,000(1 + 0.07(5)) = $4,000(1.35) = $5,400
C. A=s?=(15ft)* =225 ft?

D. P =6s=6(10 cm) = 60 cm

E. A=lw=7(5)=35

10.22 PRACTICE PROBLEMS

1. Translate each statement into an algebraic expression.
A. Twice a number x plus the product of 2 more than the number x and 3 is
less than 5.
A number n less 4 times the number is n plus 5.
The difference of x and 8 is less than the product of x and 8.
The cube of a number n less the square of n is 8.
The product of a number x and 7 decreased by 4 is 35.

Mo 0w

2 . Evaluate each expression when x = 3 and y = 2.
. 5x 2y +7)

. 2x+ 3y —xy

x2—y?

. 5(y+5) -3+ 2x)

x3y4

cHoNoN- =

3. Evaluate each formula.
A. I=prt, for p =$8,000, r = 4%, and t = 3 years
B. F=1.4C+ 32, for C=230
C. V=Iwh,forl=8w=5,andh=6
D. P=3s,fors=6
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E. P=21+2w, forl=16ft, w=10 ft

10.23 SOLUTIONS

1. A, 2x+(x+2)3<5
B.n-4n=n+5
C. x—8<8x
D. n®*-n%=8
E. 7x—4=35
2. A.5x(y+7)=5-32 (-2)+7)=15(-4+7) = 15(3) =45
B. 2x +3y —xy = 2(3)+3(-2)—-3(-2) = 6-6+6 =6
C. x?-y?=3)-(-2?*=9-4=5
D. 5(y+5)-(3+2x)=5(-2+5)-(3+2-3)=53)-(3+6)=15-9=
6
E. x3y*=(3)*(-2)*=27(16) = 432
3. A. I=prt=(%$8,000)(0.04)3 = $960
B. F=14C+32=1.430)+32=42+32=74
C. V=Iwh = 8(5)(6) = 240
D. P=3s=3(6)=18
E. P =21 +2w = 2(16 ft)+2(10 ft) = 32 ft+20 ft = 52 ft

10.24 ADDITION AND SUBTRACTION OF
ALGEBRAIC EXPRESSIONS

To combine two algebraic expressions by addition or subtraction, find the like
terms and then add or subtract their coefficients as indicated. You align the
problems so that the like terms form a column. When you get the total for a
column, write the total and the sign for the term, even if the total has a positive
coefficient.

Example:

Add these expressions.
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N 5x% 4+ 3x + 2
R T, D B
. 2x* —7x + 8
"+ 3x* —8x—12
3y° —5y* + 6y + 4
c. 2 + 8y —7
v 7P 1555

Solution:
b5 .35 1 2
A +3x>+2x+7
8x* 4+ 5x +9
2% — x4+ 8
B. 4 3x?> — 8x —12
5x> —15x — 4
3y° =5y + 6y +4
. 2y° + 8y—7
- 7y* — 15y — 5

5y +2y* — 1y —8

Example:

Subtract these expressions.

N —5a°b + 3ab? + 11
'— —7a’b +8ab* — 18
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. 3x*—4x + 6
'— x*—b5x+8
9y° + 51> — 4

“_ 41 -5y +38

Solution:

You change the signs of the terms in the subtrahend and add. That is, you change
from subtraction to the addition of the opposite.

—5a?b + 3ab? + 11
A.— —7a%*b + 8ab?* — 18

2a*b — 5ab? + 29

3x2 —4x+ 6
B.- x*>—5x+38

2x> +x —2

9> + 54 —4
c. - 41° —5y +8

5y° + 5y* + 5y —12

10.25 MULTIPLICATION OF ALGEBRAIC
EXPRESSIONS

To multiply an algebraic expression by a monomial, multiply each term in the
algebraic expression by the monomial. For example, 3y ? (4y * + 7y ) = 3y 2 (dy
)+3y2(7y)=3-4-y?-y3+3-7-y2-y=12y?3 + 21y =12y °+ 21y 3.
Thus, 3y 2 (4y >+ 7y ) =12y >+ 21y 3.

3

Example:

Find the product of these expressions.
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A. 7x (5x — 4)
B. 3y*(y?-5y+7)
C. -3y?(-5y3-7y?+12)

Solution:

A. 7x (5x —4) =7x (5x ) + 7x (-4) = 35x 2 — 28x

B. 3y*(y?-5y+7)=3y*(y?)+3y*(-5y) +3y*(7) =3y ¥~ 15y * + 21y *
=3y°®—-15y°+21y*

C. —3y*(=5y” 7y +12) ==3y * (-5y *)=3y * (-7y *)~3y * (12) = 15y *” +21y
22 — 36y 2 =15y ° + 21y * - 36y ?

When an algebraic expression is multiplied by a binomial, multiply each term
in the algebraic expression by each term of the binomial.

Example:

Find the product of these algebraic expressions.
A. (3x —2)(2x +5)
B. 3x-5)2x?+7x—15)

Solution:

A. (3x —2)(2x +5) = 3x (2x +5)—2(2x +5) = 6x 2 +15x —4x —10 = 6x * +11x —10
B. B3x-5)2x?+7x—-5)=3x(2x?) +3x(7x) + 3x (-5) + (-5)(2x ? ) + (-5)(7x
)+ (=5)(-5) =6x3+21x2—15x — 10x > — 35x + 25 = 6x 3 + 11x 2 — 50x + 25

Example:

Multiply these expressions.
3x% — 5xy + 51°

X X — Y
20—

‘X y+5

A.

B
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. x* 4 2xy —
XE — Bl

Solution:
3x° — 5xy + 51°
X x—1
A 3xt — 5x*y + 5xy°
— 3x°y + 5xy* — 5y*
3x* — 3x°y — 5x*y + 5xy° + S5xy* — 5y
29 —7
X Y45
B 2y°— Ty
4 10— 35
2y*+ 3y —35
x? 4 2xy — 1
X X—=XY~+1y
x% 4 2x%y — xy?
— X%y — 2x%y* + x?
x2y A 2xy2 . y3
X% 4+ 3x%y 4+ xy* — Xy — 2x°y* + xy° — P

When you multiply two binomials, you get four terms. (a + b )(c +d ) = ac +
ad + bc + bd , where ac is the product of the F irst terms of the binomials; ad is
the product of the O uter terms of the two binomials; bc is the product of the I
nner terms of the binomials; and bd is the product of the L ast terms of the
binomials. Because the first letters of the words spell FOIL , the method of
multiplying binomials is called the FOIL method. Frequently, the outer product
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and inner products are like terms and they are combined into a single term.
Using the FOIL method to multiply (4x =3y )(x — y ), you get 4x * —4xy —3xy
+3y?2=4x2—-7xy+3y?.

Example:

Multiply these binomials using the FOIL method.
A. (2x+y)x+3y)

B. 3x—-2y)(2x+3y)

C. (10x — 7)(5x — 8)

D. (9x — 7y )(5x — 4y )

E.(5x -7y )(5x + 7y )

Solution:

A (2x+y)(x+3y)=(2x)(x) + (2x)By ) +y (x) +y (By) = 2x* + bxy + xy +
3y?=2x2+7xy+3y?

B. B3x-2y)2x+3y)=3x)(2x) + (3x)(3By ) + (-2y )(2x ) + (-2y )3y ) = 6x *
+9xy — 4xy — 6y * = 6x 2 + 5xy — 6y ?

C. (10x — 7)(5x — 8) = 50x 2 — 80x — 35x + 56 = 50x  — 115x + 56

D. (9x — 7y )(5x — 4y ) = 45x 2 — 36xy — 35xy + 28y 2 = 45x 2 — 71xy + 28y ?

E. (5x = 7y )(5x + 7y ) = 25x 2 + 35xy — 35xy — 49y ? = 25x 2 — 49y ?

Some types of binomials are multiplied so often that we have patterns for the
way the answer will look. The square of a binomial is one such special product.
(a+b)=a?+2ab+b?and(a—b)*=a?-2ab +b?. The product of the sum
and difference of two terms is another special product. (a+b)a-b)=a?-b"?

Example:

Multiply these special products.

A. (2x—3y)?

B. (5x + 2y )?

C. 2x+3y)(2x—-3y)
D. Ox-y)Ox+y)
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Solution:

A, 2x-3y)Y=02x)*-2(2x)By)+ By ) =4x*—-12xy + 9y ?
B. (5x+2y)*=(5x)*+2(5x)(2y) + (2y )* = 25x 2 + 20xy + 4y 2
C. 2x+3y)2x—-3y)=(2x)*- By )*=4x2—-9y?

D. Ox=y)Ox+y)=(Ox) -(y)=8lx*~-y”*

Sometimes you need to multiply more than two binomials. To do that, use the
FOIL method to multiply the first two binomials and then multiply that product
by the third binomial. Occasionally, you have the cube of a binomial, which is a
special product.

(a+b)Y=a®*+3a*b+3ab?+b?3.
(a-b)Y=a®*-3a*b+3ab?-b?3.

Example:

Multiply these binomials.

A. 2x-3y)x+y)x—-5y)
B. 3x+2y)x—y)(2x+y)
C. 2x-y)?
D. (3x +5y)?

Solution:

A. (2x-3y)x+y)x-5y)=(2x*-xy-3y?)x—-5y)=2x3—-x2?y—-3xy?-
10x 2y +5xy 2+ 15y3=2x3 - 11x?y + 2xy ? + 15y 3

B. Bx+2y)x—-y)2x+y)=0Bx?—-xy—-2y?)2x+y)=6x>—2x%2y—dxy?+
3x2y—xy?—-2y3=6x3+x?y—-5xy?-2y?

C. 2x-y)»P=2x)»P-32x)Vy+32x)y )Y -(y)*=8x3>—-12x2y +6xy > —y?3

D. 3x+5y)*=Bx)*+3(3x)*(5y) +3(3x)(5y )*+ (5y )* = 27x 3+ 3(9x ? )5y +
Ox (25y %) + 125y > =27x 3+ 135x 2 y + 225xy  + 125y 3

10.26 DIVISION OF ALGEBRAIC
EXPRESSIONS

To divide one monomial by another monomial, use integer divisions and the
laws of exponents.
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B 6
For example, xyz—-x—-y:3x-1:3x and
2xy 2 x oy

12x°y" 12 x* y" _3._2 _ —3x*
—4xty T —4 xt g 12 12
Example:
Divide these monomials.
A. 14x3yz+~7x>yz?
B. 9xy?+-3x*%y
C. 10y 7+ 4y?3
o 36x°y’z’

LS ~gRe?
Solution:

3 3

L T L

ez v v Yy v X z X’z
i oy’ 9 x Yy 3 1 y 3y
=3xty -3 x* y 31 %
Wy 10y 5y _ 5

4 4 p 21 2

ey % F Y 21 ¢ 1wy

15x%4gpe 15 %° P &2 1 2 52

Example:

Divide the polynomial by the monomial.
A. (9ab?*-6a?)+ 3a
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B. (15x2y>—-25x%y3) + (-5xy?)
C. (4x?y3—16xy3+4xy)~(2xy)
D. [16(a+b)*+12(a+b)*]+[2(a+b)]

Solution:
A\ ab?—6a®  9ab? N —6a* _ a2
15x2y% 25x4y3 315x2y5 f252c4y3
+ = =3x1° + 5x°y
—5x1 —5xy —Sxy
2,3 _ 1fp13 2,3
. 4y —16x1° + 4xy _ 4x°y ) —~16x1° 4xy = -8y 42
2xY 2xy 2xY 2xy
16 +b) + 120 +b)°  16(a +0)* 122 +b)
. = =8(a +b)° +6(1 +bY’
T TR T AR

10.27 PRACTICE PROBLEMS
1. Add these algebraic expressions.
2x°+ ¥ —x+y
A. —x2 + 3y2 — X
4 e — 4y = B —21]
x* — xy+2yz + 3z°
P4 x +2xy 3yz — 827
c 5x° 4%° + 7x — 4
T+ 3x3 +11x%2 —17x + 12

2 . Subtract these algebraic expressions.
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3xy — 2yz + 4xz
Ao —2%0+ WE-.o%Z

. G — x4 8%
" — Bk —7x +12
3x2 —5xy — y?

© X2 = 5xy + 1412

w

. Multiply these algebraic expressions.

5x% + 3xy + y?

X 2y —y
. 5x3 4+ 2x — 4
Y 3x — 2
. 3x+7y
"X D% — 2y

4 . Multiply these algebraic expressions.
A. (4x2y>)(—2xy)
B. (@a*b3c)(abc)(ab?c?)
C. (=3x*y)Bxy )(~4xy)

. Multiply these binomials.
A (y+3)y+7)
B. (2x+5)(3x - 7)
C. 2x-y)x+5y)
D. 2x+3y)(2x—3y)
E. (x + 3y )?
. Multiply these binomials.

A. (x+2)(3x—-1)(2x + 3)
B. (5x-2y)?

Ul

(@)}

7 . Divide as indicated.
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41,7 .3
A.—12abc

3a2b4c
o —16r10g3¢4
—4r7st3
. 4ab3 — 6a%bc + 12a3b%c*

—2ab

10.28 SOLUTIONS
2x*+ Yy —x+ y

—x% + 3y —x
1.A. 2 2
T Xl e 2
2 —x—

X% — xy+2yz + 32
B. + x% + 2xy — 3yz — 82°
2x% + xy — yz — 522
5x° — 4x* 4+ 7x— 4
C. + 3x% +11x? — 17x + 12
8x*+ 7x*—10x+ 8
3xy — 2yz + 4xz
2. A — =2xy+ Yyz+3xz

DXY — SYZ—+X2
3x* —7x%2 + 8x
B. — 5x? — 7x+12

—2x* —7x2 +15x — 12
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3x% —5xy —  y?
c.— x*—>5xy+ 14y?
232 — 1542
5x% + 3xy + y?
X 2x —y

3. A 10x° + 6x2y + 2xy?
— 5x2y — 3xy? —
1003 + x%y— xy*> —°
5x3 +2x — 4
X 3x —2
B. 15x% + 6x2 — 12x
— 10x° — 4x+8
15x* — 10x° + 6x* — 16x + 8
3x +7y
X dx — 2y
c. 15x% + 35xy
— 6xy — 14y
15x% + 29xy — 14y?

4. A. (4x?y°>)(-2xy)=-8x3y®
B. (@a*b3c)(abc)ab®*c?®)=a*b’c®
C. (-3x2%y)(3xy)(-4xy)=36x"*y?

5. A (y+3)(y+7)=y?+7y +3y +21 =y 2 +10y +21
B. 2x+5)(3x—-7)=6x%-14x+15x - 35=6x%+x— 35
C. 2x—y)(x+5y)=2x2+10xy —xy —5y?=2x2+9xy — 5y ?
D. 2x+3y)2x-3y)=(2x) -3y )*=4x?-9y?
E. (x +3y)*=x2+2(x )3y )+(3y )* = x * +6xy +9y ?
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6. A. (x +2)(3x —1)(2x +3) = [3x 2 +5x —2](2x +3) = 6x > + 10x 2 — 4x + 9x > +
15x - 6=6x>+19x*+ 11x -6
B. (5x =2y )*=(5x)*-3(5x)*(2y) +3(5x )2y )* — (2y )* = 125x * — 150x ?
y+60xy?-8y3

7. A —122%bc 12 at . b’ : f — —442p3c2
3a2b4c 5 a2 bt ¢
. -] 6719554 _ 16 r10 | f f _ 4,362
—4r7st3 -4 7 s 3
4ab® — 6a?bc + 12a3b%*c*  4ab3
c —2ab - —2ab+

" —6a2bc . 12a3b%c*
—2ab —2ab

— —2b% 4+ 3ac — 6a3bc*

10.29 ALGEBRAIC FRACTIONS

One concern with algebraic fractions is that you must be sure that the fraction is
defined. Thus, you need to know what values of the variable will result in the
denominator becoming zero and then exclude those values.

Example:
For what values of the variable will the fraction not be defined?
i

A.

X —7

y+6
B, ———

y+ 10

3x —1

" (x+6)x —5)
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oY —B
(y-1Qy+1)
Solution:
3x : :
A. — Denominator is zero when x =7
6
B. y*o Denominator is zero when y = —10
y+10
3x-1
. ! Denominator is zero when either factor is zero, so
(x+6)(x—5)
whenx=—6orx=>
D %= Denominator is zero when y =1 or y = !
(y-1D2y+1) 2

To simplify fractions to lowest terms, use the distributive property to find the
common factor between numerator and denominator.

Example:

Reduce each fraction to lowest terms.

15x
A
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Solution:

15x 3-5x 3x 5 5

5
3x2 _ 3-x-x 3x X
i 25x°y  batyt-5y 5x2y 5y 15y 51
45x32  5x2y2.9x  Bx%y? Ox 9x  9x
Cm2+m_m-m+m-l_m(m+1)_m+l
m2—-m m-m—m-1 mm—-1) m—1
mn mn n

> 2 — 5m m(m 5) m—>5

10.30 FACTORING ALGEBRAIC
EXPRESSIONS

When factoring polynomials, first look for the common monomial factor in each
term. For example, 15x + 35 = 5(3x ) + 5(7) = 5(3x + 7).

Example:

Factor each polynomial by factoring out the common monomial factor.
2y 3+ 4y 2

4y 5 4 8y 3

3x3y4-9x?y3—6xy?

—2x?y — 8xy?

oSCoOwp

Solution:

A 2y*+dy =2y (y)+ 2yt (=27 (y +2)

B. 4y +8y’=4dy’(y*)+4y’ () =4y°(y*+2)
C. 3x3y*-9x?y?-6xy?=3xy?(x?y?-3xy —2)
D. —2x2y—8xy?=-2xy (x + 4y)

When there are four-term expressions, you can often factor the expression by
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grouping the terms into two groups of two terms and then factoring out a
common monomial factor to get a common quantity. Finally, the quantity is
factored out of each term. For example,

ax +4x+ay+4y=(ax+4x)+(ay+4y)=x(@a@+4)+y(a+4)=(a+4d)(x+y)

Example:

Factor each polynomial using grouping.

A. 5xy +5xz + 2y + 2z
B. ac—ad - 2c+2d
C. 3xm + 3ym — 2x — 2y
D. 3a*+3ab+a+b

Solution:

A. 5xy +5xz +2y +2z = (5xy +5xz )+(2y +2z ) =5x (y +z )+2(y +z ) = (y +z )(5x
+2)

B. ac —ad —2c +2d = (ac —ad )+(-2c+2d ) =a (c —d )-2(c —d ) = (c —=d )(a -2)

C.3xm+3ym—-2x—-2y=3Bxm+3ym)+(-2x—-2y)=3m(x+y)—-2(x+y)=
(x+y)Bm-2)

D. 3a*+3ab+a+b=3a*+3ab)+(a+b)=3a(a+b)+1(a+b)=(a+b
)(3a + 1)

Special products can be used to factor algebraic expressions. Since (a + b )(a
—b)=a?-b?, you can factor the difference of two squares into the sum and
the difference of the square roots of the terms. A perfect-square trinomial has
two perfect-square terms, and the third term, usually in the middle, is plus or
minus two times the square roots of the other terms. Since (a + b )*=a? + 2ab +
b?and (a—-b)*=a?*-2ab+b?, you have the squares of two terms and twice
the products of those terms.

Example:

Factor these algebraic expressions using special products.
A. 25a2*-9

B. x?+4x+4

C. 4-x?

D. 4x? - 20xy + 25y 2
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Solution:

A. 25a?-9=(5a)*-3*=(5a + 3)(5a - 3)

B. x?+4x+4=(x)"+2(x)(2) +2*=(x +2)
C.4-x%2=22-x?=2+x)2-x)

D. 4x?-20xy + 25y 2= (2x )* = 2(2x )(5y) + (5y )* = (2x — 5y )?

Other expressions can be factored using the FOIL method, especially when
the first term is just the variable squared. For example, x ? +6x +5 can be
factored using the fact that you want factors of 5 that add up to 6. (x +1)(x +5) =
x 2 +6x +5.

Example:

Factor each trinomial.
A. x?2-9x+20

B. x?+7x+12

C. x2-29x-30

Solution:
= 9x 420 Since the first term is x%, each binomial will have a first
term of .
(v )x ) Since the constant term is positive and the middle
A =)-) term is negative, the signs for the binomials are ' -."

You need two factors of 20 that add together to total 9.

1(20)=20,1+20=21;2(10)= 20,2+ 10=12,
(x=5)(x-4) h(4)=20,5+4=9.

You can check the answer by FOIL.



Telegram: @GRE346

470 +12 Since the first term is x*, each binomial will have a first
term of x.

B. (x )x ) Since the constant term is positive and the middle
(v+)r+) term s positive, the signs for the binomials are “+.”
(x+3)(x+4) Two factors of 12 that have a sum of 7 are 3 and 4.

¥ -29r-30 Since the first term is x°, each binomial will have a first
term of .
(x )x ) Since the constant term is negative, one binomial
(x4 )x-) hasa "' +"sign, and the other hasa " ~"sign.
C. You need two factors of 30 that have a difference of
-9,

(¥ +1)(x = 30) 1(30) = 30;1-30 = =29. Therefore, the 1 is placed with
the binomial that has the *+"sign, and the 301s placed
with the other binomial.

When the trinomial is in the form of ax 2 + bx + ¢, use the “ac ” method to
find two numbers that add together to yield b . For example, 6m ? — 11m - 10, a
=6,b=-11, c = -10, and ac = —60. You need two factors of —60, one positive
and one negative, that will add together to yield —11. Now 4(15) = 60 and 4—-15
=-11, so you want 4 and —15 as your factors of —60. 6m ? -11m -10 =6m * + (4
—15)m — 10 = 6m * + 4m — 15m — 10. Then use factoring by grouping, 6m 2 +
4m - 15m—-10=(6m?+4m)+ (-15m - 10) =2m (3m + 2) — 5(3m + 2) = (3m
+2)(2m - 5).

Example:

Factor the trinomials.
A. 12a %+ 5ab - 3b 2
B. 6x2+13x+6

C.4x % - 35xy — 9y ?
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Solution:
124% 4+ 5ab — 3b? n=12,b=>5c=-3ac=12(-3)=-36
1207 + (—4 4+ 9)ab - 3b* You need two factors of —36 that sum
to d.
N 120° — dab + 9ab - 3b° —4(9)=-36and -4 49 =5.

(120° — 4ab)+ (b - 3b*)  Group the terms.
4a(30 —b) 4 3b(3a - b) Factor each binomial.

(32 —b)(4a + 3b) Factor the binomial out of each term.

Thus, 122 + 50b - 3b* = (30 - b)(4a + 3b).

bx> +13x 46 1=6b=13,c=6ac=6(6)=36s0both

6x* + (44 9)x +6 factors have the same sign. In this case,

6x* +4x 491 +6 b is positive, so both factors are positive.
B. (6x? +4v) + (9% 4 6) 36 =4(9)and 4 +9=13.

20(3x +2)+3(3x +2)

(3x+2)2x +3)

So, 6%+ 13x +6 = (3x + 2)(2x + 3).

4x* - 35y - 9y’ 1=4b=-3c=-9a=-3,s0 the

4x* 4 (1= 36)xy - 9" factors of ac have opposite signs.

4x* 4 1y = 36wy - 9y’ You need two factors of ~36 that sum

C. (4 +xy)+(-36xy-9y")  to-35.-36=1(-36)and 1 - 36 = -35.
x(4v+y) - y(dx + )

(4x+ ) =9y)
So, x* - 35xy = 9y = (4x + y)(x - 9y).
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10.31 PRACTICE PROBLEMS

1. Reduce these fractions to lowest terms.
35a Sh4cd

 7a2b8c4
3x — 6

B.
12x — 15
2x + dxy

x2 y2

C.

2 . Reduce these fractions to lowest terms.
A Xy — Oy

5x—25
2x +4

B.
7x—F14
JC —: X
Xy -y
3 . Factor these expressions.
25x 2 — 9y ?
5x 2 — 10xy + 30y
x4-1
ax + bx —ay — by
12x 2 - 30x°

mo0Owp»

4 . Factor and reduce these fractions.
N Ul — 57
49x> — 25xy?
3x+7x+4
&@+x—4
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y* + 4y
y?+6y+8
| 4x2 —9
6x2 — 9x

D

10.32 SOLUTIONS

7a2b8c* 7 a2 B8 A
. Sx—6  Bx—2) x—2
12x—15 3(4x-5) 4x-5
C2x-|—5xy_x(2-|—5y) 245y

A
35a°b%c® 35 a® b* ¢° 5
1

X212 X212 - X2
A XY —=Oy _ yx—93)

"Bx—25 5(x—5) 5
2x+4 2Ax+2) 2

B. — — =
7x+14  7(x+2) 7
*—x x(x-1) «x

No

xy—y yx—=1) 'y

3. A. 25x2-9y?=(5x)*—(3y )* = (5x +3y )(5x =3y )

B. 5x%—10xy + 30y = 5(x 2 — 2xy + 6y )
C.x*-1=x*)-1’=x*+Dx*’-1)=x*+Dx+1x-1)

D. ax+bx—ay—-by=(ax+bx)+(—-ay—-by)=x(a+b)-y(a+b)=(a
+b)x-y)

E. 12x%2-30x°>=6x2(2 - 5x3)

4. A.

C
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7x* — 5xy B x(7x — 5y)
49x% —25xy2  x(49x? — 251?)
x(7x — 5y) 1

x(7x +5y)(7x — 5y)  7x +5y
B.3x2—|—7x—|—4:(3x—|—4)(x—|—1):x—l—l
3x2+x—4  Bx+4)x-1) x-1
c Yty yy+d
v¥+6y+8 (y+2)(y+4) y+2
5 4x* -9  (2x+3)2x—3) 2x+3
6x> — 9x 3x(2x — 3) B

10.33 OPERATIONS WITH ALGEBRAIC
FRACTIONS

In addition and subtraction of algebraic fractions, use factoring to help find the
least common denominator for the fractions and to reduce the answer to lowest

terms.

Example:
Combine these fractions and reduce to lowest terms.
AN
10x  15x
. S : 5
4a  6ab
5 3
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2 9

D. _
x2—x x2-1
3 4

—2a—8+a2-|—2a

Solution:

A. LCD(10x, 15x ) = 30x

7.8 2 16 _ %
10x  15x 30x 30x 30x

B. LCD(4a, 6ab ) = 12ab
3+ 5 9 2 10 9b+10
6ab ~12ab ' 12ab  12ab

C. LCD(X y,xy3)=x?y?3

B 3 5y 3x 5y —3«x

xzy xy3 o x2y3 x2y3 o x2y3
D. LCD=x(x-1)(x+1)
2 5 B 2 5
2—x x2-1 x(x-1 (x+Dx-1)
o 2x+1) b
Cax(x+ D -1 x(x+Dx-1)
2x + 2 — bx B —3x +2

E. LCD=a(a+2)(a—-4)

x(x+Dx -1 x(x+Dx-1)
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5 4 3
a2-20—-8 a’+21 (a—-4)@a+2) a(@@+2)
3a 4(a —4)

:a(a—4)(a+2)+a(a—4)(a+2)
~ 3at4a-16  Ta-16

a(a—4)a+2) a(a—4)(a+2)

When you multiply and divide fractions, factor the numerator and
denominator of each fraction and reduce if possible. Then write the indicated
product of the numerator factors over the indicated product of the denominator
factors. In a product, you may cancel a numerator factor with a common factor
in any denominator.

Example:
Multiply these fractions.
x3 2 8
L xy
x2 y x3 y2
a a*—1

B

a—1 a3
6x —6 x*>+4x+4
x2+2x 2x24+2x —4

Solution:
LV xy xey 1oy xyty
Cx2y x8y2 1.1 x2-1 0 a2 X
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a  a*=1 a@+D@e-1) a@-D@+1) a+1

B. ) = = =
a—-1 ad (@ —1)a® a(a — 1)a? 0>

6x—6 x*+4r+4  6(x- ) (@+2)(x+2)
220 W2+20—4  x(x+2) 2x+2)(x—1)
C.
b -Dx+2)(x+2) 3
2x(x D(x +2)(x + 2) X
Example:
Divide these fractions.
3% 2x°
A —— &
5y = 6y’
a+b (a+Db)

Solution:

N 3w B 6y 6y 2%-y-3-3-y0 9
5y 6 5y 23 5y-2xd  2.a%.y.5.x 5
Ba-l—b.(aﬁ—b)?’_a-l-b 12 dat+b3 3

£ 12 4 (@ +bP Matba b (a+by
CPAA6 pytd (2013 628 (+3y-2)

P-4 P-4yt (4= (+2P (y+2p
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Example:

Combine these fractions as indicated.

.xz—x. y—-1 y-1

-1 ¥y—xy

L 2a-1 6a’ — 6 4q3 — 4a
2024+2q 44244 -3 822—-10a 43

A

Solution:
r-x y-1 y-1 k- -1y
o =1 Yy-xy o )= wl-1) y-1

we-vy-y oy
y+ Dy -10-1 -0+ -1
20 -1  6a*—6 4g° —4q

2a?% + 2a T4or12+a —3 812—10a +3

 2a-1 ({4a-3)a+1) 4a@+1)@-1)
T 2a@+1) 6(@a+D@@—1) (4a—3)(2a —1)

B.

_ 4a(2a —1)4a -3)a+D@+D@@—-1) 1

12022 —1)(4a -3)a+D@a@a+1)@—-1) 3

10.34 PRACTICE PROBLEMS

1. Add or subtract as indicated and simplify the results.

11 1

A.
18ab + 18ab
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5 3x - 2
x—4 x+1
. 3 2
22 —g—-1 a24+a-2
2y Y 1

2y + Sgp--2 " 3y2 + 5y —2 N 6y +y—1
2 . Multiply or divide as indicated and simplify the results.
L Xty 5y
oy
3x —12 x-1
3x2 3 2x+4
a’?+7a+10 a+2

a2+10a +25  a+5
(1352 . a2b3 a2 L b2

20 T 4g
12 6a 20 — 4
7{1—21'112—4

C.

D.

10.35 SOLUTIONS

11 1 12 6-2 2
1. A —— 1

18ab 18ab - 18ab B 6-3ab - 3ab
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B. 3x 1 2 3x(x+1)
g—4 gl =D+l
2(x—4)  3x*+3x+2x-8
(x—Dlx+1)  (Gx—dx+1)
3x% 4+ 5x — 8
(x —4)(x+1)
C. 2y Y 1

2y*+5y+2 " 3y2+5y—2 612 +y—1

o 29 y_ 1
C@y+Dy+2) Gy—Dy+2) By-D2y+1)

_ 2yBy—D+yQRy+1)—-1(y+2)
By—-DQ2y+1)(y+2)

6y —2y+2yt+y—y—2
- By-DEy+1)(y+2)
- 8y?—2y—2

- By-DQ2y+1)(y+2)




Telegram: @GRE346

D. 2y Y 1
2 T "
2y°+5y+2 3y +5y—-2 o6y +y—1

n 20 y_ 1
C @y+Dy+2) Gy—Dy+2) GBy—D2y+1)

_ 2yCBy—D+yQRy+1)-1(y+2)
By—-DQy+1)(y+2)

6y —2y+2yt+y—y—2
By—1DQy+1)(y+2)

- 8y*—2y—2
By—-1)2y+1)(y+2)
N *+xy Sy _ x(x+y) -5y 5

xy -y xy+yx—y  x—y
B.3x*—-12 x-1  3(x*-4) x —1
3x2—-3  2x+4  3(x2-1) 2(x+2)

- B3 +2)x—2)x—1) x—2

6 +2)(x+1D(x—1)  2(x+1)
a*+7a+10 a+2 (a +2)(4::t+5)‘1r1+5_1

C. == — —
a2+10a+25 " a+5 (a+5)(@a+5) a+2
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D. g3p2 — q?p® g2 — b2

20 " g

~ a*b*(@a - b) 4qa 2q°bh*

T 21 (@a+ba-b a+b
E.12—-6a 2a—-4 —6(a—2)

7a —21  a2—4  7(a —3)
@+2)a—-2) -3@a-2)@a+2)
2@ —2) 7(a — 3)

10.36 ALGEBRATEST 2

Use the following test to assess how well you have mastered the material in this
chapter so far. Mark your answers by blackening the corresponding answer oval
in each question. An answer key and solutions are provided at the end of the test.
1. Which is the value of C when F = 68, using the formula F = 1.8C + 327?

A

@ 2

(B) 18

(C]) 20

—
(D) 338

() 3

2 . Which is the value of whena=5and b =107

a-+b
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g —
D) —=

(B) -

3 . Which is the value of 3x > y — 5xy * when x = -2 and y = —-3?
(A) -306
(B -126

[ '-C_F.! -54
(D) 234
(E) 306
4 . What is the value of v when V =45, g = 32, and t = 5 using the formula v =
V+gt?
@ »
(B 205
| {_.-'I 257
(D] 385

(E) 7,200

5x* 4+ 3x — 2y
"+ —2x% — 8x +2y°
@ 3x4—5x?
@ 3x*-5x2+y*
@ 7x 2+ 1x — 4y 2
@ 3x % — 5x

5 What is the sum?
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L_E 3x2-5x+y?
3¢g2 —6ab —2b>
- 4612 4 861 b _ 8b2 What is the difference?

@ —a?+2ab - 10b?2
[@ ~a? - 14ab - 10b 2
ﬂ 7a?— 14ab — 10b 2
(D) 7a%+2ab~10b>
LT-_J 7a?— 14ab + 6b 2
3x* — 53
7. What is the product?

X—dx +4

A 105 3

(A) -15°-20x

(B 25x3+ 12x*

[:_c:_'W —15x %+ 37x * — 20x ?
(D) -15x°+25x*+4
=3 4 _ 3 _

L_EJ 3x4—-5x3-5x+4

12a°b3 — 28a*b*

8. What is the value of the quotient?
4ab?
(A) 3ab-28a*b*
(B) 12a%b*-7ab?
L_T'j, 3ab-"7a*b?
(D) 8a2b-22a°b?

6

9. Which is equal to (3x — 5)* ?



Telegram: @GRE346

@ 9x 2 + 25
[E 9x 2 - 25
Fj 9x 2 — 15x + 25
(D) 9x2-30x+25
LT-_J 9x 2 + 30x + 25

10 . Which expression is not defined when x = 4?
x—4

A
ij+4

(B

ol
©
ICG] x—4

E )
(=) N
11 . Which is 25x * — 49 factored completely?
(A (25x— 1)(x +49)
(B Gx—7)5x+7)
(C) Gx-7)(7x-5)
(D) Gx+7)(x+7)
(E) Gx-7)(x-7)

12 . Which is 3x > + 10x + 3 factored completely?
(A) Gx+3)x+1)
B
(B) Gx+Dx+3)
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(C) Gx-1x+3)

(D) Gx+1)x-3)
(E) Gx-1)x-3)

13 . Which is 10x 2 + 11x — 6 factored completely?
(A) Gx+2)(2x-3)
(B) (0x-1)(x +6)
(C) Gx+2)(2x+3)
(D) @ox+1)x-6)
(E) Gx-2)(2x+3)
x?+2x —8

14 . Which is reduced to lowest terms?
Xt —x—2
x+4

@&

(B)
©
i

(E)

- 2

?

15 . Which is equal to
x2—x x2-1
X+ 2

(&)
x(x —1D(x+1)
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2
x(x —1)
2(x + 2)
x(x —1)(x +1)
A

x(x +1)
4

X

(=

G

= ©

2 A1

16 . Which is ; in simplest form?
a+1 ad

a+1
a2

a(a+1)

g— 1

GRCRE

©

(=

3 9

17 . Which is equal to — ?

a+2 a-—2

w4
a
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-

a—2
2a +1

(@a+1)(@—-1)
4(2a +1)
O (@a+2)@—-2)
8a
® (a+2)@a—2)
[ o a-=3
a2 —5a+6 a—2

(=

|'__""I-

—

18 . Which is in simplest form?

OF

1
B )
2 (@ — 3)?

1
© @2
3

D)
® 2(a% — 5a + 6)

2
E
® 3(a? — 5a + 6)

19 . Which is 9x ? — 42xy + 49y ? factored completely?
— 2
(A) Gx-7)
(B (3x+7)

(C) Gx-7yy
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(D)
(B)

(3x + 7y )?
(9x — 49y )?

20 . Which is x 2 — x — 30 factored completely?

(x —5)(x + 6)
(x +5)(x — 6)
(x—3)(x—-10)
(x —5)(x—6)
(x +5)(x + 6)

ALGEBRA TEST 2
Answer Key

1.C
2.C
3. A
4. B
5.D
6. E
7. C
8. C
9.D
10. E
11. B
12. B
13. E
14. A
15. C
16. C
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17 .
18.
19.
20 .

W O W o

10.37 SOLUTIONS

1.C20
F=18C+32,F=68,68=18C+32,36=1.8C, C=20

1

2. Ceo—

3
a-b 5-10 -5 -1

i+b 5+10 15 3

3. A-306
3x 2y = 5xy 3= 3(-2)? (-3) — 5(-2)(-3)* = —36 - 270 = -306

4. B205
v=V+gt, V=45 g=32,t=5y =45+ 32(5) = 45 + 160 = 205

5. D3x%-5x
5x% + 3x — 2y°
+ —2x* — 8x + 2y°
%= — B%

6. E7a?-14ab + 6b*?
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3a% — 6ab — 2b?
— —40* + 8ab — 8b*
7a% — 14ab + 6b?
7. C-15x°>+37x*—-20x°3
% — B
X —bx +4

—15%> 4 25x*
L 12%* — 20%°

—15x° 4 37x* — 20x°
8. C3ab-7a3b?
124%b° — 284%b*
4ab?

9. D 9x2-30x+25
(3x —5)*=(3x)*-2(3x)(5) + 52 =9x 2 — 30x + 25

— 3ab — 7a°b?

10. E

x—4

3 3 |
— ———— — — Not defined.
x—4 4-—-4 0
11. B (5x—-7)(5x + 7)
25x% =49 =(5x)* = (7)* = (5x = 7)(5x + 7)
12. B (3x+1)(x+3)
3x2+10x +3=3x + 1)(x + 3)
13. E (5x —2)(2x + 3)
10x %+ 11x - 6, 10(-6) = —60, 15(-4) =60 and + 15 -4 =11
10x 2+ 15x —4x — 6 =5x (2x + 3) — 2(2x + 3) = (5x — 2)(2x + 3)
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x+4

x4+ 1
X +2x—8 (x+4H(x—-2) (x+4)

x2—x—2  (x+1D)x-2) (x+1)

14. A

15. C £+ 2)
ox(x+1)(x—1)
f2 4 D)
xz—x_xz—l_x(x—l) x+Dx -1 x(x+Dx-1)
Codx+4-2r . 44 2Ax+2)
_x(x+11)(x—1)_x(x+1)(x—1)_x(x—1)(x+1)
b
16. C -
i a*—1 a*a+1@—-1) a-1
i+1 @ ada+1) o«
4(2a +1)

17.D(Q-|—2)(61—2)
3 5 3-2)+5@+2) 3a-6+51+10
12 is2  a+0a-2 @+)@-2
8a + 4 4(20 +1)

(a +2)(% -2 (@+2)(@-2)

18.

" (@ -3y
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1 n-3 1 q—2 1 1

=516 1-2 @-3-2 1-3 @-3@-3) (-3
19. C (Bx—7y)?

9x 2 —42xy +49y ? = (3x ) +2(3x)(=7y )+ (=7y )*=(Bx = 7y )?
20. B (x+5)(x—6)

Because a = 1, you need two factors of ¢ = —30 that add up to b = —1.
Because 5(-6) = -30and 5 + (-6) = -1, x 2 — x — 30 = (x + 5)(x — 6).

10.38 SOLVED GRE PROBLEMS

For each question, select the best answer unless otherwise instructed.

Quantity A Quantity B

10— 5 x 2 (10 — 5) x 2
[E Quantity A is greater.
[E Quantity B is greater.
L?:: The two quantities are equal.
(I::‘-'h‘j The relationship cannot be determined from the given information.

2 . Which illustrates the distributive property?
[E13x19:19x13
(Bxx@xy)=(xx8)xy
(C)5x(8+2)=(8+2)x5
(EES+8Xw=5Xw+8

g

E1@3+w)x7=3x7+wx7
Sipas

For this question, enter your answer in the box.
3. What is the value of 2x * - x when x = -3?
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4 . Which of these equations has —4 as its solution? Select all that apply.

Al—x=-4

b [16x=-4

L |8-x=4

)| 2x-5=-13
E |-2x=8

Quantity A Quantity B

x* when x = -2 y > wheny=>5
[__E Quantity A is greater.

5)

( B | Quantity B is greater.
[ | The two quantities are equal.

I':I-J-'hil The relationship cannot be determined from the given information.

10.39 SOLUTIONS

1. B Quantity B is greater.
10-5x2=10-10=0and (10 -5) x2=5x2=10.

2.E B+wW)x7=3x7+wx7
The multiplication by 7 is distributed over the quantity (3 + w ). This is an

example of the distributive property.

3.1 =51

2x3—x=2(-3)° - (-3) =2 (-27) + 3= -54 + 3 = -51.
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4. DandE 2x-5=-13and -2x=8

2(-4)-5=-8-5=-13 and —2(—4) = 8, so both D and E are correct.
5. A Quantity A is greater.

If x = -2, then x 2 = (=2)* = 4, and if y = 5, then

=07 = 125

10.40 GRE PRACTICE PROBLEMS

For each question, select the best answer unless otherwise instructed.
1. What is the sum of 2r > - 5rs +6s 2 and —3r > +5rs +11s 2 ?
[__E 5r2—10rs + 17s 2
[E 5r2—10rs — 5s 2
L@ —r2+17s?
(E‘j—r2+rs+ 1752
LE —r*+17s*
2 3?63 5 2x2 What is the product?
X x*—3 '
[__E 3x %+ 6x 2
[E 3x 5 — 6x 2
L@3X5—2X4—9X3—6X2
(Eﬁ3x5—2x4—9x3+6x2
[:Eh_'j?;x5+2x4—9x3—6x2

Quantity A Quantity B
3.

X x>

Lﬂ Quantity A is greater.
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[E Quantity B is greater.
[ | The two quantities are equal.

Ii:l-,‘-'h? The relationship cannot be determined from the given information.

For this question, enter your answer in the box.

4. If A = 6s? and s = 4, what is the value of A ?

5. What is the value of i when i = prt ; r = 4% per year; p = $7,000; and t =
2 years?

L@ $56
(B)$140
(C)$280
(D] $560
LE-_j $5,600

Quantity A Quantity B
54+ (4+8) (5+8) +4

[__:13 Quantity A is greater.

6

[E Quantity B is greater.
[ | The two quantities are equal.

Ii:l-,‘-'h? The relationship cannot be determined from the given information.
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10.

Quantity A Quantity B

The product of 8 and 4 decreased by 3 The product of 8 decreased by
3 and 4 decreased by 3

@ Quantity A is greater.

[E Quantity B is greater.

@ The two quantities are equal.

ICG] The relationship cannot be determined from the given information.

. Which is the value of 3x >y > when x = -3 and y = -2?

@ ~972

Quantity A Quantity B

9C + 160
1.8C +32when C =20 —; when C = 20

e : :
[__:13 Quantity A is greater.

[E Quantity B is greater.

@ The two quantities are equal.

ICG] The relationship cannot be determined from the given information.
Which is equal to (5x — 7y )* ?

A 2 _ 2

Lﬂ 25x ¢ — 49y

[@ 25x 2 + 49y 2

@ 25x 2 — 35xy + 49y 2
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(I_J'h‘j 25x 2 — 70xy + 49y 2
LEE 25x 2 + 70xy — 49y 2

ANSWER KEY
1.C
. D
3.D

© N U
OO wp»O0OU

10.

10.41 LINEAR EQUATIONS

A linear equation in one variable has the form ax + b= 0 if a # 0 and its

solution is v — — — . It is linear since the variable is raised to the first power.

a
The general procedure for solving linear equations is:

1. If there are parentheses in the equation, perform the operations needed to
remove them.

2. Combine like terms, if possible, on each side of the equation.

w

Get all terms containing the variables on one side of the equation.

4. If there is a constant term on the variable side of the equation, undo the
operation so that the constant is zero.

5. If the coefficient of the variable is not a positive one, divide each side of
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the equation by the coefficient.
6. Check the solution in the original equation.

Ax+3)=3(x-1)+4

2r+6=3r-3+4 Remove parentheses.

2+6=3r+1 Combine like terms.

2+6-3r=3r+1-3r  Togetall variable terms on left, add -3x.
-1+6=1 Combine like terms.

~X+6-6=1-6 To get the variable on one side by itself, add 6.
-X=-5 Combine like terms.

=§ =)

—ch =7 Divide each side by -1.

r=9

Check: Left side: 2(x + 3) =2(5+ 3) =2(8) = 16
Right side: 3(x - 1) +4=3(5-1)+4=3(4)+4=12+4=16
Since 16 = 16, x = 5 is a solution of the equation.

Example:

Solve each equation for x .

A x+8-2(x+1)=3x-6

B. 3x+2=6x-4
C.2x+3)=5(x—-1)—-7(x—3)
D.3x+4(x—-2)=x—-5+312x—-1)
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Solution:

Ax+8—-2(x+1)=3x—-6
X+8—-—2x—-2=3x—6
—X+6=3x—-6
—x+6—-—3x=3x—6—3x
—4x +6 = —6
—4x+6—-6=—-6-—6

—4x = —12
—4x B —12
—4 -4

x =23
B.3x +2=6x —4
3x +2—6x =6x —4 —6x
—3x+2=-4
—3x+2—2=-4-2
—3x = —6
—3x —6
~-3 =3
= 2
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C2(x+3)=5(x—-1)—7(x —3)
2x +6=5x —5—7x+21
2x +6 =—-2x+16
4x +6 =16
4x = 10

X = —
2
D. 3x+4(x—-2)=x—-5+3(2x—-1)
3x+4x-8=x-5+6x—-3
7x—8=7x—-8
This is an identity equation, so the equation is true for all real numbers.

1042 LITERAL EQUATIONS

Literal equations are equations in which some of the constants are letters, not
specific numbers. The literal equations you encounter most often are formulas.

d

For example, d = rt can be solved forrto get y — —.

t

Example:

Solve each equation for the letter indicated.

A. A=0.5(h+b)forh
B. 6k=3(l+w)—-2hforh

- 2a — 3b _3a—20

- Tfora
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D.A=P+irtfor P

Solution:

A. A=0.5th+b)forh
2(A)=2[0.5(h + b)]
2A=1(h+b)
2A=h+b
2A-b=h
h=2A-b

B. 6k = 3(l + w) — 2h for h
6k — 3(l + w) = —2h
—6k + 3(l + w) = 2h

3(l + w) — 6k

=h
2
o 3(] + w) — 6k
N 2
C.2a—3b 3a-—2
— fora
% b

b(2a — 3b) = c(3a — 2c)
2ab — 3b*? = 3ac — 2c¢?
200 — Bh- —.3a6 = —2¢-
2ab — 3ac = 3b% — 2¢?
a(2b — 3c) = 3b% — 2c?

3h* — 2¢?
0 =
2b — 3¢
D. A=P +irtfor P
A-irt=P

P=A-irt
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10.43 EQUATIONS WITH FRACTIONS

A fractional equation is an algebraic equation with the variable in the
denominator of a fraction. You have to be sure that any answer that you get will
not make the denominator zero, which would cause the problem to be undefined.

For example, if — — 2 , then 4 = 2x and x = 2. You have to check to see if

ok
x = 2 makes the denominator zero, and in this case it does not. So, x = 2 is the

solution.

- 1

In - — _,yougetd4x=xand3x=0,s0x=0.Checktoseeifx=0

X X

makes the denominator zero, and in this case it does. Thus, x = 0 is not a
solution.

Example:

Solve these equations for x .

3 4 1

X 5x:iﬁ
2 6

B. _— =
x—1+x x—1

¢ 2 44"
x —3 - x—3
1 8

Solution:



Telegram: @GRE346

A3 4 1
2 = LED=10
% B5x 10 *

3 4 1
10x(2 - =) = 10x( =
Ox(x Sx) x(10)
30-8=x

22 = x Solution, since only x = 0 is not allowed.

.2 6 5
? - LCD = x(x — 1)
x—1 x x—1

5
x—1

2 6

x(x—l)(x_lJr;) =x(x —1)

2x +6(x — 1) = 5x
2x +6x —6 —5x =5x — bx

6 — 6="0
3x—6+6=0+6
=6

3x_6

3 3

x = 2 Solution, since only x = 0 is not allowed.
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C.

3 %
4 —
:vc—3Jr x—3

3 s
-3 41| =(x—-3
* (x—SJr ) (x )x—3

3+4(x—3)=x
3+4x—-12—x=x—x

s — 9 =1

3x—94+9=04+9

=9

B _ 9

3 3

XI 3 Not g soluti(gl, since x = 3 is not allowed.

— +2=2 LCD=10

2x+5 X *
1 8 3

10x( — + =] =10x- =

x(2x+5) * X

5+ 8(2x) =103

5+ 16x = 30

5+16x —5=230—5

16% = 25

I6x 25

16 16
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25

X — —— Solution, since only x = 0 is not allowed.
16

These equations contain fractions, but they do not have variables in the
denominator of the fractions. They are equations containing fractions but are not
fractional equations.

Example:

Solve for x .

5
' i) 2
B. - — _ — _
6 2 3
C9x—|—1_x+1
64 B 3
X — X
D. s — . ]
3 5+

Solution:
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A2x 4 9

— —=== LCD=5
5 5 5

2x 4 9
5| — - =] =5{ =
(5-5)=2()
2x—4=9
2x—4+4=9+4
2x =944
2 =15
2x_13

5 P
x—13

2,

B. x

——=—=—= LCD=6¢6
6 2 3

x 1 2
6] ——=)=6| =
(5-2)=°()
x—3=4

x—34+3=4+3
X=7
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C. 9% +1 il
—x+- LCD=6
6 T3
O9x + 1 1
6 — 6 =
( 6 ) (”3)
9% +1=6x +2

= ] — 08 =6x+ 2 =6%
SEtl=2
3x+1-1=2-1

o=
ol
3 3

1

X =
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D.x —4 x
=—4+2 LCD=15
3 5jL

x—4 X
15( . ) =15(g+2)
5(x — 4) = 3x + 15(2)

5x — 20 = 3x + 30
55 — 20 —3x =3x + 30 — 3x

2x — 20 =30

2x —204+20 =30+ 20
2x = 50

2 _ 50

5 B

x =25

10.44 EQUATIONS THAT ARE
PROPORTIONS

Proportions are equations with two fractions equal to each other. The equation
may or may not have a variable in the denominator of a fraction.

Example:

Solve for x .
A.G-x):(x+1)=2:1
B. (x+3):10=(3x-2):8
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Solution:

AbGB—-—x):(x+1)=2:1
5—x 2

x+1 1

16 —x)=2(x+1)
5—x=2x+2
5—x+x=2x+2+x
5=3x+2
5—-2=3x+2-2

& = I

1. =0

X =1

Solution, since only x = —1 is not allowed.
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B.(x4+3):10=03x—-2):8
x+3 3x-—2

10 8
8(x +3) = 10(3x — 2)
8x + 24 = 30x — 20
8x +24 — 8x = 30x — 20 — 8x
24 = 22x — 20
24 +20 =22x — 20+ 20
44 = 22x
2= x

Solution, since all real numbers are allowed.

c.4 2

x 7
4(7) = 2(x)
28 = 2%

14 = x

Solution, since only x = 0 is not allowed.

D.x—|—3_3

x—2 2

2(x+3) =3(x — 2)

2x +6=3x —6
2x+6+6=3x—-6+6
2x+12 = 3%

2x +12 — 2x = 3x — 2x
12 =%
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Solution, since only x = 2 is not allowed.

10.45 EQUATIONS WITH RADICALS

When an equation contains a radical, remove the radical by squaring each side of
the equation after you get the radical on one side alone. When there are two
radicals, get one radical on each side of the equation before squaring it.

Example:

Solve these radical equations for x .

A-\/§—7:17
B./10x +10 =2
C. o/ —2x=8

D- /10 — 2x = 1/3x + 25

E/bx—1=,/2x+8
Solution:

A/8x =7 =17
\/8x =24

(v/8x)" = (24
8x = 576
x =72

B-/10x +10 =2
v/ 10x = =8

No solution because the principal square root is never a negative number.
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c.\/=2x =8
(y2)" =8
—2x = 64
X =—32

D. \/10—2x = \/3x+25

(V10— 2x)" = (\/3x + 25)°
10 —2x =3x + 25

10 — 5x =25

—5x =15

X =-3

You have to check to be sure each radicand is non-negative.
10-2x=10-2(-3)=10+6=16>0
3x+25=3(-3)+25=-9+25=16>0

x = —3is a solution.

e /Bx—1=./2x+8
(V5E=1)" = (y2x +8)

50 —1=2x+38
Bi—=1=15
o=

X =5

10.46 PRACTICE PROBLEMS

1. Solve the equations for x .
A 7x+8=1
B. 8-8x=-16
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C. 5x—-4=21
D. 9-2x=15
E. 9x-5x+13=3x+6

2 . Solve these equations for y .
A 2(y+3)=-4(y+2)+2
B. 32y +1)-2(y-2)=5
C. 4y-9)=8(y-3)

D. 2y+3(y—-4)=2(y-3)
E. 6y—-3(5y+2)=4(1-y)

3. Solve for the indicated letter.
A. P=21+2wforl

B. P=a+b+cforc
C. A=lwforw

1
D. A= (B +bh for B
E. C=2narforr

4 . Solve these equations for x .

oKX 9x
AT 420 =13
84 +22
X X
B.— — =~ = 13
3 4
o X -8 N 8 —x
5 5 3
5. Solve these equations for y .
1 2 3
A—+—=3——

Yo A Yy
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6 . Solve these equations for x .

9 3
A —
x 38
16 2
B. _ — =
b4 Z
4 10
C. —
x—2 25
D.x—2:x+6
S 5

7 . Solve these equations for y .

A /12y+1=,/25—-12y

B. /7y —5=23
C.\/y+1=,/21+5y
D. /3y + 21 = 33
E. /5y +8=—-2

10.47 SOLUTIONS

1. Solve the equations for x .
A 7x+8=1

7x=-7
x=-1



Telegram: @GRE346

B. 8 -8x=-16
-8x=-24
x=3

C. 5x-4=21
5x =25
X=D5

D. 9-2x=15
-2x=6
x=-3

E. 9x—-5x+13=3x+6
4x+13=3x+6
x+13=6
x=-7

2 . Solve these equations for y .

A2y +3) = —4(y +2) +2
2y+6=—-4y—8+2
2y +6=—4y —8+2
2y+6=—-4y—6

6y—+6=—6
6y = —12
y=—2

B.32y+1)—2(y—2) =5
6y+3—-2y+4=>5
dy+7=>
4y = -2

1

2
C. 4y -9)=8(y-3)
4y — 36 = 8y — 24
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-4y — 36 = -24
-4y =12
y=-3
D. 2y+3(y—-4)=2(y-3)
2y+3y—12=2y -6

Sy—-12=2y-6
3y—-12=-6
3y=6

y=2

E. 6y—-3(5y+2)=4(1-y)
6y — 15y -6 =4 -4y
-9y -6=4-4y
—-5y-6=4
-5y =10
y=-2

3. Solve for the indicated letter.
A. P=2l+2wforl

P —2w = 2]
P—»Zw_l
> —

B. P=a+b+cforc
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1
A= E(B + b)h for B

2A = (B + b)h
2A = Bh + bh
2A—bh = Bh

2A—Dbh
h

E. C=2nrforr
C
2
4 . Solve these equations for x .

A. 3x bx
4+ = =13
4 2
3x + 2(5x ) = 4(13)
3x +10x =52

13x =52

=B

7

4(8x ) + 3(-2x ) = 12(-13)
32x — 6x = —156
26x = —156
xX=-6
c.x—8 8 —x

3 i 5 3
3(x—8) +3(8) =5(—x)
3x — 24 + 24 = -5x
3x = —5x
8x=0
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x=0
5. Solve these equations for y .

A1l 2 3
_I__

= —+ =~ LCD =24y

3 1 4 1
Uyl = — =) =24y — + =
y(‘ly 6> y<8y+2>

6(3) + 4y(—1) = 3(4) + 12y(1)
18 — 4y = 12 + 12y

18 =12 4 16y
6 =16y
6_

E_y
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» = LCD =y(y - 1)
y y—-1 y-1
y—1+y=>3y
2y —1=>5y
—1 =3y
1_
c. 3
6 . Solve these equations for x .
9_3
A X 38
3x = 342
x=114
16_2
B. x 7
2x = 112
x =56
4 _10
cx—2 25
10(x - 2) = 25(4)
10x — 20 = 100
10x = 120
x=12
x—2_x+6
pp 3 5

5(x—-2)=3(x+6)
5x-10=3x+18
2x —10=18
2x =28
x=14
7 . Solve these equations for y .
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VIZy+1= /2512y
(VI2y +1)° = (/25 — 12y)°
12y +1 =25 — 12y
2d4y+1=25
24y = 24

aAy=1
V7y—5=23
7y =28

(V7y)" = (287
7y =784
.y =112

Vy+1=/21+5y
(Vy+1) = (/21 +5y)°
y+1=21+5y
1=21+4y
—20 =4y

c.—O=Y

Since each radicand becomes negative when y =—5, =5 is not a solution.
No solution.
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V3y +21 =33
3y =12
(v3y)" = (127

3y = 144

V/5y +8 =2

Sy=t — 1)

No solution, because the principal square root is never a negative
number.

E.

10.48 SYSTEMS OF LINEAR EQUATIONS

A system of two linear equations in two variables has a solution when there is a
point (x, y ) that makes each of the equations a true statement. There are
graphical and algebraic methods for finding the point if one exists.

Example:

Graph each system and find the solution.
A. 2x-y=4andx+y=05
B. 3x—-y=-6and 2x+ 3y =7

Solution:

A. () for2x-y=4

x| —1] 0 | 1
y | —6 | —4 | -2

(2)forx+y=5
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x | —1

s

y| 6

Q1
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B. (1)3x-y=-6 !
x| -2 —-110
y| 0 | 3 |6
2Q)2x+3y=7
x| =11 2] 5
y| 3 | 1| -1
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Figure 10.2

When you use the elimination method , you choose a variable to eliminate
and multiply each equation as needed so that the variables have the same
coefficient but with the opposite signs. Then add the equations and the chosen
variable should be eliminated. After that, solve the resulting equation and then
substitute into a given equation to find the value of the second variable.

Example:

Solve these systems of equation by elimination.
A. 5x+2y=3and 2x + 3y =-1
B. 2x-3y=7and3x+y=5

Solution:

(1)5x+2y=3 2)2x+3y=-1 Eliminate x, LCM (5, 2) = 10.
2x(1) 10x+ 4y=6 Substitute y = ~1 into (1).
=5x (2)-10x - 15y =5 hr+2(-1)=3
-1y =11 hr-2=13
)=~ St
¥=1

A. (x/ y) = (1/ _1)
(2 -3y=7 2)3x+y=5 Eliminate y, LCM (3,1) =3.
Ix(1) 2=3y=7 Substitute x = 2 into (1).
Ix(2) 9x+3y=15 22)-3y=7
1x =2 4-3y=7
x=2 -3y =3
y=-1

B W=02-1)
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The substitution method of solving a system of equations requires you to
solve one equation for one variable in terms of the other and then substitute that
value into the other equation.

Example:

Solve these systems of equations by substitution.
A. 2x+y+1=0and3x—-2y+5=0
B. 3x+2y=13and 4x -y =—1

Solution:
()2x+y+1=0 (2)3x = 2y+5=0Solve (1) for y
()2x+y+1=0
fj=-24~1 Substitute x = =1 into y = -2x - 1.
(2)3xr-2y+5=0 y=-2-1)-1=2-1=1
I =2-2v-1)+5=0 y=1
Jr+dr+2+5=0
7x+7=0
7% =-7
r=-1
A. (W):(—L 1)
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3r+2y=13and4x-y=-1
(1)3x+2y=13 (2)4x—y=-1 Solve (2)fory.
(2)4x-y=-1
r+l=y Substitute ¥ = 1into y = 4x + 1.
(1)3x+2y=13 y=4(1)+1=441=5
3x+2(4x+1)=13 =5
Jx+8x+2=13
1x+4+2=13
1x=11
y=1

10.49 PRACTICE PROBLEMS

1. Solve these systems by graphing.
A. 3x+y=3and x + 2y =4
B. 3x+y=3and 3x -2y =3

2 . Solve these systems by elimination.
A. 2x+ 3y =2and 4x — 2y =—12
B. 2x+y=3and2x +2y =6

3. Solve these systems by substitution.
A. 2x+y=6and 3x — 6y =24
B. x+ty=3andx-y=4

10.50 SOLUTIONS

1. A. 3x+y=3andx+2y=-+4
1)3x+y=3
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X —1 0 1

Y 6 3 0
(2) x + 2y =-3

x | =2 0 4

| —L | —2 | =8




Telegram: @GRE346




Telegram: @GRE346

Figure 10.3

B. 3x+y=3and3x -2y =3

()3x+y=3

x| =1/ O 1

y| 6 | 3] 0
(2)3x—-2y=3

x| =1 1| 3

y| =3 0o 3
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Figure 10.4
2 . Solve these systems by elimination.
(1) 2x + 3y =2

(2) 4x — 2y = —12

2x (1) 4x+6y= 4
3 x (2)12x — 6y = —36
16x = —32

¥ = —2

A. (.?C, ]/) — (—2, 2)
(1)2x + y =3

(1) 2% =23
=l x 2)—-2%—2y= —6

—y=—3
V=39
B. (xr y) — (0, 3)
I)2x+y=6
Solve (1) for v.
Y = =2X+6
Substitute into (2).
3x —6(—2x +6) =24
3x +12x — 36 =24
15% = 60
x=4
3. A. (x, y) = (4, _2)

Eliminate v.

2x +3y =2
2(-2)+3y =2
—4 + 3y =2
3y =6

y=2

(2)2x +2y =6
Eliminate x.
2x+y=3
2x+3=3

2x =0

x=0

2) 3x—6y=24

y=-—-2x-+6
y=-8+6
y=—2
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1)x+y=3 2) x—y=4

Solve (2) for x. x=y+4 x=y+4
Substitute

into (1). y+4+y=3 x=-5+4

2y =—1 x =30
1 = —D
p &) =35, =)

10.51 LINEAR INEQUALITIES

An inequality is a statement that two quantities are related by less than, <,
greater than, >, less than or equal to, <, or greater than or equal to, >. Linear
inequalities in one variable are solved by methods similar to those for linear
equations, with one major difference. When multiplying or dividing both sides of
an inequality by a negative, you must change the direction of the inequality
symbol.

Example:

Solve these inequalities for x .
A. x+2>7

B. 3x<9

C. x-6<-5

D. -2x>6

Solution:

A . x+2>7
x+2-2>7-2
x>5

B. 3x<9
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3x 9
s — < i
3 3
X5

C. x—-6<-5
X-6+6<-5+6
x<1

D. 2x>6
—2x 6
e — < —
—2 —2
X =L —0

Since you divide by negative 2, change the direction of the sign.

10.52 PRACTICE PROBLEMS

Solve each inequality for x .
1.2x+7<15

. 7x—=529

. —bx +5<17

. 2x+13>-41

4B -x)=22(x—3)

. 0<2x+7-9x

. 23-8x<5+X
.3x—-4>2x-9

. 3x—2+Xx<5x

. A4(—x+2)-(1-5x)>-8
. 6(10 —-x)+3(7—-2x)<45

O© 00 NN O Ul AW DIN

= =
[ )

10.53 SOLUTIONS

1. 2x+7<15
2x+7—-7<15-7
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2x <8
x<4

2.7x-529
7x > 14
x=>2

3. 6x+5<17
—-6x <12
x>-2

4. 2x+13>-41
2x > =54
x> =27

5.4B3-x)>2(x—-3)
12-4x>2x—-6
12 — 6x >—6
—-6x >—18
x<3

6. 0<2x+7-9x
0<-7x+7
7x<7
x<1

7.23-8x<5+x
23-9x<5
-9x <-18
x=>2

8.3x-4>2x-9
x—4>-9
x>-5

9. 3x—-2+x<5x
4x — 2 < 5x
-x—-2<0
-x<0+2
x>-2

10. 4(—x+2)-(1-5x)>-8
-4x+8-1+5x>-8
x+7>-8
x>-15
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11. 6(10 —x) +3(7 - 2x ) <45
60 — 6x + 21 — 6x < 45

81 - 12x <45
-12x < -36
x>3

10.54 QUADRATIC EQUATIONS AND
INEQUALITIES

A quadratic equation in one variable is an equation of the form ax ? +bx +c =
0 where a, b, and c are real numbers and a # 0. Quadratic equations are
generally solved by two methods: factoring and the quadratic formula. Some
quadratic equations cannot be factored, but all quadratic equations can be solved
by the quadratic formula.

The zero product principle is the basis for factoring. If a and b are real
numbers and ab = 0, then a = 0 or b = 0. To solve a quadratic equation using this
property, you must have one side of the equation equal to zero.

Example:

Solve each equation by factoring.

A. x2+4x=21

B. 2y?-y=1

C. 5x2+15x=0
D. 9y2=7(6y - 7)
E. (x+6)(x—2)=-7
Solution:

A. x2+4x=21

x?2+4x-21=0

x+7)x—-3)=0

x+7=00rx—-3=0

x=-7o0rx=23

The solutions are —7 and 3.
B. 2y?-y=1
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2y?2-y-1=0
@+ Dy -1)=0
2y+1=0o0ry—-1=0
2y =—lory=1

1

2

The solutions are — __ and 1.

2

C. 5x2+15x=0
5x(x+3)=0
5x=0orx+3=0
x=0orx=-3
The solutions are 0 and —3.

D. 9y?="7(6y - 7)

Oy 2 = 42y — 49
9y2—-42y+49=0
By-7)3By-7)=0
3y—-7=0o0r3y-7=0

y=7o0r3y=7
7 7
7=3.773
7
The solutions are both 3

(x+6)(x-2)=-7  (Note that the equation does not equal zero.
(*+4r-1247=0 Multiply out and get the equation to equal zero.)
¥ 4+4x-5=0
(x+5)x-1)=0
y+5=00rx-1=0
y=-dorx=1

E. The solutions are =5 and 1.
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. —b £ /b% —4dac

When ax ? + bx + ¢ #0 and a = 0, then 24
If b * — 4ac is negative, the quadratic equation has no real roots.

Example:

Solve each equation using the quadratic formula.
A 3x*+4x-4=0

B. y?-4y+3=-y?2+2y

C. x-1Dx+3)=-5

D.4y?-8y+3=0

Solution:

A. 3x%2+4x-4=0
a=3b=4,c=4
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| —4+ /2 43)(—4)

T 2(3)
—4+ /64
=T
4438
-
__—4+8  —4-8
6 6
4 _12
XZEOI'XZT
ngorxz—Z
2

The solutions are 3 and —2.

B. y?-4y+3=-y2+2y
2y?2-6y+3=0
a=2b=-6,c=3
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Y

| —(-6) £ /(-6 — 4(2)(3)

2(2)

S
S

The solutions are 2 and 2
C. x-1(xx+3)=-5

x2+2x—-3=-5

x2+2x+2=0

a=1b=2,andc=2

X =

X

2+ /24D
2(1)

—2+./—4
2

Since b ? — 4ac < 0, there are no real solutions.
D. 4y2-8y+3=0
a=4b=-8,c=3
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()-8~ 44 (3)

4 2(4)
8+.,/16
ST
8+4
V="
8+4 8—4
V="g Y=g
12 4
V=75 orV=5

y=150ry=0.5
The solutions are 1.5 and 0.5.
Quadratic inequalities that can be factored can be solved using the properties

of the product of signed numbers. If ab > 0, thena>0and b >0, ora <0 and b
<0;andif ab<0,thena>0and b<0,ora<0andb > 0.

Example:

Solve these quadratic inequalities.
A. 6y*-7y-5>0

B. 6x2-7x+2<0

C. 2y?2-5y-32>0

D. 6x?+x-5<0

Solution:

A. 6y*-7y-5>0
By -5)2y +1)>0
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Case 1:3y-5>0and2y+1>0 or Case2:3y-5<0and2y+1<0

3y >5and 2y > -1

5nd : r
y>3a Y > ) 0

: or
> —
V73
5 I
b & ——
The solution is y 3 or y

B. 6x2-7x+2<0
Bx-2)2x-1)<0

2.

3y <band 2y < -1

5 -1
y<§andy<7
1
J<7

Casel:3x-2<0and2vx-1>0 or Case2:3x-2>0and2x-1<0

3x<2and 2x > 1
2 1

x<§andx>—
¥ : or
< —

3

= ol X =l —
The solution is 2 3 .
C. 2y?2-5y-32>0
QRy+1)(y-3)=0

3x>2and2x < 1

2 1
x>§andx<—

no solution.
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Casel:2y+1>0andy-3>0 or Case2:2y+1<0andy-3<0

2y>-landy >3 or 2y<-landy <3
1 -1
yz—iandyz?) or ygEandyﬁ
1
>3 or yg—i
i
A
The solution is y > 3 or o 2.

D. 6x°2+x—-5<0
(6x - 5)(x + 1)< 0

Casel:6x-5<0andx+1>0 or Case2:6x-5>0

andx+1<0
6x <hand x> -1 or 6x >bHand x < -1
5 5
xséandxz—l or xzéandxg—l
H
-1<x< : or no solution.
==, < X< ?
The solution is 6

10.55 PRACTICE PROBLEMS

1. Solve these equations by factoring.
A. x?-5x+6=0
B. y?=4dy
C. x?2+3x=28
D. 5y —2y?=2
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E. 5x 2+ 40 = 33x

2 . Solve these equations using the quadratic formula.
A. x?-6x+8=0
B. y?=4-3y
E. y?>5y+24
C. 3x?+8x+5=0
D. x?2+4x+1=0
E. 2y?+3y=5

3. Solve these quadratic inequalities.
A x*-7x>-12
B. 2y?+2<5y
C. 9x2<9x -2
D. x2+x<6

10.56 SOLUTIONS

1. Solve these equations by factoring.
A. x?-5x+6=0
x-3)x—-2)=0
x—3=0o0orx—-2=0
x=30rx=2

B. y?=4y
y2-4y=0
yiy-4=0
y=0o0ory—-4=0
y=0ory=4

C. x?>+3x=128
x2+3x—-28=0

x+7Nx—-4)=0
x+7=00rx—-4=0
x=-7o0rx=4

D. 5y —2y?=2
—2y?+5y-2=0
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2y2-5y+2=0

2y - Dy -2)=0
2y—1=0o0ry—-2=0

2y=1lory=2
1
= —0 :2
y=5ory

E. 5x?+40 =33x
5x2-33x+40=0
5x—-8)(x—-5)=0
5x-8=0o0orx—-5=0
5x=8orx=5
x=16o0orx=5
2 . Solve these equations using the quadratic formula.
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x2—6x+8=0
a=1b=—6,c=8

(-6 /(-6 —4(1)(®)

* 2(1)
6+ /36 — 32
X =
2
6+ /4
X =
2
6+2
X = —

2
x—6+20rx—g
- 2 B
8 . 4
X=—-0rx = —

p) 2
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y =4 -3y
s +3y 4 =0
a=1,b=3,c=—4
—34 /32 -4(1)(—4)
y= 2(1)
—3+./25
ST
_ =3+5
Y=
—3+45 -3-5
y: O]j‘yz
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3x2 +8x+5=0
2=, 0=8,c=56

_ —8£ /(87 -4B3)()

X

2(3)
—8+.,/4
X =
6
—8+2
X =
6
—8+4+2 —8—-2
X = or x —
6 6
D
—ey | = ——
C.x or X =
x2+4x+1=0

a=1,b=4c=1

. —4 4 /42 — 4(1)(1)

2(1)

. —4+,/12
2

x_—4:|:2\/§
2
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2> +3y =5
2y +3y—5=0
a=2,b=3¢c=-—b

=34 /3 —4(2)(-5)

= 2(2)
—3 + /49
Y= 1
37
Y=
—34+7 -3 -7
Y= 1 ory =

p y=lory=-25

3. Solve these quadratic inequalities.
A x?-7x>-12
x?2-7x+12>0
x-3)x—-4)>0
Casel:x—-3>0andx—-4>0
x>3and x> 4
Solution: x > 4
or
Case2:x—-3<0andx-4<0
x<3andx<4
Solution: x < 3
The solution is x > 4 or x < 3.
B. 2y?+2<5y
2y2=5y+2<0
y-Dy-2)<0
Case1:2y—1<0andy-2>0
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2y<landy>2
y<1/2andy>?2
No solution.
or
Case2:2y—-1>0andy-2<0
2y>1landy <2
y>1/2andy <?2
12<y<2
The only solution is 1/2 <y < 2.
C. 9x2<9x -2
9x?-9x+2<0
Bx-2)3x-1)<0
Case1:3x—-2<0and3x-1>0
3x<2and 3x>1
x<2/3and x> 1/3
1/3 <x<2/3
or
Case2:3x—-2>0and3x—-1<0
3x>2and 3x<1
x>2/3and x <1/3
No solution.
The only solution is 1/3 < x < 2/3.
D. x?2+x<6
x2+x-6<0
x+3)x—2)<0
Casel: x+3<0andx-2>0x<-3andx>2
No solution.
or
Case2:x+3>0andx-2<0
x>-3andx <2
-3<x<2
The only solution is =3 < x < 2.
The solution is -3 < x < 2.
E. y?>5y+24
y2-5y-24>0
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(y-8)(y+3)=0
Casel:y—-8>0andy+3=>0
y>8andy>-3

y>8

or
Case2:y—-8<0andy+3<0
y<8andy<-3

y<-3

The solution is y > 8 or y <-3.

10.57 FUNCTIONS

A relation is a set of ordered pairs, an equation, or a rule. In the ordered pair, the
first element belongs to the domain, and this value is usually represented by x .
The second element in the ordered pair belongs to the range, and this value is
usually represented as y .

A function is a relation for which the first element in the ordered pair is
paired with exactly one second element. It can be stated that for each x value,
there is exactly one y value. You denote a function in the variable x by f (x ).

Sometimes a special symbol such as O , [] , #, or » may be used to denote the

rule for a function. For example, [ could be defined so that 3] = 5(3) - 2, and
# could denote 5# = 5+ 3(5), and x * =x?+ 3x.

Example:

Evaluate each function as indicated.

A. f(x)=3x?-2xwhenx=-2,x=0, x
B. f(x)=7x-2whenx=-3,x=0,x=
C. f(x)=x*-5xwhenx=-1,x=0,x=2

Solution:

A. f(x)=3x?-2xwhenx=-2,x=0,x=3
f(-2)=3(-2P2-2(-2)=34)+4=12+4=16
f(0)=3(0>-2(0)=3(0)-0=0-0=0
f(3)=3(3)72-23)=3(9) -6=27-6=21
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B. f(x)=7x—-2whenx=-3,x=0,x=5
f(-3)=7(-3)-2=-21-2=-23
f(0)=7(0)-2=0-2=-2
f(5)=7(5)-2=35-2=33

C. f(x)=x*-5xwhenx=-1,x=0,x=2
f(-1)= (1) - 5(-1)=-1+5=4
f(0)=0°-50)=0-0=0
f(2Q)=2*-52)=8-10=-2

Example:

Evaluate each function as indicated.
A. XO=5X2—3X+ 10 when x =2, x =-3

2
x- — 5x
x=—
B. x‘|‘2 ,ifx#-2whenx=0,x=3
2 2
X< -+ XY —
e y—y
C. XYy ,ifx#0andy #0whenx=2andy =3

and when x =3 and y =-1

Solution:

A. XO=5X2—3X+10WhEI1X:2,X=—3
2 <> =502)2-32)+10=5(4)-6+10=20- 6+ 10 = 24
3> =5(-3)2-3(-3) + 10 =5(9) + 9 + 10 = 45 + 9 + 10 = 64

2 _
xD:x 5x
B. x+2,ifx¢—2whenx¢0,x=3
2 __ _
OD:O 5(0):0 O:0
042 s
3% — 5(3 9-15 -6

342 5 >
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2 2
X<+ XY —
v Oy = Y=y
C. ] _ xy_ ,ifx#Z0andy #0whenx=2andy =3
and when x =3 and y =-1

2°+203)-3 446-9 1

2 = -
203) 6 6
32 . _(_1)\2 s
ag 1= 3= 9-3-1_ 5 _ 5
3(-1) 3 5 5

10.58 PRACTICE PROBLEMS

1. Demonstrate that each expression is not a function by evaluating it for the
given x value.
A. x?+y?=25forx=3
B. y?=5x+11forx=5

2 . Evaluate each function as indicated.

f) = —
A.

x—|—4:,x¢—4forx—3
B. f(x)=x?-9xforx=6
C. f(x)=9-2x?forx=-2
x2—3
flx) =
D. 2% ,x#%20,forx=5
E. f(x)=2(x+5)*forx=2
3. Evaluate each function as indicated.
A. xO=3x2—2xforx=2
X
2= 5
B. X<+ 2
5x —2
Ell=

C. 7 —4x

forx =6

forx = -3
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D. ny=2x2—5y2forx=3andy=—2
E. x‘jy=y2—5xyforx=5andy=3

10.59 SOLUTIONS

1. Demonstrate that each expression is not a function by evaluating it for the

given x value.
A. x?+y?=25forx=3

32+y?2=25

9+y2=25

y2=16

y =14

Since (3, 4) and (3, —4) are values for the expression, it is not a function.
B. y?=5x+11forx=5

y?2=5(5)+11

y2=25+11

y?=36

y =16

Since (5, 6) and (5, —6) are values for the expression, it is not a function.

2 . Evaluate each function as indicated.

5
f(x) = x+4,x#—4f0rx:—3
3 3!
A.f( ) -3+4 1

B. f(x)=x*-9xforx=6
f(6) =6~ 9(6)
f(6) = 36 — 54 = —18

C. f(x)=9-2x?forx=-2
F(-2)=9-2(-22=9-2(4)=9-8=1
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2
-3
Jie) = x2x e U H6NH =0

2
f(x) 5 — 3:25 3:22:2.2
2(5) 10 10
E. f(x)—2(x+ 5)? for x = 2
f(x)=2(2 +5) = 2(7)* = 2(49) = 98
3. Evaluate each function as indicated.
A. xO=3x2—2xforx=2
> =302 -202)=34)-4=12-4=8
X

xD:x2+2forx=6
6 6 6 3
6':': —] —_ T o
B. 62+2 36+2 38 19
5x — 2
xD=7x_4xf0rx=—3
s d=¥-2_ -15-2 -7 17
c  7—-4-3) 7+12 19 19

D. ny=2x2—5y2forx=3andy=—2

312 =2(3)2 - 5(2)* = 2(9) - 5(4) = 18 - 20 =-2
E. ny=y2—5xyforx=5andy=3

5L ]3=32-5(5)3=9-75=-66

10.60 ALGEBRAIC WORD PROBLEMS

Solving word problems combines two skills: translating word statements into
algebraic expressions and solving equations. A general procedure for solving
word problems allows you to solve problems over a wide variety of applications.
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Solving Word Problems

1.

o1

Read the problem carefully, looking for key terms and concepts. Identify the
question you must answer. A diagram may help you interpret the given
information.

List all the unknown quantities in the problem and represent them in terms
of one variable if possible, such as x or x and y .

Use the information identified in Step 1 to write algebraic relationships
among the quantities identified in Step 2.

Combine the algebraic relationships into equations.
Solve the equation or system of equations.
Verify your results by checking against the facts in the problem.

Example:

Solve these number word problems.

A. The sum of two numbers is 94, and the larger number is 5 less than twice the
smaller number. Find the numbers.

B. Two numbers have a sum of 18. Find the numbers if one number is 8 larger
than the other.

C. Find three consecutive integers if their sum is 21.

D. Find three consecutive even integers such that the first plus twice the second
plus four times the third equals 174.

Solution:
x = the smaller number Represent the smaller number by using .
2v -5 =thelargernumber ~ Represent the larger number with respect

to the smaller.

x+2r-5=% Add the two numbers to get the sum.
3x-5=94 Combine like terms to simplify.
r=33 Solve the equation.
2 -5=233)-5=66-5=06l. Find the larger number.

A.

The two numbers are 33 and 61.
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x = the smaller number Represent the smaller number with .
y = the larger number Represent the larger number with .
X+y=18 Add the variables to get the sum.
X+8=y Add 8 to smaller number to get larger number.
t+y=18 x+y=18 Solve the system for .
trx-y=-8 OS+y=18
n =10 y=13 Find the larger number.
=3

B. The two numbers are 5 and 13.
C. x = the first integer

x + 1 = the second integer

x + 2 = the third integer

x+x+1+x+2=21

3x+3=21

3x=18

x=6x+1=7

x+2=8

The three consecutive integers are 6, 7, and 8.
D. x = the first even integer

x + 2 = the second even integer

x + 4 = the third even integer

X+2x+2)+4(x+4)=174

x+2x+4+4x+16=174

7x +20=174

7x = 154

x=22

xX+2=24

x+4=26

The three consecutive even integers are 22, 24, and 26.

Example:

Solve these age word problems.
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A. Carlos is 3 years older than his brother Jose. In 4 years from now, the sum of
their ages will be 33 years. How old is each now?

B. Kia is 5 years younger than her sister Yvette. Three years ago, the sum of
their ages was 23. How old is each now?

Solution:

1 = the age of Jose now Represent the younger person's age by x.
x 4 3 = the age of Carlos now Using x, represent the older person’s

age.
¥+4+x4+3+4=3 Add their ages in 4 years to get that SUI%I.
B+11=3 Combine like terms to simplify.
r=22 Solve the equation.
r=11 Find the second person’sage.
x+3=14 Write an answer to the question asked.

A Joseis 11 years old now and Carlos is 14 years old.

B. x = the age of Yvette now
x — 5 = the age of Kia now
x—-3+x-5-3=23
2x =11 =23
2x =34
x=17
x—5=12
Kia is 12 years old now and Yvette is 17 years old.

Example:

Solve these statistical word problems.

A. Ken’spercent grades on five tests were 84, 72, 91, 64, and 83. Find the
average (arithmetic mean) grade.

B. Von had an average percent score on the first four tests of 84, and his average
percent score on the next six tests was 92. What was Von’s average score for
all of the tests?



Telegram: @GRE346

C. Marie’s monthly school expenses were $64, $82, $51, $90, $67, $71, $58,
$94, and $63. What is Marie’s median monthly school expense?

D. Tim’s monthly food costs were $412, $408, $410, $408, $401, $410, and
$408. What is the mode for the monthly food costs?

Solution:

A. Sum=84+72+91+64+83=394,N=5
AVE =SUM + N=394 +5=78.8
Ken’s average percent score is 78.8.

B. Average of four tests 84, average of six tests 92

4(84) 4+ 6(92) 336 +552 888
AVE — H84)+6092) 336+0552

= — = 88.8.
4+6 10 10
Von’s average score on the ten tests was 88.8.

C. Sequenced expenses: $51, $58, $63, $64, $67, $71, $82, $90, $94. Since there
is an odd number of values, the median is the middle value, the fifth one. The
median of Marie’s monthly school expense is $67.

D. Sequenced costs: $401, $401, $408, $408, $408, $410, $410, $412, $420.
The most frequent number is $408. The mode monthly food cost for Tim is
$408.

Example:

Solve these mixture word problems.

A. Beth has one solution that is 16% acid and a second solution that is 26%
acid. How many ounces of each is needed to make 30 ounces of a solution
that is 18% acid?

B. Lynn has 100 pounds of candy worth $4.80 per pound. How many pounds of
a second candy worth $5.20 per pound should she mix with the 100 pounds
in order to obtain a mixture worth $5.00 per pound?

Solution:
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x = number of ounces of 16% acid solution Represent one quantity.

30 - x = number of ounces of 26% acid solution Represent second

quantity.

0.16x +0.26(30 — x) = 0.18(30) Represent the number of ounces of

acid.

0.16x +7.8-026x =54 Simplify the equation.
~010x+78=>54

-0.10x = -24 Solve the equation.

=24 Find the second quantity.

0-x=06 Write an answer to the question asked.

Beth needs to use 24 ounces of the 16% acid solution and 6 ounces of the 26%

A. acid solution.
B. x = number of pounds of $5.20 a pound candy needed
100($4.80) + x ($5.20) = (100 + x )($5.00)
$480 + $5.20x = $500 + $5.00x
$480 + $0.20x = $500
$0.20x = $20
x =100
Lynn needs to use 100 pounds of the $5.20 candy.

Example:

Solve these rate word problems.

A. Tyrone rides his bicycle 5 miles from his home to the city bus stop at the rate
of 8 miles per hour. He arrives in time to catch the bus to work, which travels
at 25 miles per hour. If he spends 1.5 hours traveling from home to work,
how far does he travel on the bus?

B. Maria jogs 15 miles to her sister’s house to get her bicycle and then bicycles
home. The total trip takes 3 hours. If she bicycles twice as fast as she jogs,
how fast does she bicycle?

C. Two drivers, Brenda and Julie, are 300 miles apart. Brenda drives at 30 miles
per hour and Julie drives at 45 miles per hour. If they drive toward each
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other, how far will each have traveled when they meet?

D. At what rate must Eden travel to overtake Rex, who is traveling at a rate of
20 miles per hour slower than Eden, if Eden starts 2 hours after Rex and

wants to overtake him in 4 hours?

E. Two planes start from Minneapolis at the same time and fly in opposite
directions, one averaging 40 miles per hour faster than the other. If they are
2,000 miles apart in 5 hours, what is the average speed for each plane?

Solution:

d = rt where d is the distance traveled, r is the rate and  is the time.

A.

B.

1 = distance traveled on the bus

= time spent riding bicycle

3

X .

— = time spent riding bus

25

5 3 3

é + ;5 =3 1.5 hours = ) hours

LCM(8, 25, 2) = 200

o) o

25(5) + 8(x) = 100(3)
125+8(x) = 300

8y =175

¥ =21.875

Tyrone traveled 21.875 miles on the bus.

x = miles per hour for jogging
2x = miles per hour for bicycling

Represent the quantities.

Add the times to get total time.

Clear equation of fractions.

Simplify the equation.
Solve the equation.

Write the answer to the question.
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15 15
X 2x_3
30 4+ 15 = 6x
45 = bX
1y =%
15 = 2%

Maria bicycles at the rate of 15 miles per hour.
C. x = time they traveled

30x + 45x = 300

75x = 300

x=4

30x = 120

45x = 180

Brenda traveled 120 miles and Julie traveled 180 miles.
D. x = miles per hour for Eden

x — 20 = miles per hour for Rex

6(x — 20) = 4x

6x — 120 = 4x

2x—=120=0

2x =120

x =60

Eden needs to travel at 60 miles per hour.
E. x = rate of slower plane

x + 40 = rate of faster plane

5x + 5(x + 40) = 2,000

5x + 5x + 200 = 2,000

10x = 1,800

x =180

x+40 =220

The planes travel at 180 and 220 miles per hour.

Example:
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Solve these work word problems.

A. Jamal can fill the vending machine in 45 minutes. When his sister, Violet,
helps him, it takes them 20 minutes. How long would it take Violet to fill the
machine by herself?

B. One pipe can fill a pool in 18 hours. Another pipe can fill it in 24 hours. The
drainpipe can empty the tank in 12 hours. With all three pipes open, how
long will it take to fill the pool?

C. One work crew can do a job in 8 days. After the first crew worked 3 days, a
second crew joins them, and together, the two crews finish the job in 3 more
days. How long would it take the second crew to do the job alone?

D. One machine can wrap 200 boxes per hour. A newer machine can wrap 250
boxes per hour. How long would it take the two machines working together
to wrap 4,950 boxes?

E. Barbara and Wesley can paint a room together in 6 hours. If Barbara can
paint the room alone in 10 hours, how long would it take Wesley working
alone to paint the room?

Solution:

x = number of minutes for Violetalone ~ Represent each person’s time.

? + % =1 Add work done by each person.

900 + 20 = 4dx Solve equation.

900 = 25x

36=1x

[t would take Violet 36 minutes working alone. ~ Write an answer to the
A question.
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x = the number of hours together
X x %

—+ — —— =1 LCM(1S8,24,12) =72
18+24 1 ( )
X X X
(18_%24 12) @
4x +3x —6x =72
B. X =72

With all three pipes open, it would take 72 hours to fill the pool.
x = the number of days for second crew

6 3
== =
8+x

6x + 24 = 8x
24, = 2%
c. 12 =%

The second crew could do the job alone in 12 days.
D. x = number of hours together

200x + 250x = 4,950

450x = 4,950

x=11

It would take the two machines together 11 hours to do the job.
E. x = the number of hours for Wesley

6 6
10+x_1
6x + 60 = 10x
60 = 4x

& =&

Wesley can paint the room alone in 15 hours.
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Sometimes you will use data from a survey to answer questions. A problem
with the data occurs when you allow an object to have multiple attributes. For
example, a person might own both a desktop computer and a laptop computer, so
that person would belong to two categories.

Use Venn diagrams to represent the data in distinct categories while showing
relationships among the categories. The overlapping circles allow you to visually
analyze the data. For each of the given groups, use one circle. With two groups
there are four regions: group one only, group two only, both groups, and neither

group.

Example:
Solve these problems using Venn diagrams.

A. One hundred people were asked about the computers that they owned.
Laptop computers were owned by 55 people, desktop computers were owned
by 68 people, and 28 people owned both a laptop and a desktop computer.
How many people did not own a computer? How many people owned just
one computer?

B. At a wine tasting party, 150 people were asked which of the three wines
served that they liked.

68 like Boone’s Farm Strawberry Hill

68 like Ripple

80 like Thunderbird

35 like Boone’s and Thunderbird

30 like Ripple and Thunderbird

28 like Boone’s and Ripple

20 like all three

How many people like exactly two of these wines?
How many people like exactly one of these wines?

Solution:

A. Two groups: L. = Laptops and D = Desktops
Draw a rectangle enclosing two intersecting circles.
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Figure 10.5

N =100, so the sum of the numbers in the regions must total 100.

Since 28 people owned both a laptop and a desktop, put 28 in the overlap
of the circles labeled D and L. There are 55 laptop owners, so 55 — 28 = 27
in the part of L not shared with D. There are 68 desktop owners, so 68 — 28
= 40 in the part of D not in L. You have accounted for 40 + 28 + 27 = 95 of
the 100 people, so 5 are outside the circles for D and L. Thus, there are 5
people who do not own a computer. There are 40 people with desktops only
and 27 people with laptops only, so there are 40 + 27 = 67 people who own
one computer.

B. Three groups: B = Boone’s, R = Ripple, T = Thunderbird
Draw a rectangle enclosing three intersecting circles.
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(3

Figure 10.6

N =150, so the numbers put in the eight regions must total 150. Since 20
people like all three wines, place 20 in the region common to B, R, and T. There
are 28 — 20 = 8 in the overlap of B and R not in all three, 30 — 20 = 10 in the
overlap of R and T not in all three, and 35 — 20 = 15 in the overlap of B and T
and not in all three. There are 68—15-20-8 = 25 in B only, 68-8-20-10 = 30 in
R only, and 80—15-20-10 = 35 in T only. There are 25+15+20+8+30+10+35 =
143 accounted for by those who like at least one of the wines. There are
150—143 = 7 people who did not like any of the wines.

There are 15 who like Boone’s and Thunderbird only, 10 who like Ripple and
Thunderbird only, and 8 who like Boone’s and Ripple only, so 33 people like
exactly two of these wines. There are 25 who like Boone’s only, 30 who like
Ripple only, and 35 who like Thunderbird only, so 90 people like exactly one of
these wines.

Probability is the likelihood that a given event will occur. It is the ratio of the
number of favorable outcomes to the total number of outcomes. There are two

|
P(heads) = —
ways a coin can come up when it is flipped. . There are
six outcomes for a die when it is rolled: 1, 2, 3, 4, 5, or 6. Thus
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P(1)= P(2) = P(3) = P(4) = P(5) = P(6) =

The probability of an event is 0 < P (event) < 1. There is a probability of
only when the event cannot occur, and a probability of 1 when the event is
certain to occur. If P (E) is the probability event E will occur and P (not E) is the
probability event E will not occur, P (not E) =1 - P (E).

1
6.
0

Example:
Find the probability of the event.

A. Two coins are flipped once. What is the probability of getting two tails?

B. A jar contains 3 yellow marbles, 4 green marbles, 2 black marbles, and 1
white marble. One marble is selected without looking. What is the
probability that the marble will be green?

C. A box contains 20 light switches, and 3 of them are defective. If you select
one switch from the box at random, what is the probability that it will not be
defective?

D. What is the probability that a card selected at random from a standard deck
of playing cards is a ten?

E. What is the probability that a card selected at random from a standard deck of
playing cards will be a seven or a club?

Solution:

1
P(two tails) = -
A. The possible outcomes are HH, HT, TH, and TT. 4 .
B. 3+4+ 2+ 1 =10 possible outcomes, 4 outcomes green.

4 2
P(green) = — = =
(green) = - = ¢ 3
P(defective) = —
C. 20 light switches and 3 are defective. 20 , P (not
defective) = 1 -
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3 17
P fective) =1 — — = —
(not defective) 20 = 20

D. There are 52 cards in a standard deck. There are 4 tens: 10 of hearts, 10 of

4 li
P(ten) = =
clubs, 10 of spades, and 10 of diamonds. 52 13
E. There are 52 cards in a deck. There are 13 each in hearts, clubs, spades, and
diamonds. There are 4 sevens, one each in hearts, clubs, spades, and
diamonds. Thus, the seven of clubs is counted twice, once as a club and once
as a seven. There are 13 dibé plus 3 jl:evens that are not clubs.
P(7 or club) = — = —
52 13.

10.61 PRACTICE PROBLEMS

1. Find two numbers such that twice the first plus five times the second is 20,
and four times the first less three times the second is 14.

2 . Three more than twice a certain number is 57. Find the number.

3. Wendy’s mother is three times as old as Wendy. In 14 years, she will be
twice as old as Wendy is then. How old is each now?

4 . Joan is 3 years older than Susan. Eight years ago, Joan was four times the
age of Susan. How old is each now?

5. Michelle scored 95, 91, 98, 90, 96, and 100. What is her average test score?

6 . David weighed himself each week. In May, he weighed himself five times
with an average weight of 185 pounds. In June, he weighed himself four
times with an average weight of 180 pounds. What is his average weight for
May and June?

7 . John’s cell phone bills were $87, $81, $88, $87, $84, $87, $89, $80, $78,
$79, $81, and $82 for the past year. What was the median for his bills? What
is the mode for his bills?

8. An 80% acid solution is mixed with a 20% acid solution to get 3 gallons of
a solution that is 13 acid. How much of each acid solution was used?

9. A mixture of 40 pounds of mixed nuts worth $1.80 a pound is to be made
from peanuts costing $1.35 a pound and fancy mixed nuts costing $2.55 a
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10.

11.

12.

13.

14 .

15.

16.

pound. How many pounds of each kind of nuts should be used?

In her motorboat, Ruth can go downstream in 1 hour less time than she can
go upstream. If the current is 5 miles per hour, how fast can she travel in
still water if it takes her 2 hours to travel upstream the given distance?

Two drivers started toward each other from towns 255 miles apart. One
driver traveled at 40 miles per hour, and the other traveled at 45 miles per
hour. How long did the people drive until they met?

Amanda can mow a lawn in 1 hour, 20 minutes. Kim can mow the same
lawn in 2 hours. How long would it take them, working together, to mow the
lawn?

One computer can do a payroll in 12 hours. A second computer can do the
payroll in 6 hours. How long will it take to do the payroll if both computers
work on the payroll at the same time?

A survey was taken of 52 students at Macon High School. They were asked
which amusement parks they would like to visit on a class trip: Six Flags,
Disney World, and Opryland. The data are summarized as follows.

28 preferred Six Flags

25 preferred Disney World

26 preferred Opryland

10 preferred Opryland and Disney World

11 preferred Disney World and Six Flags

14 preferred Six Flags and Opryland

6 preferred all three

How many students prefer both Disney World and Six Flags and did not
prefer Opryland? How many did not prefer any of these three sites?

Three coins are flipped once. What is the probability that exactly two coins
will be heads?

A card is selected at random from a standard deck of playing cards. What is
the probability that the card selected is a red card or a jack?

10.62 SOLUTIONS
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x = first number
y = second number
(1)2x +5y =20
(2)4x -3y =14

2)4x— 3y =14 4x — 3y =14
—2x (1)+ —4x—-10y=—-40 4x-3(2)=14

—13y = -26 4x —6 =14
y =2 4x = 20

1. x=D5
The first number is 5 and the second number is 2.

2 . x = the number
2x + 3 =57
2x =54
x = 27 The number is 27.

3. x = Wendy’s age now
3x = mother’s age now

3x+14=2(x+14)3x+ 14 =2x + 28

x+14=28

x=14

3x =42

Wendy is 14 years old, and her mother is 42 years old now.

4 . x = Susan’s age now
x + 3 =Joan’s age now

x+3-8=4(x—-8)

x—5=4x—-32

-3x —5=-32

—3x =—-27

x=9x+3=12

Joan’s age is 12 years, and Susan’s age is 9 years now.
5. SUM=95+91+98+90 + 96 + 100 = 570,
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N=6
AVE = SUM + N =570+ 6 =95
Michelle’s average test score is 95.
6 . May: average is 1\?5 — 5 weighs. June: average is 180 — 4 weighs.

5(185) +4(180) 925+720 1645

e 5+4 9 9

AVE = 182.8

David’s average weight is 182.8 pounds to the nearest tenth of a pound.
7 . Sequenced bills: $78, $79, $80, $81, $81, $82, $84, $87, $87, $87, $88,

$89. There are 12 bills, and the middle two values are $82 and $84.

The median is ($82 + $84) + 2 = $83.

The bill of $87 occurred the most, three times.

The mode is $87.
8. x = gallons of 80% acid used

3 — x = gallons of 20% acid used
1

Since 3 of the 3 gallons is acid, there is one gallon of acid.

0.80x + 0.20(3 — x) = 1
0.80x +0.20(3 — x) = 1
0.80x + 0.60 — 0.20x = 1
0.60x + 0.60 = 1

0.60x = 0.40

x_&m_z
- 0.60 3

1
3—x=2=
2 ) 1
- B
3 gallon of the 80% acid solution and 3 gallons of the 20% solution were
used.

= 182.7777
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9. x = number of pounds of peanuts used 40 — x = number of pounds of fancy
mixed nuts used

$1.35x + $2.55(40 — x ) = $1.80(40)
$1.35x + $102.00 — $2.55x = $72.00
—-$1.20x + $102.00 = $72.00
—-$1.20x =-$30.00
x=25
40 -x=15
25 pounds of the peanuts and 15 pounds of the fancy mixed nuts should be
used.
10 . x = the still water rate of Ruth’s boat
x + 5 = the downstream rate of the boat
X — 5 = the upstream rate of the boat
2x—5)=1(x+5)
2x—-10=x+5
x=15
The still water rate of Ruth’s motorboat is 15 miles per hour.
11 . x = time each drove until they met
40x + 45x = 255
85x = 255
x=3
It took the drivers 3 hours to meet.
12 . x = the number of minutes working together

X " X _1
80 120
3x + 2x = 240

5x =240

X =48

They can mow the lawn together in 48 minutes.

13 . x = the number of hours for the two computers to do the payroll together
= a1 * 1
12 6
x+2x=12
3x =12
x=4
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It would take the two computers 4 hours to do the payroll together.
14 . 3 categories: S = Six Flags, O = Opryland, D = Disney World

Figure 10.7
Place the number who prefer all three in the diagram first, then determine
the regions for two. 10 -6 =4,11 - 6 =5, and 14 — 6 = 8. From the
completed Venn diagram, 5 people prefer 6 Flags and Disney World and do
not prefer Opryland. Two did not prefer any of the three sites.
15 . Three coins are flipped with possible outcomes of HHH, HHT, HTH, HTT,
THH, THT, TTH, TTT. Of the 8 outcomes, 3 have exactly 2 heads.

3
P(exactly 2 heads) = =

16 . There are 52 cards in a standard deck of playing cards, of which 26 are red
cards. Of the 4 jacks, 2 are red and 2 are black. Thus, there are 26 + 2 red
cards and non-red jacks.
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28 7

P(red orjack) = — = —

o2 138

10.63 ALGEBRATEST 3

Use the following test to assess how well you have mastered the material in this
chapter. Mark your answers by blackening the corresponding answer oval in
each question. An answer key and solutions are provided at the end of the test.

1. Which is the solution of x — 3 — 2(6 — 2x ) = 2(2x — 5)?

(A)
TR
[_H_E -
20
.‘__‘-\.hI —
) 7
D) 5
E) 10
2 . Which is the solution of (2x + 1)* = (x — 4)> + 3x (x + 3)?
17
@ 3
TR
(B) 5
=
C) s
17
D 3
(E) 6

3. If A=0.5h (a+ b) is solved for b, what is the value of b ?

&)

b=2A-h-a
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h A — 0.05h
® "~ 4
@b=A—0.50h
@bZA—O.Sh—a

2A—ah
®’= "7

2 - 16

4. Which is the solutionof X — 3 X +3  x>—9
(A) 4
(B ,
(©) o5
(D) 45
(E) 4

5 n
5. Which is the solution of 6 N 30
@ 150
@ 36

(©) 2
I‘:I‘E.]ZS
(E) %

6 . Which is the solution of V 5x o 3 — 4 ?



Telegram: @GRE346

(B

.+ 1.4

(©) 34
(:Ii] 4.2
(E) 5
7 . Which is a solution for the system of equations 3x — y =—2 and x + y = 6?
A
A @
(B)
=
=

(2,4)
(-4, —10)
(D) (1, 5)
(E) (3, 3)

8 . Which is a solution for the system of equations 13x + 11y = 21 and 7x + 6y
=-3?

A) (159, —186)
(B)
©

(3, -4)
(—56, 49)
ICIE] (-4, 5)
L_E (—43, 38)
9 . Which is the solution for 7(x — 3) < 4(x + 5) — 477?
@ x<2
(B

e X2_2

@ x>2

ICIE] x <2
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@ x>0
10 . Which are the solutions for 9x > — 2x — 11 = 0?
® 9’
® 9
© 9t
@ 9

(E) 37 3

12 . Which are the solutions for 4x 2 =—16x ? Select all that apply.
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(o= il Qo=
|
N

m (OS] | )
IN

16

13 . Which is the solution for 6x > — 8x = 3?

4+ ./34

A 6
—4+ /34
(B) 6

D] 6
I:'_J No real solutions

14 . Which is the solution for x 2 + 3x < 28?

B x<
(B) 154
@ —4 <x<7
@ -7 <x<4
(E)

No real solutions
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15.

16.

17.

18.

IfxD:2x2—4x—3,whatis—2|:,?

(A) 4
(B
©) u
(D) 13
(E) »

Two bicyclists travel in opposite directions. One travels at 5 miles per hour
faster than the other. In 2 hours they are 50 miles apart. What is the rate of
the faster bicyclist?

[..E 10 mph
(B

- 11.25 mph

—
U:_,-: 15 mph

I':liﬁ 20 mph
L_E;I 22.5 mph

Two sisters were born in consecutive years. How old are they now if the
product of their present ages is 1,056?

(A) 12,13

(B

B) 31, 36
@ 16, 66
'C'E' 32, 33
[E;' 42, 43

A bicycle rider travels 8 miles per hour faster than a jogger. It takes the
bicyclist half as long as it takes the jogger to travel 16 miles. What is the
jogger’s speed?
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19.

20 .

21

[..E 8 mph
(B

- 16 mph

—
U:_,-: 24 mph

(Iir' 32 mph
LEJ 40 mph

Anthony and Ben can paint a water tower in 6 days when they work
together. If Anthony works twice as fast as Ben, how long would it take Ben
to paint the water tower working alone?

A
[._‘13 1.5 days
(B

- 3 days

—
U:_,-: 4.5 days

=5
(.-Iir' 9 days
LEJ 18 days

Pipe A can fill a tank in 20 minutes. Pipe B can empty the tank in 30
minutes. Pipe C can fill the tank in 60 minutes. If all three pipes work
together, how long would it take to fill the tank?

[._E 10 minutes
(B

- 20 minutes

L_,-' 30 minutes
—

(.-Iir' 45 minutes

(E)

60 minutes

. What is the average (mean) of these values: 18, 16, 24, 16, 16, 24?

(A) 16
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22.

23.

24 .

(S

17

l-.-_-
|’j
L

18

g,
L~

19

J

r,_
=

24

What is the median for this set of values: 62, 72, 62, 83, 79, 68, 72, 627?
(A)

/62
(B

- 68
(© 7
@ 7
L_E 83

A survey of 50 people at a shopping center provided the following
information:
25 like country music.
21 like rap music.
10 like both country music and rap music.
How many people in the survey did not like either country music or rap
music?

[..E 24
(B

—/ 16
(©) 14
@ 6
(®) 4

What is the probability of drawing at random 1 green marble from a bag
containing 24 green marbles and 32 yellow marbles?
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IQJOOII\J\IIPP-QIUOEP_;

\E) 4
25 . Two hundred tickets were sold for a charity raffle. Isabella buys five
tickets. What is the probability that she will not win the raffle?

(A) 002

(B

B 0025
oy
<) os

(D) o975

(E) 98

ALGEBRA TEST 3
Answer Key

A W N -
> m N g
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O 00 3 O U1

wille' Mol oNveN-EvieoNvvEs- I cE v lveNw)

10.
11.
12.
13.
14 .
15.
16.
17 .
18.
19.
20 .
21.
22.
23.
24 .
25.

and B

10.64 SOLUTIONS
1.D 5
x—3-2(6-2x)=2(2x-5)
x—-3-12+4x=4x-10
x—15=-10x=5
2.C 5
2x +1) =(x—4)*+3x(x + 3)

x> +4x+1=x%—-8x+16+3x 2+ 9x
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4x + 1 =—8x + 16 + 9x
3x+1=16

3x =15

X=D5

2A—ah
b =
3. E h

A=0.5h(a+b)
2A=h(a+b)
2A = ha + hb

2A—ah

- -
1
2 4 16
x—3 x+3 x2-9
2x+3)-4(x—3)=16
2x+6—-4x+12=16
—2x +18 =16
—2x =2

x=1
25

b

4. A

n

=—,6 =150, =25
30 n n

8

AN Ulg

3
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o —3=16
ox =19
X =0:6
7.D (1,5)
S — Y =— 3(1l)—y=—
+x+y= 6 —Y=-
4x = 4 y=>5
X = =3

(JC, y) — (1/ 5)

8. A (159, -186)

(1) Bx+11y=21 6 x(1) 78x + 66y = 126
2) 7x+ 6y=-3 -11x(2) + —77x — 66y = 33
X = 159

7(159) + 6y =-3, 1113 + 6y =—3, 6y =—1,116, y =—186 (x, y ) = (159, —186)
9. D x<-2

7(x—-3)<4(x+5)—-47

7x — 21 <d4x + 20— 47

7x — 21 <4dx — 27

3x — 21 <27

3x <6

x <=2

11
1

10.A 9
9x2-2x-11=0
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Ox-11)(x+1)=0
9x—-11=0o0rx+1=0
9x=11orx=-1

11

X=—orx=-—1
9

n.g 2 .
x+DH2x-1)=2
2x%2+x—-1=2
2x%2+x-3=0
2x+3)(x—-1)=0
2x+3=0o0rx—-1=0
2x =—3orx=1

x= 2 :

12. Aand B 0, 4
4x 2 =—-16x
4x2+16x=0
4x(x+4)=0
dx=0o0orx+4=0

x=0orx=-4

4+ ./34
13. A 6

6x2-8x=3
6x2-8x—-3=0
a=6,b=-8,c=-3
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. —b £ /b? —4dac
20

 —(-8) £ 1/(-8)" — 4(6)(-3)
o 2(6)

84 ,/136
T

_ 8+2,/34
T
x_4i¢ﬂ

B 6

14. D -7<x<4
x2+3x<28
x2+3x-28<0
x+7)x—-4)<0
Casel:x+7<0andx—-4>0orCase2:x+7>0andx—-4<0
x<-7andx>4orx>-7andx<4
No solution or -7 < x < 4
The solution is -7 < x < 4.
15. D 13
xLl=2x2-4x-3
2 J=2(-22-4-2)-3=8+8-3=13
16. C 15 mph
x = slower rate

x + 5 = faster rate
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2x +2(x+5)=50
2x +2x + 10 =50
4x =40
x=10
x+5=15

17. D 32,33
x = 1" age
x+1=2"age
x(x+1)=1,056
x?+x-1056=0
x+33)(x—-32)=0
x+33=00rx—32=0
x=—33orx =232
No solution or x + 1 = 33
The ages are 32 and 33.

18. A 8 mph
x = rate for jogger
x + 8 = rate for bicyclist

1_6_2 16
X x4+ 8
16 32
?:x+8

16(x + 8) = 32x
16x + 128 = 32x
128 = 16x
8=x
19. E 18 days
x = time for Anthony alone
2x = time for Ben alone
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©L 8y
2x

12+6=2x

18 = 2x

9=x

Ben’s time alone is 18 days.

20. C 30 minutes
X = time to complete job together

X X X

20 30 60 .
LCM(20, 30, 60) = 60
3x —2x+x=60
2x = 60
x = 30 minutes
21. D 19

SUM=18+16+24+16+16+24=114,N=6
AVE=SUM+N=114+6=19
22. C 70
Sequential list: 62, 62, 62, 68, 72, 72, 79, 83
There are eight values in list, so the average of the middle two values is the
median.
Median = (68 + 72) +2=140+2=70
23. C 14
Two categories: C = country music, R = rap music
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G R
14
Figure 10.8
50 - (15+ 10 + 11) = 50 — 36 = 14 not in any category.
There are 14 people who do not like either.
3
24. B 7/
24 green marbles, 32 yellow marbles, 24 + 32 = 56 marbles P (green) =
P( ) 24 3
green) = — = o
56 7
25. D 0.975

5
P(win) = - = 0.025
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P (lose) =1 — P (win) = 1 - 0.025 = 0.975

10.65 SOLVED GRE PROBLEMS

For each question, select the best answer unless otherwise instructed.
1. Which is the solution of x -5-3(2-3x)=9?

LE -7.5

(B) _»5
oy
CJ) oo
(D),

(E) 25

Quantity A Quantity B

The value of x when The value of y
3x —2(x—6)=38 when2 -53 - y)=2

A
[._‘13 Quantity A is greater.
B
[-ME_,H Quantity B is greater.

]
L_,-' The two quantities are equal.

5} . . : o .
[Iir The relationship cannot be determined from the given information.

Quantity A Quantity B

Sum of the solutions Product of the solutions
__ for 4x* = 16x for 4x> = 16x

A
[._‘13 Quantity A is greater.

B
[-ME_,H Quantity B is greater.
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L_,-' The two quantities are equal.

=5
(.-I_;',r' The relationship cannot be determined from the given information.
For this question, enter your answer in the box.

3 n

4 . What is the solution for n in 5 30

5. Which is the solution for V 2x —5=3 ?

A) 4

(B

e 2
ol
(C)
(D)

(E) g

10.66 SOLUTIONS

1.D 2
Xx-5-32-3x)=9
X-5-6+9x=9

10x-11=9
10x =20
x=2

2. B Quantity B is greater.
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o —2xH—6) =8 2— B8 —Y) =2
ox—2x+12=8 2, — 15+ 5y=2
x+12=5 —18 oy =2
x=—4 y=3

3. A Quantity A is greater.
4x? =16
4x?-16=0
4x(x—4)=0

4x=0orx—4=0
x=0orx=4
The sum of the solutions is 0+4 = 4. The product of the solutions is 0(4) = 0.

18

4.

3 n

2 = . By —00.4=18
53 &
.D7

wf2¥x—5H=3, 2x—50=9.2x=M.x=%

5

10.67 GRE PRACTICE PROBLEMS

For each question, select the best answer unless otherwise instructed.
1. Which are the solutions of 3x 2 — 2x = 6?

&)

=
(B ]

3, -2

6, -1
1+./76
3

(<)
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2+ ./19

) 3

1+./19
3

g

(E)

Quantity A Quantity B

The value of x when3(x—1)=4  The value of y when2(y +3) =7
@ Quantity A is greater.

[E Quantity B is greater.

@ The two quantities are equal.

ICIE] The relationship cannot be determined from the given information.

A= 1bh
2

3. What is the value of b when

4 . What is the solution for the system 2x — 3y = -12 and 4x + y = —10?
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@ (2, -3)
(B)
@ (-6, 0)
['E' (2, -12)

(E) (3, 6)

(=3,2)

Quantity A Quantity B

The value of x when The value of y when

J2x—1=3 2—4(3-y) =10
@ Quantity A is greater.

(B)
[F‘l

—./ The two quantities are equal.

Quantity B is greater.

5} . . : A .
[Ii-' The relationship cannot be determined from the given information.
For this question, enter your answer in the box.

2 3 5

6 . What is the value of y wheny Yy Yy ?

7 . What is the solution for 3x — 4 < 5(x +2)?
(A)
. x>7
B
(B ]

x<7
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@ x>-3

ICIE] x>-=7

L_Ef x<-=7
8. Jane is 3 years older than her brother Sean. In 14 years, the sum of
their ages will be 63 years. How old is Jane now?

A
[._‘13 15 years

®
[E)

16 years
— .+ 19 years

r
ICL] 30 years

L_Ef 33 years

9.
Quantity A Quantity B
The product of the solutions The sum of the solutions
for x* —5x 4+ 6 =0. for x* = 5x + 6 =0.
@ Quantity A is greater.

®
©

— . The two quantities are equal.

Quantity B is greater.

[Ii] The relationship cannot be determined from the given information.
10.

Quantity A Quantity B

The product of the solutions ~ The product of the solutions
for x* = 121. for i* = 8y.

A
[._‘13 Quantity A is greater.
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=

]G

i
=R
I =

Quantity B is greater.
The two quantities are equal.

The relationship cannot be determined from the given information.

ANSWER KEY

u N W N =
N @ » > m

2
6.
7.D
8. C
9. A
10. B
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CHAPTER 11

GEOMETRY

11.1 SYMBOLS

Symbol Meaning of Symbol

T pi (about 3.14)

| 18 parallel to

i is perpendicular to
L angle

A triangle

a’ a degrees

] right angle

11.2 POINTS, LINES, AND ANGLES

Points are represented with dots and are named by capital letters. A line extends
indefinitely in two directions and can be named by naming two points on it.
Because a line has infinitely many points, a line can have many names.

< ¢ ¢ ¢ >

A B G
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Figure 11.1
The line in Figure 11.1 can be named line AB, line AC or line BC .

> A line segment is a part of a line between two points. The two points are the
endpoints of the line segment.

In Figure 11.1, there is a line segment AB, a line segment AC, and a line
segment BC . The line segment AB and the line segment BA are two names for
the same segments. AB = BA .

> Aray is a part of a line with exactly one endpoint. Ray AB is a ray with
endpoint A going through point B . Ray BA is a ray with endpoint B going
through point A . Ray AB = Ray BA .

> An angle is the figure formed by two rays with a common endpoint. The
common endpoint of the rays is called the vertex of the angle, and the rays are
called the sides of the angle.

The symbol for an angle is ~ . An angle can be named by stating only its vertex
if no other angle has the same vertex. In general, an angle is named by naming a
point on one side of the angle, then its vertex, and finally a point on the other
side of the angle. In Figure 11.2 , the angle can be named as ~ A, ~ BAC,

« CAB, ~BAD, - DAB, and » EAC, among many other names.

A & *—>»
C D

Figure 11.2
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Angles are measured in degrees. There are 360" about a point and 180" about
the point staying on one side of a line through that point. The measure of an
angle is the number of degrees of rotation it takes to get from one side of the
angle to the other.

» An acute angle is an angle whose measure is greater than 0° but less than 90" .

> A right angle is an angle whose measure is exactly 90" .

> An obtuse angle is an angle whose measure is greater than 90" but less than
180°.

> A straight angle is an angle whose sides are a pair of opposite rays and
whose measure is exactly 180° .

> A reflex angle is an angle whose measure is greater than 180° but less than
360° .

> Adjacent angles are two angles in the same plane that have a common vertex
and a common side that separates the two angles.

If the rotation from one side of the angle to the other is 0°, the rays lie on top
of one another. Also, if the rotation between the sides of the angle is 360", the
rays lie on top of each other. In both cases, the angle looks like a single ray.

» Two angles are complementary if the sum of the measures is 90 .
» Two angles are supplementary if the sum of the measures is 180" .

To be complementary or supplementary, the two angles do not have to be
adjacent. The sum of the measures of the two angles is all that matters in
deciding whether the pair of angles is either supplementary or complementary. A
way to remember which pair has which sum is to put the terms in alphabetical
order, complementary then supplementary, and put the sums in numerical order,
90" then 180° . The results match up in the orders shown.

Example:
Find the complement of each angle.

A. 17
B. 24
C. 87°
D. 60°

Solution:
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A.90°-17"=73
B. 90" — 24" =66’
C. 90°-87"=3

D. 90° - 60" = 30’

Example:

Find the supplement of each angle.

A. 156
B. 95
C. 103’
D. 135

Solution:

180" — 156" = 24°
180° - 95" =85’

180° - 103" =77°
180" — 135" = 45’

oSCOwp

> Vertical angles are two nonadjacent angles formed when two lines intersect.

> Two lines are perpendicular when they intersect to form right angles. This
can be written as linea L lineb.

> Two lines in same plane are parallel if they do not intersect. This can be
written as line a || line b .

When two lines intersect, the angles in each pair of vertical angles formed have
equal measures. When two parallel lines are intersected by a third line, several
special types of angles are formed. In Figure 11.3, lines a and b are parallel; line
t is called a transversal.
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al|b

Figure 11.3

In Figure 11.3, ~ 1 and « 5 are a pair of corresponding angles. The other pairs
of corresponding angles are ~2and ~6, ~3and ~7,and ~4 and »8.
Becausea || b, 1= 425, 22= 4,6, 23= ~7,and ~4= ~8. Another pair of
special angles is ~ 3 and ~ 5, which are alternate interior angles , as are ~ 4
and ~6.Linea|b,so ~3= 25and ~4 = ~6. The alternate exterior angles
are «~1land ~7,and ~2and <8, which are equal since the lines are parallel.
Angles 4 and 5 and angles 3 and 6 are interior angles on the same side of the
transversal. Since a || b, « 4 is supplementary to » 5, and ~ 3 is supplementary
to ~ 6. Thus, we have ~3+ ~6=180"and -4+ ~5=180".

If the measure of ~ 1 is 140°, we can find the measure of all of the other
angles in Figure 11.3.

<« 1and - 3 are a pair of vertical angles, so ~ 1= ~3;then »3=140".

<« 1and 5 are corresponding angles, so ~ 1= ~5;then ~5=140".

< 5and 7 are vertical angles, so ~ 5= ~7;then »7=140".
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<« 3 and - 6 are interior angles on the same side of the transversal t, so ~ 3
supplements » 6, ~3+ ~6=180", 140"+ ~6=180", and ~ 6= 180" - 140’
40° .

<6 and -2 are corresponding angles, so 2 6= ~2, »2=40".

<6 and - 4 are alternate interior angles, so ~ 6= 24, ~4=40".

<4 and - 8 are corresponding angles, so ~4= .8, ~8=40".

Whena|band £1=140", »3= 5= ,7=140"and »2= 4= ,6=
28=40".

Angles 1 and 2 are adjacent angles and the noncommon sides form a straight
line; thus, ~ 1 and ~ 2 are a linear pair and are supplementary: ~ 1 supp « 2.

11.3 PRACTICE PROBLEMS

1. Find the supplements of these angles.
127°

90°

28°

30°

57°

mo0Ow»

2 . Find the complements of these angles.
71°
12°
76°
30°
45°

mo0Ow»

3. Find the angles requested.

An angle is eight times its supplement. Find the angle.

An angle is 10° less than its complement. Find the angle.

An angle is 30° more than its supplement. Find the angle.

An angle is 10° more than three times its complement. Find the angle.
If twice an angle is added to 45", you get the supplement of the angle.
Find the angle.

mo0Ow»

4 . Using Figure 11.3 with a || b, find all the angles 2 through 8.
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A 21=72
B. 21=90°
C. 21=125
5. InFigure 11.3 witha ||b, ~1=4x"and 4 =4x"+20", find the measures
of angles 1 through 8.

6. In Figure 11.3 witha||b, 23 =5x"and ~4 =3x" - 20", find the
measures of angles 1 through 8.

7 . InFigure 11.3 witha ||b, 22=3x"+10"and »7=x"- 30", find the
measures of angles 1 through 8.

11.4 SOLUTIONS

1. A. 180" - 127" =53
B. 180" - 90" = 90°
C. 180" - 28" =152
D. 180° - 30" = 150°
E. 180" - 57" =123
2.A.90-71"=19
B. 90" -12"=78
C. 90" - 76" =14
D. 90" - 30" = 60’
E. 90" - 45" =45
3. A. n=the complement, 8n = the angle
n+8n =180
9n = 180°
n=20
8n = 160°
The angle is 160° .
B. n = the complement, n — 10° = the angle
n+n-10"=90
2n—10"=90°
2n =100’
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n =50’
n-10"=40°
The angle is 40°.

C. n = the supplement, n + 30° = the angle
n+n+30" =180
2n = 150°
n=75
n+30" =105
The angle is 105 .
D. n = the complement, 3n + 10" = the angle

n+3n+10 =90

4n + 10° =90°
4n = 80°
n=20°

3n+ 10" =70’

The angle is 70°.
E. n = the angle, 2n + 45° = the supplement
n+2n+45 =180’
3n =135
n =45
The angle is 45°.

4. A. 21=72", 22supp 21s0 2+ ~1=180", »2=180"—-72"=108".
Vertical angles ~1= »3, »3=72"; 4= .2, -4=108
Corresponding angles 1= »5, 24= »8, 22= .6, 23= 27,
25=72", ,8=108", ~6=108", L 7=72

B. 21=90", ~2supp 21,50 22+ ~.1=180", ~2=180"-90" =90’
Vertical angles ~1= ~3, 23=90"; 4= .2, 24=90
Corresponding angles 1= »5, 24= »8, 22= .6, 23= .7
25=90", »,8=90", ~,6=90", »7=90°

C. 21=125, ~2supp 21s0 22+ ~.1=180", »2=180"- 125" =55
Vertical angles ~1= »3, »,3=125"; 24= 2, ,4=55
Corresponding angles ~ 1= »5, 22= .6, 23= .7, 24= »8
+25=125", -6=55", »7=125", . 8=55

5. z1and -4 are supplementary
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21+ ~24=180°

4x "+ 4x "+ 20" =180
8x°+20°=180°

8x° =160

x° =20

21=4x"=80", ~4=100°
21=,3=,5=,.7=80",
22=,4= 6= ,8=100

6. ~3and -4 are supplementary
2«3+ .4=180"5x"+3x"—20=180°
8x " —20"=180°
8x " =200’
x =25
+£3=5x"=125", »4=3x"-20" =55
21=,23=.5=,.7=125",
22=,4=,6= ,8=55

7. «2and -7 are supplementary angles
27 supp 22
27+ 22=180°
x°=30"+3x"+10" =180
4x° —20° = 180" 4x ° = 200"
x =50’
22=3x"+10"=160", »7=x"-30"=20
21=,3=.,5=,7=20",
22=,4=,6=,8=160

11.5 POLYGONS

A polygon is a closed figure whose sides are line segments.
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A

D

Figure 11.4

Two consecutive sides of a polygon share a common endpoint. The common
endpoints are called the vertices of the polygon. A polygon is named by naming
the vertices as you go around the polygon. In Figure 11.4 , the polygon has six
sides and can be named ABCDEF .

> A diagonal of a polygon is a line segment that joins two nonconsecutive
vertices.

> An equiangular polygon is a polygon with all angles having the same
measure.

> An equilateral polygon is a polygon with all sides having the same length.
> A regular polygon is a polygon that is both equiangular and equilateral.

Types of Polygon
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Number of Sides Name

Triangle
Quadrilateral
Pentagon
Hexagon
Octagon

o O U1 = W

The sum of the interior angles of a polygon with n sides is S = (n — 2)180° .

Example:

Find the sum of the interior angles of a polygon with the given number of sides.

A. 3

B. 4

C. 5

D. 10

E. 15

Solution:

A. n=3,S=(n-2)180"=(3-2)180° =1 x 180" = 180°

B. n=4,S=(n-2)180"= (4 - 2)180° =2 x 180" = 360°

C. n=5,S=(n-2)180"=(5-2)180" = 3 x 180" = 540°

D. n=10,S=(n-2)180" = (10 — 2)180° = 8 x 180" = 1,440°
E. n=15,S =(n-2)180" = (15 - 2)180" = 13 x 180" = 2,340°

Two polygons are congruent if the angles of the first polygon are equal to the
corresponding angles of the second polygon and the sides of the first polygon
are equal to the corresponding sides of the second polygon.

> Two polygons are similar if the angles of the first polygon are equal to the
corresponding angles of the second polygon and the sides of the first polygon

\J
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are proportional to the corresponding sides of the second polygon.

> The altitude or height of a polygon is a line segment from one vertex of a
polygon that is perpendicular to the opposite side, or to the opposite side
extended.

To show that sides are of the same length, you mark them with the same
number of tick marks and then mark angles with arcs.

A B

Figure 11.5

In that Figure 11.5, the quadrilateral ABCD has the sides marked to show AD
= BC and AB = CD . The angles are marked to show that ~A= ~Cand ~B=
<« D.

11.6 PRACTICE PROBLEMS

1. Find the sum of the interior angles of the following.
A. A quadrilateral
B. A hexagon
C. An octagon
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2 . Find the measure of one angle for each polygon.
A. Equiangular triangle
B. Equiangular quadrilateral
C. Regular pentagon
D. Regular octagon

11.7 SOLUTIONS

1. A. A quadrilateral has four sides, son =4.S = (n -2)180° = (4-2)180° =
2x180° = 360°
B. A hexagon has six sides, son =6.S = (n -2)180° = (6-2)180° = 4x180°
=720’
C. An octagon has eight sidesson=8.S = (n-2)180" = (8 — 2)180° = 6 x
180° = 1080°
2. A. An equiangular triangle is a polygon with three sides and the angles are
equal. S = (3 — 2)180° = 180°, each angle is equal, so each is one-third
of the sum. 180" + 3 = 60" . Each angle is 60° .
B. An equiangular quadrilateral is a polygon with all four angles equal. S =
(4 —2)180° = 360", 360" + 4 = 90° . Each angle is 90" .
C. Aregular pentagon is a polygon with five sides that are equal and five
angles that are equal.
S=(5-2)180°"=540", 540" + 5= 108" . Each angle is 108" .
D. A rectangular octagon is a polygon with eight equal sides and eight
equal angles.

S=(8-2)180"=1080", 1080° + 8 = 135" . Each angle is 135" .

11.8 TRIANGLES

A triangle is a polygon with three sides. Figure 11.6 shows triangle ABC
(written as AABC).



Telegram: @GRE346

A B

Figure 11.6

Triangles are classified by the number of equal sides they have. If no two
sides have the same length, the triangle is a scalene triangle . If at least two
sides have the same length, it is an isosceles triangle . When all three sides have
the same length, the triangle is an equilateral triangle .

In Figure 11.6 , if AC = BC, then AABC is isosceles. The equal sides are
called the legs of the isosceles triangle. Side AB , the unequal side, is called its
base. The angles A and B are the base angles, and ~ C is the vertex angle. In an
isosceles triangle, the base angles are equal: ~1A= ~B.

A triangle can also be classified by the size of its largest angle. If a triangle
has an obtuse angle, the triangle is called an obtuse triangle . If a triangle has a
right angle, the triangle is a right triangle . When all three angles of the triangle
are acute, the triangle is an acute triangle .
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A

. B

Figure 11.7

In Figure 11.7 , AABC is a right triangle since angle C is marked with the
block . This is the symbol used to indicate right angles. The sides AC and BC
are the legs of the right triangle. Side AB is the hypotenuse. In any right triangle,
the sides that form the right angle are the legs and the side opposite the right
angle is the hypotenuse.

Properties of Triangles

In a triangle, the sum of the angles is 180° . In AABC, if AB > BC > AC, then
+C> ~A> ~B.Thatis, if the sides of a triangle are unequal, then the angles
opposite the angles are unequal in the same order. Also, in AABC,if ~1A> ~B
> » C,then BC > AC > AB. In any AABC,AB+ BC > AC,AC+ CB > AB,
and CA + AB > BC ; that is, in any triangle, the sum of the lengths of any two
sides is greater than the third side.

Example:
Can the three given lengths be the sides of a triangle?
A. 3,8,12
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B. 3,8, 11
C. 3,8,10

Solution:

A. The first check is to add the two smaller numbers to see if they exceed the
length of the third side. 3 + 8 = 11 and 11 < 12. A triangle cannot have sides

of lengths 3, 8, and 12.
B. 3+8=11and 11 = 11. A triangle cannot have sides of lengths 3, 8, and 11.
C.3+8=11and11>10.3+10=13and 13>8.8+10=18and 18 > 3. A
triangle can have sides of lengths 3, 8, and 10.

Example:
Can these be the angles of a triangle?

A. 20°,50°, 130°
B. 30°,60°,90°
C. 40°,40°, 100°
D. 35°,50°,95
E. 40°,90°, 110°

Solution:

A. 20" +50° + 130" = 200° 200° # 180° These are not the angles of a triangle.
B. 30°+ 60" + 90" = 180° 180" = 180° These are the angles of a triangle.

C. 40° +40° + 100" = 180" 180° = 180" These are the angles of a triangle.

D. 35"+ 50° + 95" = 180" 180° = 180° These are the angles of a triangle.

E. 40° +90° + 110" = 240" 240° # 180° These are not the angles of a triangle.
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8

g
A B D

Figure 11.8

> An exterior angle of a triangle is created when a side of the triangle is
extended through a vertex. In Figure 11.8, ~ CBD is an exterior angle for
AABC .

The interior and the exterior angles at the same vertex are supplementary. In
Figure 11.8, ~ ABC supp « CBD . The exterior angle at one vertex of a triangle
has the same measure as the sum of the measures of the interior angles at the
other two vertices. In Figure 11.8, ~.CBD= A+ . C.
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A D B

Figure 11.9

In Figure 11.9 , AABC is isosceles with altitude CD . The base is AB . CD
bisects the base AB and the vertex » C. ~ ACD = »~ BCD and AD = BD . Since
AC and BC are marked as the equal sides, we know that ~A= ~B.

An equilateral triangle is also an equiangular triangle. The measure of each
angle of an equilateral triangle is 60° . An equilateral triangle is also an isosceles
triangle.
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A

C a B

Figure 11.10

The right triangle in Figure 11.10 has legs a and b and hypotenuse c. In a
right triangle ABC with right angle at C, ~ A and ~ B are complementary.

> Pythagorean Theorem: In a right triangle, the square of the hypotenuse is
equal to the sum of the square of the legs. For Figure 11.10,c?=a?+b?.

In a 30° — 60° — 90° right triangle, the hypotenuse is twice the length of the side
opposite the 30" angle, and the side opposite the 60" angle is \/§ multiplied by
the side opposite the 30" angle. If ~ A = 30" in Figure 11.10, then ~ B = 60" and
C=2aandb = a\/g.

In a 45° — 45° — 90’ right triangle, the two legs have the same length and the
hypotenuse is \/i times the length of the legs. If ~ A is 45" in Figure 11.10,

then ~Bis45 andb=aand 0 — a\/i.

Example:

In a 30° —60° —90° right triangle, side a is opposite the 30" angle. Find the lengths
of the other sides.
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5
=8
= /3

Solution:

A a=5ph =q,/3=5,/3.c=2a=10
B. a=8,b :a\/§:8\/_,c=2a=16
C.q — ﬁ,b:a\ﬁz&czzﬂ :2\@

Example:

O wp
DD Lo

In a 45° — 45" — 90’ right triangle, a leg has length a. Find the lengths of the other
sides.

A. a=8
B. a=10

C.a = \/Q
Solution:

Aa=8b=a=8€—g\/_ \[

B.a=10,b=a=10,C = g 2_10\/_
ca=\2b=a=

Yy Ty

Example:
Could a right triangle have sides of the lengths given?

A. 3,4,5
B. 5,10, 12
C. 5,12,13
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Solution:

A. The hypotenuse is the longest side, soc=5,a=3,b=4.a?+b?*=3?+4%=
9+ 16 =25and c?=5=25.
Since a?+ b ? = ¢ ?, these can be the sides of a right triangle.

B. c=12,a=5b=10.a*+b?*=5*+10*>=25+100 =125 and c 2 = 12 = 144.
Since a? + b ? = ¢ ?, these are not the sides of a right triangle.

C. c=13,a=5b=12.a*+b?*=5*+122=25+144 =169 and c > = 13> = 169.
Since a?+ b ? = ¢ ?, these can be the sides of a right triangle.

Two triangles are similar when two angles of one triangle are equal to the
corresponding two angles of the other triangle.

C

| ]
A X B D Y E

Figure 11.11

In Figure 11.11 , the two triangles are similar. AABC ~ ADEF . CX is the
altitude to AB, and FY is the altitude to DE . Since AABC ~ ADEF , the
corresponding sides are proportional, so
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AB BC CA AB CX
DE EF FD DE FY

11.9 PRACTICE PROBLEMS

1. Which sets of lengths can be the sides of a triangle?
A. 5,8,17
B. 6,8, 12
C. 512,17
D. 12, 18, 20

2 . Which sets of angles can be the angles of a triangle?
A. 70°,80°,30°
B. 757,45 ,60°
C. 18°,72°,90°
D. 70,30° ,40°

w

. If triangle ABC is isosceles and ~ A is a base angle, find the measure of the
other base angle and the vertex angle. Use Figure 11.8 .
A. 2A=40
B. LA=32
C. zA=75

4 . If triangle ABC is isosceles and ~ C is the vertex angle, find the measure of
the base angles. Use Figure 11.8 .

A. ~C=160°
B. - C=90°
C. .C=70°

5. Ina30° - 60" — 90° triangle, the hypotenuse has length c . Find the lengths
of the legs of the triangle.

A. c=18
B. c=24
C.c=4./3

6. Ina30 - 60" - 90 triangle, the hypotenuse has length ¢ . Find the lengths
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of the legs of the triangles.
A. c=20

7. Ina 45’ — 45" — 90’ triangle, the length of a leg is a . What are the lengths of
the other two sides?

A a=8,/2

8. Could a right triangle have sides of the lengths given?
A. 7,24, 25
B. 10, 24, 26
C. 10, 15, 20

9. Find the missing side of the right triangle when the other two sides are as
given.
A. Leg =11, leg = 60
B. Leg = 36, hypotenuse = 39

10.
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C

A 12 B D %

Figure 11.12

Triangle ABC ~ triangle DEF with sides as indicated. Find x and y. Use
Figure 11.12 .
11.
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E

Figure 11.13

In Figure 11.13, triangle DEC ~ triangle BAC with sides as indicated. Find
x and y.
12.
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A B

Figure 11.14

In Figure 11.14 | triangle ABC ~ triangle DEC , AB =10, BC = 14, AC =
18, DE =5, CD =x, and CE =y . Find x and y.

11.10 SOLUTIONS

1. A. 17 is the longest side. 17 > 5 + 8, so0 5, 8, and 17 are not the sides of a
triangle.
B. 12 is the longest side. 12 < 6 + 8, so 6, 8, and 12 are the sides of a
triangle.

C. 17 is the longest side. 17 =5+ 12, s0 5, 12, and 17 are not the sides of a
triangle.

D. 20 is the longest side. 20 < 12 + 18, so 12, 18, and 20 are the sides of a
triangle.

2. A. 70°+80° +30° = 180" . These are the angles of a triangle.
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~

8.

B. 75+ 45"+ 60° = 180° . These are the angles of a triangle.
C. 18"+ 72" +90° = 180° . These are the angles of a triangle.

D. 70° + 30" + 40° = 140° . 140° < 180" . These are not the angles of a
triangle.

.A. LA=40", .B=40",and » C=180"—-40"-40" =100

B. +A=32", ~B=32",and . C=180"-32"-32"=116"
C. «A=75, 2B=75,and ~C=180"-75 —75 =30

.A. .C=160", LA+ ~B=180"-160"=20", LA= ~B=10

B. .C=90", LA+ ~B=180"-90"=90", L A= ~B=45
C..C=70, LA+ ~B=180"-70"=110", LA= ~B=55

CA. c=18c=2a,a=9,D :aﬁ:9\ﬁ

B.C=24c=200=12b=a\/§=12\/§
. C 4\[ c—2aa:2\ﬁ,
b—a 3—2\/_><\/§=2><3=6

CA. ¢=20,c=2a,a=10,b :a\/§= 10\/5

B. c=36,c=2a,a=18,Dh :a\ﬁ: 18\/5

Cg = 6\/§ c=2a,q0 =

b = @8 =184)8 x \ffsx:—s 9

. a=b,c :g\[

A g = Sﬂ,b = Sﬁ,

c =8y/2x /2 =8x2=16
B.a=10,b=10,c = 10,/2
c.a:16,b:16,c:16\/§

A. 77+ 242 =49 + 576 = 625, 25% = 625
7° + 24? = 25% |50 7, 24, and 25 are the sides of a right triangle.
B. 10?+ 24° =100 + 576 = 676, 26* = 676

10% + 24% = 262, so 7, 24, and 26 are the sides of a right triangle.
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C. 10?+ 152 =100 + 225 = 325, 20% = 400
10% + 15% = 20?, so 10, 15, and 20 are not the sides of a right triangle.
9. A. a*+b?=c?,a=11,b=60
112+ 60° =c?
121 + 3600 = 3721 = ¢ ?
A/ 3721 = 61 = c (hypotenuse)
B.a*+b?*=c?
362 + b 2 = 392
1296 + b2 =1521
b?2=1521-1296 =225

b = /225 = 15 (second leg)

10 . Triangle ABC ~ triangle DEF ,AC=8,AB=12,BC=18, DE=x,EF =Yy

,DF =4
AB  BC AC
DE EF DF
2° 818 8
x 4"y 4
8x =48,8y =72
x=6,y=9

11 . Triangle DEC ~ triangle BAC, DE =3, EC=5,DC=4,AB =21, AC = x,
BC=y
DE" EC DC
BA AC B
37 473 5
21 ' 21 =z
3y =84, 3x = 105
y=28,x=35

12 . Triangle ABC ~ triangle DEC , AB =10, BC=14, AC=18,DE =5, CD =
x,CE=y
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AB B BiC B AC
DE EC DC
10 B 14 10 B 18
5 w'5
10y = 70, 10x = 90
y=7,x=9

11.11 QUADRILATERALS

A quadrilateral is a polygon with four sides. The sum of the angles of a
quadrilateral is 360° .

D C
@

A

Figure 11.15
In quadrilateral ABCD in Figure 11.15, z/A+ B+ - C+ ~D=360".

> A trapezoid is a quadrilateral with exactly one pair of parallel sides.
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D ®

%4

A B

Figure 11.16

Quadrilateral ABCD is a trapezoid since exactly one pair of sides, AB and CD
, are parallel. The use of the > indicates which sides are parallel. See Figure
11.16 . The parallel sides, AB and CD , are called the bases of the trapezoid. The
non-parallel sides, AD and BC, are called the legs.
> A parallelogram is a quadrilateral with both pairs of opposite sides parallel.
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D

4

A4

A B

Figure 11.17

The quadrilateral in Figure 11.17 is a parallelogram because the figure is
marked with AB || CD and AD || BC .

Properties of a Parallelogram See Figure 11.18
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1. Theoppositesidesareequal. 1. AB=CDand AD=AC
L, Theopposite anglesareequal. 2. ZA=/Cand ZB=£D
3, The opposite sides are parallel. 3. AB | CDand AD | BC
4, The diagonals bisecteach other, 4 AE=ECand DE= EB
5. The consecutive angles ar 3. LDAB supp ZABC, ZABC supp
supplementary. LBCD, ZBCD supp ZCDA, (DA
supp DAB
D . C
E
A ’ B

Figure 11.18
> A rectangle is a parallelogram that has all right angles. See Figure 11.19 .
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D 8

Figure 11.19
Properties of a Rectangle See Figure 11.20

1. Opposite sides are parallel . AB||CDand AD|| BC

1. Opposite sides are equal ). AB=(Dand AD=BC

3. Allangles are equal 3 [A=/B=/C=/D=
4. The diagonals are equal. 4 AC=DB

3. The diagonals bisect each ofher. 5. AE=EC=BE=DE
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D C
e > —
E
7\ 7\
A B

Figure 11.20
> A rhombus is a parallelogram with all sides equal. See Figure 11.21 .

D c
>

\4
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Figure 11.21
Properties of a Rhombus

1, Oppositesides are parallel 1. AB/|CDand AD || BC

1, Oppositeanglesare congruent, 2. ZDAB = ZBCD and ZABC = /(DA

3, Allides e equal, 3, AB=BC=(D=DA

4, The diagonals bisecttheangles. 4 ZDAC = ZBAC, DCA = ZB(A
[(BD= /ABDand ZADB = /(DB

3. The diagonels bisecteachother. 3. AL=ECand BE=ED

0. The diagonals are perpendiculer. 6. AC L BD

> A square is a rectangle with all sides equal. See Figure 11.22 .



Telegram: @GRE346

D . C
E

A A

A B

Figure 11.22
Properties of a Square
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1, Oppositesides are paralll
1. Allangles are equal

3, Allides are equal,
4, The diagonals bisect the angles

1
b. T
1

16
16

16

lagong
Jagona
Jagona

sate perpendicular
s are equal
s bisect each other,

8. A squareisa regular polygon.

_ O OO N Ul b~ WN -

=

. AB||CDand AD || BC

1. [DAB=/ABC=/B(D=/(DA=
o

3, AB=BC=(D=DA

4, DAC=/BAC, /BCA= [DCA
/(DB = LADB and ZABD = /CBD

5 ACLED

0. AC=ED

. AE=EC=5E=ID

8. Allides and angles are equal

11.12 PRACTICE PROBLEMS

. Which quadrilaterals have the sum of the angles equal to 360° ?
. Which quadrilaterals have only one pair of parallel sides?

. Which quadrilaterals have two diagonals?

. Which quadrilaterals have equal diagonals?

. Which quadrilaterals have perpendicular diagonals?

. Which quadrilaterals have two pairs of parallel sides?

. Which quadrilaterals have diagonals that bisect each other?
. Which quadrilaterals have diagonals that bisect the angles?
. Which quadrilaterals have the opposite angles equal?

. Which quadrilaterals are equiangular?

. Which quadrilaterals are equilateral?
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12 . Which quadrilaterals have the consecutive angles supplementary?
13 . Which quadrilaterals have opposite sides equal?
14 . Which quadrilaterals are regular polygons?

11.13 SOLUTIONS

. All quadrilaterals: trapezoid, parallelogram, rectangle, rhombus, square
. Trapezoid

. All quadrilaterals: trapezoid, parallelogram, rectangle, rhombus, square
. Rectangle, square

. Rhombus, square

. Parallelogram, rectangle, rhombus, square

. Parallelogram, rectangle, rhombus, square

. Rhombus, square

. Parallelogram, rectangle, rhombus, square

. Rectangle, square

. Rhombus, square

. Parallelogram, rectangle, rhombus, square

. Parallelogram, rectangle, rhombus, square

. Square

O O DUl B~ WN -

N S Sy
A WNRFRO

11.14 PERIMETER AND AREA

Perimeter and area are measurements that are commonly subjects of GRE math
problems.

> The perimeter of a polygon is the distance around the polygon. Hence, the
perimeter is the sum of the lengths of the sides of the polygon.

If a polygon has n sides, the perimeter P of the polygonis P =s, +s,+s; +:
+s., where each s is the length of a side. The perimeter P of a rectangle with

length I and width w is P = 21 + 2w. The perimeter P of a square with sides of
length s is P = 4s.

> The area of a polygon is the amount of the surface enclosed by the polygon.
The area is expressed as the number of square units of surface inside the
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polygon.

Areas of Polygons

Polygon ymbols Used in Formula Area

Triengl b =base, = lfirude tothe base A=0)0h
Tapesoid ~ =dlistance between paralle sdes # and ) A=030 +0)
Paralleogram b = base side of parelelogram, f = alitude tobase A=l
Rectngle ~~~ [=length, w = widh A=l
e § = side of square A=+
Righttringle 7 and b = egsofthe triangle A=050

each of which is a polygon whose area can be found.
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I11

B

Figure 11.23

In Figure 11.23, polygon ABCDE was divided into three nonoverlapping
regions by drawing all of the diagonals from one vertex, E . The area of polygon
ABCDE equals the area of triangle I plus the area of triangle II plus the area of

triangle III.

11.15 PRACTICE PROBLEMS

1. Find the perimeter of a square with side s .
s=25cm

s =76 mm

s = 7.5ft

s=2ft9in

oSCOwp
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2 . Find the perimeter of a rectangle with length I and width w .
A. =16 cm, w = 9cm
B. =63 ft,w=49 ft
C. [=35m,w=9.75m

3. Find the perimeter of a triangle with these sides.
A. 16 m,8m, 14 m
B. 20 in, 16 in, 28 in
C. 6.22m, 4.7 m, 5.84 m

4 . Find the perimeter of an equilateral triangle with side s .
A. s=40 cm
B. s=14ft
C. s=475m
D. s=84in

5. Find the perimeter of a pentagon whose sides are 24 in, 58 in, 32 in, 66 in,
and 43 in.

6 . Find the area of a parallelogram with the base b and altitude h.
A. b=26in,h=141in
B. b=98cm, h=75cm
C. b=25in, h=32in

7 . Find the area of a triangle with the base b and altitude h.
A. b=12cm, h=18 cm
B. b=13m,h=10m
C. b=5ft,h="7ft

8 . Find the area of a square with side s .
s=18 ft

s=10ft

s=15cm

. s = 6ft

s =8m

monwe

9. Find the area of a trapezoid with altitude h and bases a and b.
A. h=8cm,a=4cm, b=10cm
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B. h=5mm,a=9mm, b =13 mm
C. h=18in,a=29in, b =361in
D. h=7ft,a=8f1t,b=14ft

10 . Find the area of a right triangle with the given sides.
A. 11in, 60 in, 61 in
B. 7 cm, 24 cm, 25 cm

11.
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G F
C
10
4
A 6 B

Figure 11.24
Find the area of figure ABCDEFG using Figure 11.24 .

11.16 SOLUTIONS

13
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1 =4s = 4(25 cm) = 100 cm

4s = 4(76 mm) = 304 mm
4s = 4(7.5 ft) = 30 ft
4s = 4(2 ft 9 in) = 8ft36in = 8ft+ 3ft = 11 ft
=2l+2w=2(16 cm) + 2(9 cm) = 32 cm + 18 cm = 50 cm
B. P =21+2w =2(63 ft) + 2(49 ft) = 126 ft + 98 ft = 224 ft
C. P=2l+2w=2(3.5m)+2(9.75m)=7.0m + 19.5m = 26.5m
3. A, P=s,+s,+s5,=16m+8m+ 14 m=38m
B. P=20in+ 16 in + 28 in = 64 in
C. P=622m+47m+5.84m=16.76 m
4. A. P=3s=23(40 cm) = 120 cm
B. P=3s=23(14 ft) = 42 ft
C. P=35s=3(4.75m)=14.25m
D. P=3s=3(8.4in) = 25.2 in
5.A. P=24in+58in+32in+ 66 in + 43 in = 223 in
6. A. A=bh=(26in)(14 in) = 364 in’
B. A=bh=(98 cm)(75 cm) = 7,350 cm?
C. A=bh=(25in)(32 in) = 800 in?
7. A. A=0.5bh=0.5(12 cm)(18 cm) = 108 cm?
B. A=0.5bh=0.5(13 m)(10 m) = 65 m?
C. A=0.5bh=0.5(5ft)(7 ft) = 17.5 ft*
8. A. A=s?=(18 ft)> = 324 ft?
B. A=5s2=(10 ft)> = 100 ft?
C. A=s?=(15cm)? =225 cm?
D. A=s?=(6ft)> = 36 ft
E. A=s?=(8 m)’=64 m?
9. A. A=0.5h(a+b)=0.5(8 cm)(4 cm + 10 cm) = 0.5(8 cm)(14 cm) = 56
cm?
B. A=0.5h (a +b ) =0.5(5 mm)(9 mm + 13 mm) = 0.5(5 mm)(22 mm) =
55 mm?

C. A=0.5h (a +b)=0.5(18 in)(29 in + 36 in) = 0.5(18 in)(65 in) = 585 in?

. A. P
B. P
C. P
D. P
A. P
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D. A=0.5h(a+b)=0.5(7 ft)(8 ft + 14 ft) = 0.5(7 ft)(22 ft) = 77 ft2
10. A. A=0.5ab A =0.5(11 in)(60 in) = 330 in’
B. A=0.5abA=0.5(7 cm)(24 cm) = 84 cm?

11. Draw FX 1L ED ,draw CF .GF=6.AB+CD=GX=6+4=10. FX = 4.
BC + DX =AG=10. DX =6. XE = 5. Area ABFG = 6(10) = 60. Area
CDXF = 4(6) = 24. Area XFE = 0.5(7)(4) = 14. Total area ABCDEFG = 60
+ 24 + 14 = 98 square units.

11.17 CIRCLES

A circle is the set of all points in a plane that are at a fixed distance, or radius ,
from a given point, the center . We name a circle by its center.

* Two circles are concentric if they have the same center.

* An arc is part of a circle.

* A semicircle is an arc that is one-half of a circle.

* A minor arc is an arc of a circle that is less than a semicircle.

* A major arc is an arc of a circle that is greater than a semicircle.
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Figure 11.25

In circle O (Figure 11.25), AO is a radius, BC is a diameter, DF is a chord,
< AOB is a central angle, » FDE is an inscribed angle, line t is a tangent to
circle O at X, and line ED is a secant. Arc BAC is a semicircle, arc AC is a minor
arc, and FDA is a major arc. In circle O, the region enclosed by arc AC, radius
CO/, and radius AO is called a sector of the circle.

> The circumference of a circle is the distance around the circle. C = nd . Pi(m)
is the ratio of the circumference of a circle to its diameter.  is approximately
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3.140r 3.
7

> A chord of a circle is a line segment joining two points on the circle.

> A diameter is a chord that goes through the center of the circle.

> A radius is a line segment from the center of a circle to a point on the circle.
A diameter is the same length as two radii.

> A secant is a line that intersects a circle in two points.

> A tangent is a line that intersects a circle in exactly one point.

> An inscribed angle is an angle whose sides are chords of a circle and with its
vertex on the circle.

> A central angle is an angle with its vertex at the center of the circle, and with
sides that are radii.

The measure of a central angle is the same as the degree measure of its arc.
However, the degree measure of an inscribed angle is one-half the measure of its
arc. ~AOC =arc AC and « FDE = 0.5 arc EF . If an angle is inscribed in a
semicircle, it is a right angle.

A diameter separates a circle into two semicircles. A semicircle is half of a
circle, so it is half of 360" or 180° . A minor arc is a part of a circle that is less
than a semicircle, so it has a measure that is less than 180° .

The circumference of circle C equals m multiplied by the diameter. C = nd , or
C =2mr.

The area A of a circle is equal to m multiplied by the square of the radius. A =

2.

The area A of a sector of a circle is to the area of the circle as the central angle
of the sector is to 360° . That is, find the ratio of the central angle of the sector to
360° and multiply that ratio times the area of the circle.

When two chords intersect inside a circle, the product of the segments of one
chord is equal to the product of the segments of the other chord.

For Figure 11.26 , AE X EB = CE x ED . Also, «~ AED = 0.5(arc AD + arc BC
)-
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C B

Figure 11.26

Example:

If a diameter of a circle is 30 cm, what is the circumference of the circle?

Solution:

C =nd = 30m cm.

Example:

If a diameter of a circle is 40 ft, what is the area of the circle?
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Solution:

Since d = 40 ft, then r = %4d = 20 ft. A = nr? = (20 ft)> = 400m ft>.

Example:

In Figure 11.26, if arc AD = 42", arc AC = 72", and arc BC = 46", what is the
measure of arc BD?

Solution:

arc AD + arc AC + arc BC + arc BD = 360°
42° + 72"+ 46° + arc BD = 360°

160" + arc BD = 360°

arc BD = 200°

11.18 PRACTICE PROBLEMS

1. In Figure 11.27 , if AC = 12 and BC = 35, what is the radius of circle O?
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Figure 11.27

. In Figure 11.27 , if AC = BC = 10 cm, what is the length of the diameter of
circle O?

No

w

. In Figure 11.27 , if AC = AO = 5, what is the area of triangle AABC ?
4 . In Figure 11.26 , if AE = 12, BE = 7, and CE = 6, what is the length of CD ?

5. In Figure 11.26 , if CE = ED , AE = 2, and EB = 6, what is the length of CD
?
6 . In Figure 11.26, if arc CB = 35" and arc AD = 95°, what is the measure of

+AED?
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7

10.
11.

12.
13.

. In Figure 11.26 , if arc BC = 125’ and arc AD = 105’ , what is the measure

of ~BEC?

. What is the circumference of a circle whose radius is 10 cm?

. What is the area of a circle whose diameter is 10 in?

What is the circumference of a circle whose area is 491 cm? ?

What is the area of a sector of a circle whose central angle is 60° and whose
radius is 12 ft?

What is the area of a circle whose radius is 12.2 cm?

Find the circumference of a circle whose radius is 18 cm.

11.19 SOLUTIONS

. Triangle ACB is a right triangle. Line segment AB is the hypotenuse of the

right triangle and the diameter of the circle. 12 + 35% = 144 + 1225 = 1369
= 37%, s0 AB = 37. The radius is one-half of the diameter. So, r = 0.5(37) =
18.5.

. AC = BC = 10 cm in right triangle ABC .

AC?*+BC?*=AB?,10*+10*=AB?, 100 + 100 = AB*

200=4B?,,/200 = AB,AB = ,/100,/2 = 10,/2

Note: Right triangle ABC is an isosceles right triangle, so it is a 45" — 45" —
90° right triangle and AB = AC \/E .

. AC=A0,s02AC=AB,soitisa30 - 60" - 90" right triangle, so

BC =AC+/3=5,/3.

A=0.5ab=0.5(5)(5,/3) =12.5,/3.

. AE X EB=CE X ED
AE =12, EB=7, CE =6,
ED =x

12 x 7 =6x

84 = 6x
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14=x
CD=CE+ED=6+14=20

5. AExXEB=CE xED
2><6:y><y
12=y?

VI2=y

V4/3=1y

2y/3=y

CD =2y=4,/3
. 2AED=0.5(35"+95")=0.5(130") = 65°
. «BEC=0.5(125"+105") = 0.5(230° ) = 115°
. C=2nr=2(m)(10 cm) = 20t cm

© oo 9 o

.A=mr?d=101in, sor = 5in
A =m(5 in)* = 25m in?

10. A=nr?=49ncm?sor?=49 cm? r = 7cm
C =2nr = 2n(7 cm) = 14t cm

11. A=mr?=mn(12 ft)* = 144n ft* . 360 ~ 60" = 6
area of sector = Area of circle +6 =
144m ft> + 6 = 24 ft?

12. A=nr?=m(12.2 cm)? = 148.841 cm?

13. C=2nr =2(m)(18 cm) = 36m cm

11.20 SOLID GEOMETRY

Solid geometry has to do with three-dimensional objects.

> A solid is a figure that encloses a portion of space.

The volume of a solid is the amount of space it encloses. The surface area of a
solid is the area needed to cover the outside of the solid.
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> A polyhedron is a solid made up of parts of planes.

The sides of a polyhedron are called faces . Two faces intersect in an edge . Two

edges intersect in a vertex .

A rectangular solid is a polyhedron with all faces being rectangles. See
Figure 11.28 . Most rooms and boxes are rectangular solids. The dimensions of a
rectangle solid are its length [, width w, and height h . The volume V = Iwh .
The surface area S = 2lw + 2lh + 2wh .

Figure 11.28

A cube is a rectangular solid with all faces being identical squares. See Figure
11.29 . The edge e of any one of the squares is the length, width, and height for

the cube.
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radius of the base.

Figure 11.29

The volume V = e * and the surface area S = 6e 2.

A right circular cylinder has bases that are circles and the curved surface is
perpendicular to the bases. See Figure 11.30 . The volume V = nir 2 h and the
surface area S = 2nrh + 2mir 2, where h is the height of the cylinder and r is the
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Figure 11.30

A pyramid is a solid with one base. See Figure 11.31 . The vertices of the
base are joined to the apex or vertex of the pyramid. The volume

V = B} , where B is the area of the base of the pyramid and h is the

G

height from the base to the apex.
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Figure 11.31

A right circular cone is a solid that has one circular base. See Figure 11.32 .
The vertex of the cone is a point on a line perpendicular to the circle at its center.

The volume V of the cone — — "1T1"2h , where r is the radius of the base and h

3

is the height of the cone.
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Figure 11.32

The surface area S = ir 2 + mrs , where s is the slant height ands2=r?+h?.
A sphere is a ball-shaped solid. See Figure 11.33 . The volume

V = —1r 3 and the surface area S = 4nr 2, where r is the radius of the

3

sphere.
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Figure 11.33
Volume and Surface Areas of Solids

Solid Volume Surface Area
Rectangular solid V =lwh §=2w+2h + 2w
Cube V= § = pe?
Right circular cylinder V =l § = mrh + 2mr?
4
Sphere V= g’ITT3 § =y’
|
Right circular cone V= gwrzh S=art +ms
|
Pyramid V =-Bh

3
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Example:

If the surface area of a cube is 1,176 in? , what is the length of an edge of the
cube?

Solution:

S =6e?

1,176 in? = 6e ?
196 in® = e 2

+/1961n%2 = e .Because e is the length of an edge of a cube, only the

positive square root is used. 14 in = e .

Example:

If the radius and height of a right circular cylinder are 8 cm and 10 cm,
respectively, what is the surface area of the cylinder?

Solution:

S = 2nrh + 2nr 2

S = 2n(8 cm)(10 cm) + 2m(8 cm)?
S = 160m cm? + 1281 cm?

S = 288m cm?

11.21 PRACTICE PROBLEMS

1. Arectangular solid has length I, width w, and height h . Find the volume of
the solid.

A. =10 ft, w=8ft, h = 7ft
B. I=30cm,w=24cm, h=12 cm

2 . Arectangular solid has length [, width w, and height h . Find the surface
area of the solid.

A. [=10in,w=61in, h=12in
B. I=8m,w=7m,h=10m

3. A cube has edge e . Find the volume of the cube.
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10 .

A. e=0.4m

B. e=10in

C. e=12cm

D. e=5m

. A cube has edge e . Find the surface area of the cube.

A. e=2in

B. e=7ft

C. e=1.2cm

D. e=0.4m

. Aright circular cylinder has a radius r and height h . Find the volume of the

cylinder.
A. r=4in,h=8in
B. r=7cm, h=3.5cm

. Aright circular cylinder has radius r and height h . Find the surface area of

the cylinder.
A. r=8.4m, h=10.2m
B. r=8ft, h=7ft

. A sphere has radius r . Find the volume of the sphere.

A. r==6in
B. r=8cm
C.r=10m
. A sphere has a radius r . Find the surface area of the sphere.
A. r=5cm
B. r=1.4m
C. r=9in

. Aright circular cone has a radius r and height h . Find the volume of the

cone.
A. r=6in, h=101in
B. r=4cm,h=12cm

A right circular cone has r and slant height s . Find the surface area of the
cone.
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A. r=6cm,s=12cm
B. r=10 ft, s = 8ft

11 . Find the volume of a pyramid that has a rectangular base with length [ and
width w and the height of the pyramid is h .
A. [=8in,w=6in, h=12in
B. I=7cm,w=4cm, h=6cm

12 . Find the volume of a pyramid that has a square base with side e . The height
of the pyramid is h.

A. e=6cm, h=10cm
B. e=9in, h=14in

13 . The dimensions of a classroom are 24 ft by 17 ft by 12 ft. Find the number
of cubic feet of air space that it contains.

14 . Find the volume of a cube whose surface area is 54 in® .

15. A cylindrical can is 6 in tall and the radius of the base is 3 in. What is the
surface area of the can?

16 . A cylindrical tank holds 490m ft* of water. The base is a circle with a 7 ft
diameter. What is the height of the cylinder?

17 . Find the volume of a pyramid when the area of the base is 25 in? and the
height is 6 in.

18 . If the volume of a sphere is 288 cm?, what is the radius?

19 . What is the surface area of a rectangular solid whose dimensions are 17 cm,
19 cm, and 20 cm?

20 . What is the surface area of a cube whose edge is 14 mm?

11.22 SOLUTIONS

1. A. V=Iwh = (10 ft)(8 ft)(7 ft) = 560 ft>
B. V=Iwh = (30 cm)(24 cm)(12 cm) = 8, 640 cm?

2. A. S=2lw+2lh+ 2wh = 2(10 in)(6 in) + 2(10 in)(12 in) + 2(6 in)(12 in)
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S =120 in? + 240 in? + 144 in® = 504 in?
B. S=2Ilw + 2lh +2wh = 2(8 m)(7 m) + 2(8 m)(10 m) + 2(7 m)(10 m)
S=112m?+ 160 m? + 140 m? = 412 m?
3. A. V=e?=(0.4m)’ = 0.064 m®
B. V=e¢3=(10in)* =1, 000 in®
C. V=e?=(12cm)*=1, 728 cm?
D. V=e*=(5m)*=125m?
4. A. S=6e?=6(2in) =64 in?) = 24 in?
B. S = 6e? = 6(7ft)> = 6(49ft* ) = 294ft?
C. S=6e?=6(1.2cm) = 6(1.44cm? ) = 8.64cm?
D. S=6e?=6(0.4m) = 6(0.16m? ) = 0.96m?*
5. A. V=mr?h=mn(4in)? (8 in) = m(16in? )(8 in) = 128m in®
B. V=nr?h=mn(7 cm)? (3.5cm) = n(49 cm? )(3.5cm) = 171.51 cm?®
. A. S=2nr?+2rh=2(n)(8.4m)* + 2(m)(8.4 m)(10.2m) = 2r(70.56m? ) + 2
(85.68m? ) = 141.12mm? + 171.36m m? = 312.48m m?

B. S=2mr?2+ 2 rh=2(n)(8 ft)? + 2(m)(8 ft)(7 ft) = 2 (64 ft2 ) + 2 (56 ft2 ) =
128 ft?> + 112m ft> = 240m ft?

7. A.
4 3 4 IR e 4 P ‘s
V =—-mr’ = §(1T)(6 in)° = gfrr(216) in> = 288w in
B.
4 3 4 3 4 g
V= g’iTT' = g(ﬂ)(S cm) - 517(512) cm® = 682.717 cm?
C.
4 3 4 3 4 o 3
V= g’ﬂ'l’ = g('ﬂ)(lOm) = 517(1,000)1’1’1 =1,333mm
8. A. S=dnur?=4(n)(5cm)*=100m cm?
B. S =4nr? = 4(n)(1.4m)? = 7.841 m?
C. S =dnur?=4(m)(9 in)* = 324m in?

1 1
9. AV = g'n'rzh = g('n')(6 in)?(10 in) = 1207 in°
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10.

11.

12.

13.

14 .

15.

16

1 1
V = §1Tr 2h = g(frr)(él cm)?(12cm) = 647 cm®
A. S=mr?+ nrs = n(6cm)? + n(6cm)(12cm) = 36mem? + 72mem? = 1081
cm?
B. S=mnr?+nrs =mn(10 ft)* + n(10 ft)(8 ft) = 100m ft* + 80m ft> = 180m ft?

A.
AV = %Bh = ;(lw)h = ;(Sin)(6in)(121n)=l921n3
B.
1 1 1
V= gBh = g(lw)h = 5(7 cm)(4 cm)(6 cm) = 56 cm?
A.
1 1. 5 1 5
B.
I 1.5 L . . .
V= gBh = 5(e h = g(9m) (14 in) = 378 in?

A room is a rectangular solid. You need to find the volume.
V = lwh = (24 ft)(17 ft)(12 ft) = 4,896 ft*
There are 4,896 ft* of air space in the room.

Surface area of the cube is 54 in?.

S = 6¢2 V =¢3
54in2 = 6e2 V= (3in)’
9in? = ¢? V =27in°
3in=¢e

The volume of the cube is 27 in®.

S =2nr? + 2nrh = 2n(3 in)? + 2n(3 in)(6 in) = 18m in? + 36m in? = 547 in?
The surface area of the can is 54t in? .

. Cylinder with circular base, volume is 490m ft* . Diameter = 7 ft, so radius
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17 .

18.

19.

20 .

is 3.5 ft.
V=mnr?h
490m ft* = m(3.5ft)* h
490 ft* = 12.25 ft* h
40 ft=h
The height of the cylinder is 40 ft.
! [l e : :
V= §Bh = 5(25 in?)(6 in) = 50 in®

The volume of the pyramid is 50 in? .

4
V = —qrr3 = 2887 cm?

4nir 3 = 864m cm?®

r3=216 cm?

r = 6cm

The radius of the sphere is 6 cm.

S =2lw + 2lh + 2wh = 2(17 cm)(19 cm) + 2(17 cm)(20 cm) + 2(19 cm)(20
cm) = 646 cm? + 680 cm? + 760 cm? = 2,086 cm?
The surface area of the rectangular solid is 2,086 cm? .

S =6e ? = 6(14 mm)? = 6(196 mm? ) = 1,176 mm?
The surface area of the cube is 1,176 mm? .

11.23 COORDINATE GEOMETRY

Coordinate geometry is the branch of geometry that deals with planes on a
coordinate system. Each point in the plane has a unique coordinate (x, y ). The
horizontal number line is the x axis , and the vertical number line is the y axis .
The zeros on each number line match up, and this point is called the origin for
the coordinate system. The plane is divided into four parts, which are called
quadrants and are numbered I, II, III, and I'V in counterclockwise order from
the upper right. See Figure 11.34 .
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Figure 11.34

Points in Quadrant I have both coordinates positive, (pos., pos.). In Quadrant
I1, the x coordinate is negative, but the y coordinate is positive (neg., pos.).
Points in Quadrant III have both coordinates negative (neg., neg.). Points in
Quadrant IV have a positive x coordinate and a negative y coordinate (pos.,
neg.).

To locate a point, such as (5, —3), in the plane, start at the origin and move 5
units in the positive x direction (right). Then move from that location 3 units in
the negative y direction (down). The point (-3, 5) is three units left from the
origin on the x axis and then 5 units up on the y axis. See Figure 11.35 .
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(5,-3) o
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Figure 11.35
LetP=(x,,y,)and Q=(x,,y,). The distance from P to Q , denoted d ,

can be found by the distance formula:
d = \/(xz —x1)* + (12 — 11)?

The midpoint , M, of the line segment PQ is:
X1+X2 W+

M = ,
2 2
The slope of the line through the points P and Q is:
Ya— M
Xp — X
Let [ , with slope m , and [ , with slope m , be any two nonvertical lines.

m = ,whenx , # x,

Ifm,=m,thenl | I,.

Ifm,xm,=-1,thenl, L I,.

A vertical line does not have slope and has the form x = k , where k is a real
number.

A horizontal line has a slope of zero and has the form y = h, where h is a real
number.

Any two horizontal lines are parallel to each other.

Any two vertical lines are parallel to each other.

Any vertical line is perpendicular to any horizontal line.

If a line crosses the x axis, the point at which it crosses is called the x
intercept . If a line crosses the y axis, the point at which it crosses is called the y
intercept . The x intercept is the value of x when y = 0 for the line. The y
intercept is the value of y when x = 0.

Let the slope of a line be m and the y intercept of the line be b . The slope--
intercept equation of a line is: y=mx + b .

Example:

What is the slope of the line containing the points (6,-4) and (—8,-6)?

Solution:
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L m—h =6 (-4 —6+4 -2 1
X, — X4 —8—6 —14 —-14 7
. The slope of the line is — .
7
Example:

What is midpoint of the line segment with endpoints (6,-4) and (-8,-6)?

Solution:

ntn yptn)  (6-8 —4-6) (-2 -10)
— = = —_—— = _11_
4 ( 2 2 ) ( 2 2 =1-5)

. The midpoint of the line segment is (—1,-5).

Example:

What is the distance between the points (6,-4) and (-8,-6)?

Solution:

b= -1 4o = 18- 04 (- (A= HP (0P = 4= 0= 0 2= 10,2

The distance between the points is ] () \/z .

Example:

If a line has a slope of —3 and a y -intercept of (0,4), what is the equation of the
line?

Solution:

m =-3 and b = 4. y = mx +b =—3x +4. The equation of the line is y =—3x +4.

11.24 PRACTICE PROBLEMS
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1. Name the quadrant or axis where each point is located.
A. (6,1)
B. (-2, -4)
C. (-10,-2)
D. (-8, 4)
E. (3, -6)

2 . Locate each point on a coordinate grid.
.A=(3,2)
. B=(-2,-3)
. C=(5,0)
. D=(4,-2)
E = (0, -2)
F=(-3,3)
. G=(-3,0)
. H=(-1,4)

T OmMmonwe

3. Find the slope of the line through the given points.
A. (-2,-3)and (-1, 5)
B. (8,1)and (2, 6)
C. (2,4)and (-4, 4)
D. (-3, 4) and (-4, 3)
E. (3, -13) and (-6, —5)

4 . Write the equation of the line with the given slope m and given y -intercept

m=1.5b=-4
m=—4,b =1.8
m=3,b=0

m=-1.6,b=4

CowE

5. Write the equation of the line with the given slope m and intersection
through the given point.

m = 0.5; (-3, 2)

m =-2; (0, 1)

m = 1.25; (-2, -1)

m =—-1.5; (2, 4)

oCoOwp
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6 . Determine if L, and L, are parallel, perpendicular, or neither.
A. L, goes through (4, 6) and (-8, 7); L, goes through (7, 4) and (-5, 5)
B. L, goes through (9, 15) and (-7, 12); L, goes through (-4, 8) and (-20,
5)
C. L, goes through (2, 0) and (5, 4); L, goes through (6, 1) and (2, 4)
D. L, goes through (0, —7) and (2, 3); L, goes through (0, —3) and (1, —2)

7 . Find the distance between the given points.
A. (3,4)and (-2, 1)
B. (-2, 1) and (3, 2)
B. (-2, 4)and (3, -2)

8 . Find the midpoint of the line segment between the points.
A. (7,-3) and (-4, 2)
B. (0, -5) and (4, -12)
C. (5,-1)and (-3, -7)

11.25 SOLUTIONS

1. A1
B. III

C. III
D. II
E. IV
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-7 -6 -5 -4 -3 -2 -1
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Figure 11.36
2. Notes: A= (3, 2)
B=(-2,-3)
C=(5,0)
D=(4,-2)
E =(0,-2)
F=(-3,3)
G=(-3,0)
H=(-1,4)
Yo—=Wn 5+3 8
X — X —1+2 1
B.m:yz—y1_6—1 5_ 5
X9 —.X1 2—8 —6 6
o — 1 4 —4 0
Xy — X1 —4-2 —6
Y — 3—-4 _—1_
X9 — X1 —4+3 —1
1 — ) —5+13_ 8
X2 —Xq —6—3 -9
4. y=mx+b
A. y=15x—-4
B. y=—4x+1.8
C. y=3x
D. y=—1.6x+4
5. A. y=mx+b,(xy)=(-3,2),m=0.5
2=0.5(-3)+b
2=-15+b

35=b
y=0.5x + 3.5

3. A.m =
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B.y=mx+b,(xy)=(0,1),m=-2
1=-2(0)+b
1=b
y="2x+1

C.y=mx+b,(xy)=(-2,-1),m=1.25
-1=1.25(-2)+b
-1=-25+b
1.5=b
y=125x+1.5

D. y=mx+b,(xy)=(2,4),m=-1.5
4=-1.5(2)+b
4=-3+b
7=b
y=-—15x+7

2 — W 7—6 1
6. A. L, hasslope 11 = s g == = —

Xz — X —8—4 —12

SO 1

i =i —i—s

T2
L, has slope 11 = 24N == 3l—d o i
Xy — X1 —5-—-7 —-12

SO 1

;= ——

T 12

Sincem ,=m,,L,||L,.

g . _12-15 -3 3
T T T T 16 T 16
" 5-8 -3 3
My Y ==—-— = —
FET 49 e 16

Sincem ,=m,,L,||L,.
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¢ e 1 04
I T e
2=l 8 B
2SR T B8 -4 4
m H & il
my X — X —— = —
1 2= 3 4
Sincem,xm,=-1,L, L L,.
3+7 10
D. [q: =25,
LM =5"057"
243 1
Ly i = =
2= T

m,#m,,andm,xm,=5x1=5#-1Sincem,#m,,andm,>xm,
#—1, L , and L , are neither parallel nor perpendicular.

TA = \/(xz—x1)2+(yz—y1)2

=/(—2=3)2+ (1 — 42 = \/(-5)? + (-3)?
=/25+9=./34

é

d
B.

(x2 — x1)* + (12 — yl)2
B+2?%+2-1)°
(

5)2 + (1)2 = /25 + 1 = /26

=

I I
N

E
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- \/(xz —x1)* + (12 — n1)?
=+/(3+2)2 + (-2 —4)?
= /(5 + (—=6)* = /25 + 36 = /61
d = /61

X1+ X2 y1+yz)

5-3 —1-7 2 —8
:(2’ 2 )‘(2’2) 1, =4
11.26 GEOMETRY TEST

Use the following test to assess how well you have mastered the material in this
chapter. Mark your answers by blackening the corresponding answer oval in
each question. An answer key and solutions are provided at the end of the test.
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1. Which is an angle with a measure of 180°?
A
[._‘13 Acute
B
[_ME_J Obtuse
ﬂ Reflex
[:I-J.T] Right
.-'_.‘-.'I .
LB Straight

2 . Which is the supplement of a 72° angle?

.-'_‘-\.hl o

(R)18

._\-\1 o

[_ME_J 36

(D) 108°

d_""| o

L_Eﬁ 288

3. What is the name for the opposite angles formed when two lines intersect?
A
[__:13 Complementary
[_E Supplementary
ﬁ Vertical
(:I?] Interior

.-'_.".'I .
LB Exterior

4 . If two lines are cut by a transversal, which angles will always be equal?
@ Adjacent angles
[E Alternate exterior angles
@ Alternate interior angles
ICIE] Corresponding angles
L_E Vertical angles



Telegram: @GRE346

5. If an angle is five times its complement, what is the measure of the angle?
@
[E 18°
@ 36°
ok
L_E;l 144°
6 . When two parallel lines are cut by a transversal, which pair of angles will
always be supplementary?
[__E Alternate interior angles
[E Consecutive interior angles
@ Corresponding angles
(:IE] Alternate exterior angles

g

Y '
LB Vertical angles

7 . Which is a quadrilateral that is equilateral but not always equiangular?
.'_‘-\.EI .
[__:13 Trapezoid
[E Parallelogram
ﬁ Rectangle
Ii:l-,‘-'h"rl Square
.-'_.‘-.ll
LB Rhombus

8 . Which polygon always has diagonals of the same length?
A
[__:13 Pentagon
[E Rectangle
ﬁ Parallelogram

Ii:l-,‘-'h"rl Rhombus
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.‘_.".'I
LB Hexagon

9 . Which is the fewest number of sides a polygon can have?

10 . In which figure do the diagonals NOT bisect each other?
.-'_‘-\.hl .
[__:13 Trapezoid
[E Parallelogram
ﬁ Square
ICG] Rhombus
LB Rectangle

11 . Which is a part of a line with one endpoint?

(B) Ry
@ Line segment
(:G] Angle

‘_‘-.'I .
LB Point
12 . Which is NOT a requirement for adjacent angles?
A
Lﬂ Two angles

[E Common vertex

@ Sum of angles is 180°
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ICI..'-' ] No interior points in common

.-'_.".'I .
LB Common side

13 . Which are the angles of a right triangle?
.-'_th o o o
Lﬂ 11°, 79°, 90
'_H"| o o o
[_hE_J 33°,67°, 90
(€ )90°, 90°, 90°
(D7) 10°, 20°, 60°, 90°
d_""| o o o o
L_E}ﬁO , 20°, 70°, 90

14 . Which lengths could be the sides of a triangle?

A

Lﬂ 4,9, 16

B

[_ME_H 3,4,7

(C)4,6,11

(D]5,7,9

LB 55,10

15. Inright AABC, C is the right angle. If side a = 5 and side ¢ = 13, what is
the length of side b ?

16 . Ina 30° — 60° — 90° triangle, if the hypotenuse is 10, what is the length of
the side opposite the 60° angle?

(A)104/3
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17 .

18.

19.

(8)5,/3
(©)20+/3
(D)5
(B)20

Which term is used to indicate the perimeter of a circle?
.-'_‘-\.hl .

[._‘13 Diameter

[E Radius

ﬂ Secant

(:I?] Chord

.‘_.".'I .
LB Circumference

Which is a line that has exactly one point in common with a circle?
@ Radius

[E Chord

@ Diameter

ICIE] Tangent

L_E Secant

Two chords intersect inside a circle. The lengths of the two parts of one

chord are 9 and 16. The lengths of the two parts of the second chord are 6
and x. What is the value of x ? (See Figure 11.26 .)
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20 . Aroom is 20 ft by 30 ft by 8 ft. What is the surface area of the room?
Lﬂ 4,800 ft
[_ME_J 800 ft
(€ ) 1,000 f
(D]1,520 f
R 2
L_h 2,000 ft

21 . If the altitude of a cylinder is 12 cm and the radius of the base is 9 cm, what
is the volume of the cylinder?

.'_H1 3
[__:13 108m cm
[E 21671 cm?
ﬂ 3781 cm?
(\Tj‘l 9721 cm?

T ——

R 3
LEJ 1, 2961 cm

22 . If the area of the base of a pyramid is 24 cm? and the altitude of the pyramid
is 18 cm, what is the volume of the pyramid?

.'_‘-\.hl 3
[__:13 144 cm
[E 432 cm®
ﬂ 1,296 cm?
(D)1,764 cm?
" 3
LEJ 20,736 cm

23 . If the radius of the base of a cone is 15 m and the slant height of the cone is
6 m, what is the surface area of the cone?

(A)225mm
(B ) 90m m’

ﬂ 6301 m?
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(D) 126n m?
(E)315mm’

24 . What is the surface area of a sphere whose radius is 14 in?
.'_‘-\.hl . 9
[:13 567 in
.‘_‘-\.hi . 9
[_ME_J 196m in
.‘__-\.hi . 9
L{_ ) 784min
() 2,744m in?
" ‘2
Lb 10,9761 in

25 . A cylinder has a height of 12 ft and the radius of the base is 9 ft. What is the
surface area of the cylinder?

[:13 189 ft
[_MEF._. 252 ft
d—_-\.hi >
U:_ ) 378m ft
() 504n ft

g

| I:;' 540m ft?

GEOMETRY TEST
Answer Key

N O U W N
MW om0 g -™
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10.
11.
12.
13.
14 .
15.
16.
17 .
18.
19.
20 .
21.
22.
23.
24 .
25.

OO0 pOoO@OpOoO@d®mEmEIT O > O

11.27 SOLUTIONS

1. E Straight
straight = 180°

2. D 108°
180° - 72° =108°

3. C Vertical

4. E Vertical angles
You are not told that the lines are parallel, so only vertical angles must
always be equal.

5. D 75°
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n+5n =90, 6n =90, n =15, 5n = 75. The angle is 75°.

6. B Consecutive interior angles
The adjacent interior angles are always supplementary. The interior angles
on the same side are transversal supplementary when the lines are parallel.
So, when the lines are parallel, consecutive interior angles are
supplementary.

7. E Rhombus
A square is both equilateral and equiangular. A rectangle is always
equiangular, but only squares are equilateral. A rhombus is always
equilateral, but only squares are equiangular.

8. B Rectangle
The diagonals of a rectangle are always equal.

9.D 3
A triangle has the fewest sides of any polygon, 3.

10. A Trapezoid
The diagonals of a parallelogram always bisect each other. The trapezoid is
the only non-parallelogram listed.

11. B Ray
A ray is a part of a line with one endpoint.

12. C Sum of angles is 180°

Adjacent angles are two angles in the same plane that have a common
vertex and a common side, and the common side separates the angles.

13. A 11°,79°, 90°
Every right triangle has a right angle, 90°, so the other two angles must have
a sum of 90° or 11° + 79° = 90°. Note: D and E are not triangles.

14.D 57,9
In a triangle, any two sides must exceed the third side. Since 5+ 7 =12 > 9,
and 9 is the longest side, these can be the sides of a triangle.

15. B 12
a’+b?*=c?anda=5andc=13
b?2=c?-a?=13>-52=169-25=144
b?=144
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16

17 .

18.

19.

20 .

21.

22

23.

24

b=./144 =12

.BS\/§

In a 30° — 60° — 90° triangle, the sides are a, (] \/§ ,and 2a . Side a is
opposite the 30° angle and 2a is the hypotenuse. 2a = 10, a = 5,
E Circumference

D Tangent
A tangent is a line that intersects the circle in exactly one point.

A 24

When two chords intersect inside a circle, the product of the segments, or
parts, of each chord is the same.

So,9(16) =6x 6x =144 and x =24

E 2,000 ft
A room is a rectangular solid, so S = 2Ilw + 2lh + 2wh .

S = 2(20 £t)(30 ft) + 2(20 ft)(8 ft) + 2(30 ft)(8 ft)
= 1,200 ft* + 320 ft* 4 480 ft>
S = 2,000 ft2

D 972n cm?®
V=mr?h
V= (m)(9 cm)? (12 cm) = (m)(81 cm? )(12 cm) = 9721 cm?

. A 144 cm?

1 1
V= gBh = 5(24 cm?)(18 cm) = 8 cm?(18 cm) = 144 cm’

E 315m m?
S =mr?+mrs =m(15 m)* + (15 m)(6 m) = 2251 m? + 901 m?
S = 315n m?

. C 784min?
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S = 4nr ? = 4n(14 in)? = 4n(196 in? ) = 784 in?

25. C 378mft?
S =2nr?+2nrh =2n(r*+rh ) = 2n[(9 ft)* + (9 ft)(12 ft)] = 2m(81 ft* + 108
f2 ) = 2n(189 2 ) = 378 f¢°

11.28 SOLVED GRE PROBLEMS

For each question, select the best answer unless otherwise instructed.

Quantity A Quantity B

1. Number of sides on a hexagon Number of sides on a pentagon
( A ] Quantity A is greater.
( B | Quantity B is greater.
"\-_o-"l
[;_{' | The two quantities are equal.

|(\-| ) | The relationship cannot be determined from the given information.

2 . Which polygon has exactly eight sides?
(") Hexagon
[_ME#; Quadrilateral
[C  Octagon
I(\I_:‘-'h‘j Pentagon
LTE Triangle
For this question, enter your answer in the box.

3. If the sides of a right triangle are 60, 91, and 109, what is the area of
the right triangle?
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4. InAABC, ~nA> B> ~C,AB=31cm, and AC =50 cm. Which
could be the length of BC?

[__E 25 cm
(B)30cm
—

LE::; 40 cm
I':IJ-' |45 cm

T ——

L_E;' 80 cm

Quantity A Quantity B

The measure of arightangle ~ The measure of the supplement
ofa 31" angle

[__E Quantity A is greater.

[E Quantity B is greater.

ﬁ The two quantities are equal.

I':I-J-'hil The relationship cannot be determined from the given information.

11.29 SOLUTIONS

1. A Quantity A is greater.

A hexagon has six sides and a pentagon has five sides.
2 . C Octagon

An octagon is an eight-sided polygon.
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3.12.730

In a right triangle, A = 0.5 ab where a and b are the legs of the right triangle.
Because the hypotenuse is the longest side in a right triangle, the legs have
lengths of 60 and 91. A = 0.5(60)(91) = 2,730.

4. E 80 cm
Because ~A> ~B> ~C,BC>AC > AB, BC > AC > 50. Also, BC < AB
+ AC = 31 + 50 = 81. Thus, 81 > BC > 50, and 80 is the only choice in the
interval.

5. B Quantity B is greater.
The measure of a right angle is 90°. The supplement of a 31° angle is 180° —
31° = 149°.

11.30 GRE PRACTICE PROBLEMS

For each question, select the best answer unless otherwise instructed.

1. Which is NOT a property of parallelogram?
[E The opposite sides are parallel.
[E The opposite sides are equal.
k?ﬁ The consecutive angles are supplementary.
I(\IZ‘:E The opposite angles are equal.
LEE The diagonals bisect the angles.

2 . Which is NOT a type of triangle?
[E Scalene
[E Equiangular
k?ﬁ Isosceles
I(\I::'-'h‘j Reflex
[:EE Regular

The perimeter of quadrilateral Q is 64 cm.
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Quantity A Quantity B

Theareaof Qif Qisarectangle. ~ Thearea of Qif Qs a square.
@ Quantity A is greater.

[E Quantity B is greater.

@ The two quantities are equal.

(:I?] The relationship cannot be determined from the given information.

For this question, enter your answer in the box.

4 . What is the smallest number of acute angles a triangle can have?

5. Which set of lengths could be the sides of a right triangle?
A
[:13 8, 15,17
B
[_ME_J 4,5,6
(C)9,12,14
(D)1,1,2

(D22,/2.4

Quantity A Quantity B

Circumference of circle O Radius of circle O
@ Quantity A is greater.

[E Quantity B is greater.
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U:' ) The two quantities are equal.

(:I?] The relationship cannot be determined from the given information.

Quantity A Quantity B

The volume of cube T The surface area of cube T
@ Quantity A is greater.

[E Quantity B is greater.
[ | The two quantities are equal.

(:I?] The relationship cannot be determined from the given information.

8. In a 45° — 45° — 90° triangle, if the hypotenuse is 4 \/E , what is the
length of a leg?

T is a right circular cylinder with radius of the base x cm and height y cm. R
is a right circular cone with radius of the base x cm and height y cm.

Quantity A Quantity B

Volume of T Volume of R
@ Quantity A is greater.

[E Quantity B is greater.
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ki—ﬁ The two quantities are equal.
I(\I_:‘-'h‘j The relationship cannot be determined from the given information.
10 . If the sides of a polygon are 2.5 cm, 3.8 cm, 11 cm, 4.9 cm, and 5.28 cm,
what is the perimeter of the polygon?
((A71.758 cm
[:E 27.48 cm
[C 165.1 cm
(D)274.8 cm
LTE 651 cm

ANSWER KEY

A W N -
)

© © N @ Ul
o> ® O > >

10 .
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PART IV
GRE MATH PRACTICE SECTIONS

The questions on the following practice sections are designed to be just like
questions that have appeared on the mathematics sections of the GRE. These
questions were written specifically for these practice sections and are not
endorsed by the GRE. Each practice section has a balance of questions over the
content areas of arithmetic, algebra, and geometry, along with information
presented in graphs.

GRE MATH PRACTICE SECTIONS

Like the actual GRE Quantitative sections, each GRE math practice section has
20 questions and a 35-minute time limit. The questions are divided into the
following categories:

8 quantitative comparison questions
12 general problem-solving questions, including graphs and table questions
graphs and table questionsgraphs and table questionsgraphs and table
questionsgraphs and table questions

Each practice section will be an accurate refection of how well you’ll do on
test day if you treat it like the actual examination. Here is how to take each
section under conditions similar to the actual exam:

> Find a place where you can work comfortably and without interruption.

> Complete the section in one sitting.

> Tear out the answer sheet and mark your answers by blackening the
corresponding answer oval. (Note that on the real test, you will mark your
answer by clicking on an answer choice oval on the computer screen.)

> Time yourself and observe the given time limits. Note how many questions
remain, if any, when time runs out.

> Become familiar with the directions to the test and the reference information
provided to test-takers. You will save time on the actual test day if you are
already familiar with this information.

Once you have completed a practice section, check your answers against the
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answer key provided. Then review the solutions to each problem, paying
particular attention to the problems you missed. For those problems, you may
want to go back and reread the corresponding topic review section in this book.
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Note: On the real GRE you will enter your answers by clicking on answer
ovals on the computer screen.
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| GRE MATH PRACTICE SECTION 1

20 Questions
Time—235 Minutes

> The numbers on this test are real numbers.

> You may assume that positions of points, lines, and angles are in the order
shown.

> You can NOT assume measures of line segments or angles unless the figure is
drawn to scale.

> Figures are in a plane unless stated otherwise.

> You may assume that lines that appear to be straight lines are straight lines.

> Lines are NOT parallel or perpendicular unless you are told they are or you
can deduce it from information given.

DIRECTIONS: Quantitative comparison questions provide two quantities,
Quantity A and Quantity B. You are to compare the two quantities. Then
choose

A if Quantity A is greater

B if Quantity B is greater

C if the two quantities are equal

D if the relationship can not be determined from the given information

NOTE: There is no answer E for these questions, so marking E is always
wrong.

Common

Information: In a question, information concerning one or both of the
quantities to be compared is centered above the two columns. A
symbol that appears in both columns represents the same thing
for both Quantity A and Quantity B.
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Quantity A Quantity B
25’ 50

The ratio of two adult brothers’ ages is 5 to 8.
Quantity A Quantity B

Theratioof the ~ The ratio of the brothers
brothers ages§  ages in 6 years.
years ago.
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James bought 16 ounces of dried fruit P
or 89¢ and 24 ounces of dried fruit Q
or $1.29,

Quantity A Quantity B
per ounce cost of  per ounce cost of

dried fruit P dried fruit Q

Quantity A Quantity B

Br=Ty)%  9x?—42ay+49y’
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X is a square with sides of length s.

Quantity A Quantity B

units in the units in the area of X
perimeter of X

Salary S reduced by 10% = salary T

Salary T increased by 10% = salary W.
Quantity A Quantity B

Salary Salary W
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parallelogram ABCD

xO 0
A yB

Quantity A Quantity B
X y

0<t<l
Quantity A Quantity B

I
3. -t ~+1
2-|-
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9. Ifa, b, and c are consecutive odd integers, which expression must be odd?
Choose all that apply.

Alab+c)
Bi(a@a+b)-c
. |abc

L 2(c-a)+b

Ela+b+c

10 . What is the area of RST ? (Use Figure 1 .)
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YA

S (6,4)

2,/13

12
24

#HEOEE

Y

Figure 1

=V
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1 1
11. What is the value of | 3 4+ — 2——]°
at is evaueo( —|—2)< 4)

3
(B) 5§
© 6513
© 61
® 7+

Questions 12—14 refer to the following graph.
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Number of Graduates from State University
with Degrees in Education, 1980-20035
(in hundreds)

Health and P.E. - 1-12 i 2.3

Fine arts — 1-12 [ 1.8
Foreign languages — 1-12 - 1.4

English — 9-12 _ 6.6

Social studies — 9-12 — 6.7

Mathematics — 9-12 — 4.8

Science — 9-12 — 4.4

Middle grades — 5-8 — 8.3

Elementary grades — 1-6 _ 10.2

Primary grades — K-2 _ 11.6

Field-grades

0123456738 9I10I1112
Graduates
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12 . Approximately how many education degrees in grades 1-12 fields were
earned at State University in 1980-20057?

(A) 55
(B] &1
(C) 55
(D] 410
[:f‘l 550

(A) 2%
(B 12%
(C) 18%
(D] 20%
(E) 37%

For this question, enter your answer in the box.

14 . How many graduates earned degrees in mathematics?

5 3 _
15. If— = Sand— = f),whatisthevalueof2 y?
y x+4
® -3
(B) 01
© L
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—. 3
D] —
®) 28

5

"E]
= 28

16 . If aright triangle has legs of 20 cm and 21 cm, what is the length of the
hypotenuse?

(A) V41 cm
| 20.5 cm
@ 29 cm
I':IEE 41 cm
[:f"l 45 cm

17 . What is the average (arithmetic mean) of the values 41, 42, 41, 47, 44, 37,
and 497

A
®)
[':Eil 43
OF
(D) 47
L_h 49
18 . If the sale price of an air conditioner is $306 after a 10% reduction was
made, what was the regular price of the air conditioner?

(A) $275.40
(B $316.00
(C) $336.60
(D) $340.00
(E) $374.00
19 . Last week, Jane worked 40 hours of regular time and 8 hours of overtime. If

she earns $11.50 per hour regularly and gets 11/2 times that for overtime,
how much did Jane earn last week?
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20 .

2

$391
$414

$460
(I?E $575

(£ $598

CE

i
| M
T

Laura’s bag contains 14 red marbles and 16 green marbles. If Laura selects
one marble at random from the bag, what is the probability that the marble
she selects will be green?

. 1
(A —
A 370
(B] —
— 1§5
C
= 15
. 7
”r' —
2
— 3
E) >
= 7

STOP

IF YOU FINISH BEFORE TIME RUNS OUT, GO BACK AND CHECK YOUR WORK.

GRE MATH PRACTICE SECTION 1
Answer Key

W N e
>




OA<AA

< 1N © DN O

9. B,C,D,E

10. D

11. C

12. E

13. D

480

14 .

15.
16.

17 .
18.

19.
20 .
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SOLUTIONS

1. A Quantity A is greater.
A =25?=625, B=50,625>50,A > B

2 . B Quantity B is greater.

Currently the ratio is 5 to 8 and both brothers are adults, so use the ages of 5
x 4 =20and 4 x 8 = 32 as an example. Eight years ago, the ages would

have been 12 and 24 for a ratio of — .

2
In 6 years, the ages will be 26 and 38 fora — .
19
13 1
I > —
19 2

The answer is B.

3. A Quantity A is greater.
P is $0.89 + 16 = $0.0556 per ounce
Q is $1.29 + 24 = $0.0538 per ounce
Since P > Q, the answer is A.

4 . C The two quantities are equal.
(B3x =7y ) =9x2—42xy —y?
The answer is C.

5. D The relationship can not be determined from the given information.
perimeter of X =4s areaof X=s525s=3,P=12,A=9s=10,P=40,A=
100
Since the relationship depends on s, the answer is D.

6 . A Quantity A is greater.
S is the original salary. Salary T = 90% of Salary S = 0.9S .
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10.

11.

12.

13.

Salary W = Salary T + 10% of Salary T = 0.9S + 0.1(0.9S ) = 0.99S
Since S > T, the answer is A.

. D The relationship cannot be determined from the given information.

You cannot tell which is greater from the figure. In a parallelogram (given),
you know that x “+y "= 180" .45" + 135" = 180", so x could be less than y .
But 120" + 60° = 180°, so x could also be greater than y . The answer is D.

. D The relationship cannot be determined from the given information.

0<t<1
Ift=0.1,then1-t=1-01=09and05+t=05+0.1=0.6.1-¢t>0.5
+tIft=0.5then1-t=1-0.5=0.5and0.5+t=05+05=1.1-¢t<
05+t

The answer is D.

. B, C, D, E Only choice.

A.a(b+c)isevenb +c=odd+ odd =evena (b+ c)=odd x even = even

D 12

Since two sides of the triangle are perpendicular to the axes and go through
the point (6, 4), the angle at S is a right angle and TS = 6 and RS = 4. Area of
RST = 0.5(6)(4) = 12.

1

CH—

8
3+1 2 ! —(35)(175)—6125—61
2 4 ) TS TTTT T

E 550

Foreign languages = 1.4 x 100 = 140
Fine arts = 1.8 x 100 = 180

Health and PE = 2.3 x 100 = 230
The total is 550.

D 20%
Primary grades: 11.6 x 100 = 1,160; 1,160 + 5,810 = 0.1990 or 20%
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14. 1480
From the graph, there are 4.8(100) = 480 mathematics graduates.
3
5. D —
28 ]
Since)—c — 5,x=10andsince — = 6,y — l.Then,
% ) y 2
2—y 2_5 -
x+4 10+4 14 28
16. C29 cm

In a right triangle, a?+ b?=c?, so 20* + 21 = 400 + 441 = 841 = 29 . The
hypotenuse is 29 cm.

17. B43
ATE — SUM
- SUM
41442441447+ 44+37+49
- 7
301
— = — 43
7
18 . D $340.00
(1.00 — 0.10)P = $306, 0.9P = $306, P = $340.
19. E $598
Pay = 40($11.50) + 8[1.5($11.50)] = $460 + $138 = $598.
8
20.

C___
15
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16 16 8

P‘ = e = = =
(green) = 1796 =30 = 15

Note: On the real GRE you will enter your answers by clicking on answer
ovals on the computer screen.
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| GRE MATH PRACTICE SECTION 2

20 Questions
Time—235 Minutes

> The numbers on this test are real numbers.

> You may assume that positions of points, lines, and angles are in the order
shown.

> You can NOT assume measures of line segments or angles unless the figure is
drawn to scale.

> Figures are in a plane unless stated otherwise.

> You may assume that lines that appear to be straight lines are straight lines.

> Lines are NOT parallel or perpendicular unless you are told they are or you
can deduce it from information given.

DIRECTIONS: Quantitative comparison questions provide two quantities,
Quantity A and Quantity B. You are to compare the two quantities. Then
choose

A if Quantity A is greater

B if Quantity B is greater

C if the two quantities are equal

D if the relationship can not be determined from the given information

NOTE: There is no answer E for these questions, so marking E is always
wrong.

Common

Information: In a question, information concerning one or both of the
quantities to be compared is centered above the two columns. A
symbol that appears in both columns represents the same thing
for both Quantity A and in Quantity B.
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Qonttyd— Qunityd Sl e
Euampk | J+0 ! 1900
Erml! I l B0
ln=3,7=9 =band
> rifu=05 =03
=1 andit <)
@@@3 iy )y} mEe0
TSI TRTTT

1.
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Quantity A Quantity B
Largest prime factor of 1
1,728

A ribbon 40 inches long is cut into three
partsin theratio 2: 3 : 5.

Quantity A Quantity B
the length of the 20 inches
longest part of the

ribbon
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Quantity A Quantity B

(~5) (~4)
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D is the midpoint of AC
Quantity A Quantity B

& y
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Quantity A Quantity B

number of positive  number of positive

integer divisorsof ~ integer divisors of
30 18

The price of a coat is P dollars

Quantity A Quantity B
Sale price of the Sale price of the
coat after 3 coat after a single
separate discounts ~ discount of 30%
of 10%.

—
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Quantity A Quantity B
4~y 5

Quantity A Quantity B

BT /0

Questions 910 refer to the following graph.
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Time Allotment for Daily Activities

Other 5%

Leisure activities

0% Work

35%

/

Meals
15%

Sleep
25%

9. Based on the graph, what is the ratio of work time to leisure time?

@ 4t07
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[ﬁ 7to 4
[:?ﬂl S5to4
(D) 405
LB 3to2
10 . Based on the graph, if leisure activities were reduced by 25% and the time

saved were added to sleep time, how many hours would then be spent on
sleep?

(A) 1.2%
(B) 2.4%
[:?ﬂl 6 hours
ICIE:I 7.2 hours
[:E‘"l 8 hours

11 . What is the area of PQR ? (Use Figure 2 .)



Telegram: @GRE346

(-2,0)P

Q(8,0)

Y

Figure 2

=Y
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(B

O
(<)
(D)
(E)

35
28
14
7

12 . Three slices of pizza and a salad cost $6.45. Six slices of the same pizza
and an identical salad cost $10.95. What is the cost of one slice of the pizza?

(E)
A
TR

(B ]

(D)
()

LE)

13%
$1.50
$1.95
$8.70
$4.50
$12.80

13 . If 60% of P is 40% of S, what is the ratioof Pto S ?

1to5
2to3
1to3

] 3to?2

3tol

14 . If the radius of a right circular cylinder is doubled and the height is tripled,
how does the volume of the cylinder change?

®
(8)
(<)
(D)
(E)

It is 2 times as much as before.
It is 4 times as much as before.
It is 3 times as much as before.
It is 6 times as much as before.

It is 12 times as much as before.

15 . Based on the graph, what is the percentage change in the number of
teachers from 1970 to 1990?
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(A) 18%
(B 20%
[F“- 27%
@Eﬁ 36%
[E*l 13%

For this question, enter your answer in the box.

16 . Based on the graph, about how many teachers were employed in 1995?

17 . If the average of three numbers is 3x and two of the numbers are 2x — y and
x +y, what is the third number in terms of x and y ?

®
(B) x-y
@ 6x — 2y
(:Iz"l 9x
L'_-Eﬁl 6x

18 . If a family has three children, what is the probability that the family has at
least one girl?

® :
(B 0875
U:; ) 075
(D) 050
(E) 0375

g)

Questions 15 and 16 are based on the following graph.
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Number of Teachers Employed by Springfield Schools

1

800
150r
700
650r
600

I

1

5507
500

450 [ | I | I
1950 1960 1970 1980 1990 2000

19 . If a restaurant has 4 appetizers, 7 entrees, 10 sides, and 3 desserts, how
many different meals, each including one of each type of food, can it serve?

24
58
82
576
840

GCGCE

20 . Which are the roots of the equation 7x + 3x > = —=2? Choose all that apply.
-3
-2,

=
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— 1
§ I:- Wy T
- 1
)
I:_'.:f' 3
(E) 2

STOP

IF YOU FINISH BEFORE TIME RUNS OUT, GO BACK AND CHECK YOUR WORK.

GRE MATH PRACTICE SECTION 2

Answer Key
1.B
2. C
3. A
4. B
5. A
6. A
7.B
8. A
9. B
10. D
11. B
12. A
13. B
14. E
15. D
16. | 700
17. E




Telegram: @GRE346

18. B
19. E
20. B,D
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SOLUTIONS

1. B Quantity B is greater.
1728 =12 x 12 x 12 =(12)* = (22 x 3)* =26 x 33,7 > 3,
The answer is B.

2 . C The two quantities are equal.
2:3:5 means 2x + 3x + 5x =40 and x = 4
8 : 12 : 20 The longest piece is 20 inches long.
The answer is C.

3. A Quantity A is greater.
(-5)*=625 (-4)>=-1024.
Since 625 > —1024, the answer is A.

4 . B Quantity B is greater.

y is the measure of an exterior angle of ABE and x is the measure of remote
interior angle, soy > x .

The answer is B.

5. A Quantity A is greater.
30: 1,2, 3,5, 6, 10, 15, 30; 8 divisors
18: 1, 2, 3,6, 9, 18; 6 divisors
Since 8 > 6, the answer is A.

6 . A Quantity A is greater.
A: $100 item, 10% discount = $90, 10%
discount = $81, 10% discount = $72.90.
B: $100 item, 30% discount = $70.
Since A > B, the answer is A.

7 . B Quantity B is greater.

x 2> 0 for all real numbers, so 4 — x 2 < 4 for all real numbers. Thus, 4 — x 2
<5.
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The answer is B.

8.3%1ﬂ?¥\f>%reier'\/ﬁ\f_\/§\fz
5//3-3y3=2y/3=4y/3=12> /10

The answer is A.

9.B7to4
35% t020% =7t0 4

10. D 7.2 hours
25% of 20% = 5%
25% + 5% = 30%
30% of 24 hours = 7.2 hours

1. B
PQ is 10 units long and RQ is 7 units
The area of $ PQR is 0.5(10)(7) = 35.

12. A $1.50
6 slices and a salad = $10.95
-3 slices and a salad = $6.45
= 3 slices for $4.50
Three slices cost $4.50, so one slice costs $1.50.

13. B2to3

P 4 2
0.6P=04S,506P=45 _ — _ — _
S 6 3

PtoS=2to3

14 . E Itis 12 times as much as before.
V=nr?h
V after changes =1 (2r )* (3h ) =m (4r>)(3h ) =12nr*h =12V

15. D 36%
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16.

17 .

18.

19.

20 .

In 1970, 550 teachers were employed. In 1990, 750 teachers were
employed. 750 — 550 = increase of 200 200 + 550 x 100% = 36.36% or 36%

p| 700

In 1990, 750 teachers were employed. In 2000, 650 teachers were
employed. Since 1995 is halfway between 1990 and 2000, the number of
teachers employed in 1995 is about 700.

E 6x
Let T be the third number.

2x—y+x+y+T

3
i =bx.

B 0.875

All possible outcomes for a 3-child family are as follows: BBB, BBG, BGB,
BGG, GBB, GBG, GGB, GGG

Seven of the eight outcomes have at least one girl, so 7 + 8 = 0.875.

=3x 3x+ 7T =9x and

E 840.
Number of different meals = (4)(7)(10)(3) = 840.

1
BandD -2, — —

7x + 3x 2 =-2
3x2+7x+2=0
Bx+DH(x+2)=0
3x+1=0o0rx+2=0

X — — — x=—2.The answers are B and D.

3

Note: On the real GRE you will enter your answers by clicking on answer

ovals on the computer screen.
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| GRE MATH PRACTICE SECTION 3

20 Questions
Time—235 Minutes

> The numbers on this test are real numbers.

> You may assume that positions of points, lines, and angles are in the order
shown.

> You can NOT assume measures of line segments or angles unless the figure is
drawn to scale.

> Figures are in a plane unless stated otherwise.

> You may assume that lines that appear to be straight lines are straight lines.

> Lines are NOT parallel or perpendicular unless you are told they are or you
can deduce it from information given.

DIRECTIONS: Quantitative comparison questions provide two quantities,
Quantity A and Quantity B. You are to compare the two quantities. Then
choose

A if Quantity A is greater

B if Quantity B is greater

C if the two quantities are equal

D if the relationship can not be determined from the given information

NOTE: There is no answer E for these questions, so marking E is always
wrong.

Common

Information: In a question, information concerning one or both of the
quantities to be compared is centered above the two columns. A
symbol that appears in both columns represents the same thing
for both Quantity A and in Quantity B.
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(Quantiy A

Somple Angwer

10

JOION)

H2

1.
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Quantity A Quantity B

number of divisors number of divisors
of 121 of 24

2
For all counting numbers x, x* = -
X

Quantity A Quantity B

—
3

| P and Q are the roots of x* - 9x = 36

Quantity A Quantity B

P+0Q PxQ
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4.

r>0
Quantity A Quantity B

1 |

r+8 :
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Quantity A Quantity B

]
X i(x +7)
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r is the radius of sphere S and of the
circle C.

Quantity A Quantity B

The ratio of the 4
surtace area of
sphere S to the
area of circle C

X
7. 1f — — —, whatis the value of x ?

8 5
Al 6
5.5
2.2

(C) 48

0.075

EEE

(=

8 . What is the selling price of a lamp if a store bought it for $118 and marked
it up 30%?

(A $35.40
$82.60
$148
$153.40
$200.60

GCEC
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9. What is the value ofE § — 4
R Y-

81
Ay o
= 430
(B] —
— 320
T -
= 20
©

81
® 3

40

10 . If the diameter (d ) of a circle is an integer and 6 cm < d < 10 cm, which
could be the area of the circle?
.-'_‘-\.hl 2
[__:% 367 cm
2

[_E 257 cm
ﬂ 147 cm?
ICG] 67 cm?
= >
L_EJ 37 cm

Questions 11-15 refer to the following graph.
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Funding Sources for Springfield School in 2006

Other 5%

Local taxes

32%
Federal funds
8%
State funds
45%
11. 2\/(\)7(1)12; is the ratio of local taxes to donations for Springfield Schools in

@ 8tol
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12.

13.

14 .

15.

)

32to1l
4t01

16to 3
(E) 16109

e

|

| [ g
_.-';.\'-\. _.:"

g
Nl

What percentage of the funds for Springfield Schools came from state,
federal, and local government agencies?

(A 40%
53%
77%
85%
90%

3

.,ﬂ.,—.r.
1= [g)

G

S N

DIRECTIONS: Questions 13 and 14 are quantitative comparison
questions. Choose

A if Quantity A is greater

B if Quantity B is greater

C if the two quantities are equal

D if the relationship can not be determined from the given information

Quantity A Quantity B
Local taxes plus federal funds 50%
Quantity A Quantity B
Donations Other

For this question, enter your answer in the box.

According to the graph, if Springfield Schools had a budget of $7,200,000
in 2006, how many dollars were raised from fund raising?
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16 . Which is the supplement of a 52" angle?
.-'_‘-\.hl °
[__:% 38
(B) =

(D) 78

L_EJ 128

17 . If the length of a rectangle is 16 cm and its width is 10 cm, what is the
perimeter of the rectangle?

@ 26 cm
[E 42 cm
@ 52 cm
(D) 80cm
(E) 160 cm

18 . If a bag contains 18 yellow tiles and 22 black tiles, what is the probability
that a tile selected at random from the bag will be yellow?

1
10
2
i1
) 21
= 290
Dy
® 11

@&

®
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— 11
= =

9

19 . After a 5% raise, Kim has a salary of $40,530. What was Kim’s salary
before the raise?

(A $2,026.50
(B $38,503.50
(C) $38,600.00
(D] $42,556.50
(E) $42,663.16

20 . Which is equal to 0.0001? Choose all that apply.
1

—' 10000
(B) o1y
© o
®
— 1000
(E) 1x10*

@&

GRE MATH PRACTICE SECTION 2
Answer Key

N o A w N R
OO0 wWwpPp 0O w
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8.
9.
10 .
11.
12.
13.
14 .

15.1288,000

16.
17 .
18.
19.
20 .

> W g o0 w» O

> 0 W O =™

SOLUTIONS

1. B Quantity B is greater.
121:1, 11, 121, so 3 divisors 24 : 1, 2, 3, 4, 6, 8 12, 24, so 8 divisors B > A
The answer is B.

2 . C The two quantities are equal.

*_2 2*_ 2 B
T <7c)_(2/x)‘x

The answer is C.

3. A Quantity A is greater.
x?-9x =136
x?-9x-36=0
x—-12)(x+3)=0
x=12o0rx=-3
P+Q=12+(-3)=9
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PQ=12(-3)=-36
P+Q>PQ
The answer is A.

4 . B Quantity B is greater.

r>0 , — Cross-multiply.
r+8 r
7 7
7r <7r + 56 so & £z
r+8 r

The answer is B.

5. C The two quantities are equal.

Since two sides are given as equal, the angles opposite these sides are equal.
Thus, all three of the angles are equal because two of the angles were given
to be a . Since all angles of the triangle are equal, all sides of the triangle
are equal. Thusz=xand 12 (x+z) =x.

The answer is C.

6. C The quantities are equal.
The surface area of the sphere is 47tr 2. The area of the circle is nir ? .4mr 2 :
nr?=4:1.

The answer is C.

7. C4.8

£ 3
— — —,5x=24,x=24+5,x=4.8

8 D

The answer is C.

8. D $153.40

Original price + mark-up = Selling price $118 + 0.3($118) = $118 + $35.40
= $153.40

81
9. A——_

40
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10.

11.

12.

13.

14 .

15.

16.

17

B 2571 cm?
d is an integer and 6 cm < d < 10 cm.

—— _dSOBSI‘S5CIII.ThLlS,r=3CII1,4CII1,OI‘5CIII,aI1dA=97TCII12

2

,16m cm? , or 257 cm? . Therefore of the areas listed, only 25 cm? is a
possible area. Note: Since r ? is an integer in all the answers, you can ignore
values of r when d is odd.

D 16to 3
Donations 6% Local taxes 32% 32%t06% = 16 to 3.

D 85%
State 45% Federal 8% Local taxes 32% 45% + 8% + 32% = 85%

B Quantity B is greater.
Local taxes + federal funds = 32% + 8% = 40%.

A Quantity A is greater.
Donations = 6%. Other = 5%.

288,000

Because 4% of funds are raised by fund raising, fund raising =
0.04(7,200,000) = 288,000.

E 128
Supplementary angles have a sum of 180" .
The supplement of a 52" angle = 180" — 52" = 128" .

. C52cm
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P=21+2w=2(16 cm) + 2(10 cm) = 32 cm + 20 cm = 52 cm.

9
18. B —
20 18 18 9
Plielloii) = _°_7
(yellow) = 12755 = 230 = 20
19. C $38,600

S = previous salary; S + 0.05S = $40, 530; 1.05S = $40, 530; S = $38, 600.

20. A,C,and E

1
—— = (.0001
10000 000

(0.1)* = (0.1)(0.1)(0.1)(0.1) = 0.0001

1
1 x 1074 = 06 = 0.0001

Choices A, C, and E are all correct.



	Title Page
	Copyright Page
	Contents
	About the Author
	Acknowledgment
	Preface
	Part I: Introduction
	Chapter 1: The GRE Quantitative Reasoning Sections
	Chapter 2: The Mathematics You Need to Review
	Chapter 3: Calculators on the GRE Quantitative Reasoning Sections
	3.1 Overview
	3.2 Calculator for the Computer Version of the GRE
	3.3 Calculator for the Paper Version of the GRE
	3.4 Some General Guidelines for Calculator Usage
	3.5 Online Calculator Examples
	3.6 Handheld Calculator Examples


	Part II: Types of GRE Math Questions
	Chapter 4: GRE Quantitative Comparison Questions
	4.1 Quantitative Comparison Item Format
	4.2 Examples
	4.3 Solution Strategies
	4.4 Exercises
	4.5 Solutions

	Chapter 5: GRE Multiple-Choice Questions
	5.1 Multiple-Choice Item Format
	5.2 Examples
	5.3 Solution Strategies
	5.4 Exercises
	5.5 Solutions

	Chapter 6: Other GRE Math Question Formats
	6.1 Numeric Entry Item Format
	6.2 Examples
	6.3 Solution Strategies
	6.4 Exercises
	6.5 Solutions
	6.6 Multiple-Response Item Format
	6.7 Examples
	6.8 Solution Strategies
	6.9 Exercises
	6.10 Solutions

	Chapter 7: GRE Data Interpretation Questions
	7.1 Data Interpretation Item Format
	7.2 Examples
	7.3 Solution Strategies
	7.4 Exercises
	7.5 Solutions


	Part III: GRE Mathematics Review
	Chapter 8: Number Properties
	8.1 The Number Line
	8.2 The Real Numbers
	8.3 Rounding Numbers
	8.4 Expanded Notation
	8.5 Practice Problems
	8.6 Solutions
	8.7 Odd and Even Numbers
	8.8 Number Properties Test 1
	8.9 Solutions
	8.10 Solved GRE Problems
	8.11 Solutions
	8.12 GRE Practice Problems
	8.13 Primes, Multiples, and Divisors
	8.14 GCD and LCM Revisited
	8.15 Practice Problems
	8.16 Solutions
	8.17 Number Properties Test 2
	8.18 Solutions
	8.19 Solved GRE Problems
	8.20 Solutions
	8.21 GRE Practice Problems

	Chapter 9: Arithmetic Computation
	9.1 Symbols
	9.2 Order of Operations
	9.3 Properties of Operations
	9.4 Practice Problems
	9.5 Solutions
	9.6 Fractions
	9.7 Practice Problems
	9.8 Solutions
	9.9 Operations with Fractions
	9.10 Practice Problems
	9.11 Solutions
	9.12 Decimals
	9.13 Practice Problems
	9.14 Solutions
	9.15 Arithmetic Computation Test 1
	9.16 Solutions
	9.17 Solved GRE Problems
	9.18 Solutions
	9.19 GRE Practice Problems
	9.20 Word Problems
	9.21 Practice Problems
	9.22 Solutions
	9.23 Ratio and Proportion
	9.24 Practice Problems
	9.25 Solutions
	9.26 Motion and Work Problems
	9.27 Practice Problems
	9.28 Solutions
	9.29 Percentage
	9.30 Practice Problems
	9.31 Solutions
	9.32 Percentage Word Problems
	9.33 Practice Problems
	9.34 Solutions
	9.35 Types Of Averages
	9.36 Practice Problems
	9.37 Solutions
	9.38 Powers and Roots
	9.39 Standard Deviation
	9.40 Practice Problems
	9.41 Solutions
	9.42 Simple Probability
	9.43 Practice Problems
	9.44 Solutions
	9.45 Arithmetic Computation Test 2
	9.46 Solutions
	9.47 Solved GRE Problems
	9.48 Solutions
	9.49 GRE Practice Problems

	Chapter 10: Algebra
	10.1 Algebraic Expressions
	10.2 Exponents Revisited
	10.3 Roots Revisited
	10.4 General Laws of Exponents
	10.5 Practice Problems
	10.6 Solutions
	10.7 Tables of Powers and Roots
	10.8 Radical Expressions
	10.9 Practice Problems
	10.10 Solutions
	10.11 Operations with Radicals
	10.12 Practice Problems
	10.13 Solutions
	10.14 Algebra Test 1
	10.15 Solutions
	10.16 Solved GRE Problems
	10.17 Solutions
	10.18 GRE Practice Problems
	10.19 Translating Verbal Expressions into Algebraic Expressions
	10.20 Evaluating Algebraic Expressions
	10.21 Evaluating Formulas
	10.22 Practice Problems
	10.23 Solutions
	10.24 Addition and Subtraction of Algebraic Expressions
	10.25 Multiplication of Algebraic Expressions
	10.26 Division of Algebraic Expressions
	10.27 Practice Problems
	10.28 Solutions
	10.29 Algebraic Fractions
	10.30 Factoring Algebraic Expressions
	10.31 Practice Problems
	10.32 Solutions
	10.33 Operations with Algebraic Fractions
	10.34 Practice Problems
	10.35 Solutions
	10.36 Algebra Test 2
	10.37 Solutions
	10.38 Solved GRE Problems
	10.39 Solutions
	10.40 GRE Practice Problems
	10.41 Linear Equations
	10.42 Literal Equations
	10.43 Equations with Fractions
	10.44 Equations That Are Proportions
	10.45 Equations with Radicals
	10.46 Practice Problems
	10.47 Solutions
	10.48 Systems of Linear Equations
	10.49 Practice Problems
	10.50 Solutions
	10.51 Linear Inequalities
	10.52 Practice Problems
	10.53 Solutions
	10.54 Quadratic Equations and Inequalities
	10.55 Practice Problems
	10.56 Solutions
	10.57 Functions
	10.58 Practice Problems
	10.59 Solutions
	10.60 Algebraic Word Problems
	10.61 Practice Problems
	10.62 Solutions
	10.63 Algebra Test 3
	10.64 Solutions
	10.65 Solved GRE Problems
	10.66 Solutions
	10.67 GRE Practice Problems

	Chapter 11: Geometry
	11.1 Symbols
	11.2 Points, Lines, and Angles
	11.3 Practice Problems
	11.4 Solutions
	11.5 Polygons
	11.6 Practice Problems
	11.7 Solutions
	11.8 Triangles
	11.9 Practice Problems
	11.10 Solutions
	11.11 Quadrilaterals
	11.12 Practice Problems
	11.13 Solutions
	11.14 Perimeter and Area
	11.15 Practice Problems
	11.16 Solutions
	11.17 Circles
	11.18 Practice Problems
	11.19 Solutions
	11.20 Solid Geometry
	11.21 Practice Problems
	11.22 Solutions
	11.23 Coordinate Geometry
	11.24 Practice Problems
	11.25 Solutions
	11.26 Geometry Test
	11.27 Solutions
	11.28 Solved GRE Problems
	11.29 Solutions
	11.30 GRE Practice Problems


	Part IV: GRE Math Practice Sections
	GRE Math Practice Section 1
	GRE Math Practice Section 2
	GRE Math Practice Section 3


